Algebra notes, Arun Ram March 14, 2024

1.13 Lecture 12: Jordan normal form

Let F be a field and let p(z) = 2" — a,_12" ' — -+ — a1 — ag € Flz].

Rational canonical form. The matrix of the action of x on

F
A with respect to the F-basis ("1 ™2 2, 1)
p(z)Fz]
is the r x r matrix
ar—1 1 0 0 0 0
ar—2 0 1 0 0 0
a—3 0 0 1 -« 0 0
A= | | € Mo ).
az 0 0 0 --- 0 1
ag. 0 0 0 --- 0 O

The d-Jordan block for p(x) =z — A. Let A € F and d € Z~. The matrix of the action of x on

@ = V] with respect to the F-basis {1,(z =N, (x=N2,,..., (=N}
x— T
is

A0 0 0 0 O

1 X0 0 0 0

01 X -~ 000

Ja(x —A) = | . | € Maxa(F),
0 00 --- 1 X O
000 --- 01 X

since z(z — A)) = A+ 2 —A)(z — A)? = Ao — N/ + (z — A\)/TL
The d-Jordan block for p(z) = 22 — bx — c. Let d € Z~g and let
p(x) = 2% — bx — c € Fla].

Flz]
p(x)F[z]

{z,1,p(x)z, p(x), p(x)z, p(x)*,..., p(x)" 2, px)""}

The matrix of the action of x on

with respect to the basis

is

b 100 000000
c 000 000000
10 b 1 000000
00 c 0 000000
Ja(@* =br—c)=| 0 0 0 0 b 100 0 0
0000 c 00000
0000 10b 100
0000 00 ¢ 000
000 0 00100b 1
000 0 0000 c0
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since @ - p(z)/z = p(x)/2® = p(x)! ((bx + ¢+ p(x)) = bp(z) x + cp(x)’ + p(z)*! and z - p(x)’ = p(z)’z.

Let F be a field and let p(z) = 2" — a,_12" ! — -+ —a12 — ap € Flx]. Let r = deg(p(z)) and let
d € Z~o. The d-Jordan block for p(z) is
Ji(p(x)) 0 0 e 0 0 0
E11 J1 (p(x)) 0 ce 0 0 0
0 E11 Jl(p(l')) e 0 0 0
Jd(p(l‘)) = : : € Mrdxrd(F)

0 0 0 LN E11 Jl(p($)) 0

0 0 0 o 00 En Li(p(@)

where E1; is the r x r matrix with 1 in the (1, 1) entry and 0 elsewhere.

1.13.1 Connecting a matrix to an F[z]-module

Proposition 1.49. Let F be a field and let n € Zsg and let A € Myxn(F). The set F™ with the
functions

F* x F* — ™ Flz] x F" — "
U/nd ¢ ¢
(v1,v2) = v+ vy (co+crx+---+cuxtv) — (cog+crA-+ Ao

is an F[z]-module.

Theorem 1.50. (Jordan normal form) Let F be a field. Let n € Zso and let A € Myxn(F). Then
there exist
ke€Zsy and di,...,d; € Zso and pi(x),...,pk(x) € Flx]

and an invertible matrix
PcGL,(F)  suchthat  PAP™' = Jy (p1(x)) ® - @ Ju, (pr(2)).
Proof. Let M = F™ be the Flz] module given by Proposition Write A = (a;;) and let
o TN
K =A—1x € Myun(Flz]), so that K = (k;;) with k;; = @it =% 1 Z ].’
aij, if ¢ #£ j.

As and F[z] module, M is given by

kiier+ -+ kipen = 0,

generators {ej,...,e,} and relations :

knier + -+ + knnen = 0.

Then there exist P,Q € GL,(F[z]) and di(z),...,d,(x) € Flz] such that M is presented by
generators {b1,...,b,} and relations di(z)by =0, ..., dy(x)b, =0.

So
CFW o FE]
dy (z)F|x] dp(2)F|x]

and the matrix of the action of x on M, with respect to a Jordan basis is in Jordan normal form. [

M =
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