Algebra notes, Arun Ram April 7, 2024

3.14 Lecture 17: Finiteness conditions and the Jordan-Holder theorem

Let R be a ring and let M be an R-module.

e The lattice of submodules of M is

S} = {submodules of M} partially ordered by inclusion.

The R-module M satisfies ACC if increasing sequences in S(])V[ are finite.

The R-module M satisfies DCC if decreasing sequences in S(J]VI are finite.

The R-module is simple if the only submodules of M are 0 and M.

A finite composition series of M is a chain of submodules

O=MyCM C---CM, =M such that M;/M;, is simple and n € Z~.

The R-module M is finitely generated if there exists k € Z~g and my, ..., mp € M such that

M = Rmy +--- + Rmy.

Proposition 3.65. Let N be a submodule of M.

(a) M satisfies ACC if and only if N and M /N satisfy ACC.

(b) M satisfies DCC if and only if N and M/N satisfy DCC.

(¢) M satsfies both ACC and DCC if and only if N and M/N satisfy both ACC and DCC.

Proposition 3.66. Let R be a ring and let M be an R-module.

(a) If M is finitely generated and N is an R-submodule of M then M /N is finitely generated.
(b) M satisfies ACC if and only if every submodule of M is finitely generated.

(c) If R satisfies ACC and M 1is finitely generated then M satisfies ACC.

(e) If R satisifes DCC and M is finitely generated then M satisfies both ACC and DCC.

Theorem 3.67. (Jordan-Hélder theorem) Let A be a ring and let M be an A-module.
(a) M has a finite composition series if and only if M satisfies ACC and DCC.

(b) Any two series
0OCM{ CMyC---CM,=M and 0OCM CM,C---CM, =M

can be refined to have the same length and the same composition factors.
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Greedy refinement:. Assume that

P q
OCM{CMC---C M, 1 CM =M and 0OCENICNC---CNg 1 CNg=M

are composition series of M. Then build the series

p q
OngmNs—l QMQONs—l g"‘ng—lﬂNs—l gNs—lng:M-

This takes the ¢ factor out of the series of (M;) and moves it to the end.
Symmetric refinement: Let
OCM CM;C---C M, =M and 0CNCNaC---CNg=M
be finite ascending chains in Sjg 5. For I € {1,...,r} and j € {1,...,s} define
Mij = (M;+ Nj)NMiyy  and Ny = N; + M;) NN, 1.

This expands M; C M;; to

M; = (Ng+ M;) N M1 © (Ny + M) 0 My © -+ C (Ng 4+ M;) N Mgy = My,
and N; C Njiq to

Nj = (Mo + N;j) O Njp1 © (My + Nj) O Njq © - C© (My + Nj) N Nj1 = Ny
Let
M , Nj;

and Qi = .
M; 7 Njiaa

Qij =
Then
Qij = QY
and so the two new chains (M;;) and (Nj;) have the same length and the same multiset of factors.

Example:. Two factorizations of d = 2233 in Z are

(2?3°Z C 223°Z C 2°Z C Z) = (Mo € My C M, C M)

and
(2°3°Z C 3°Z C Z) = (No € N1 C Ny).
Then . 5
293 293 292
23Z%2SZ?%23Z Mo C My C Mo
22327, C 22327 C 227 | =|Mw C© Mn C M
22 1 Moy C Moy C Moo
227, C 7Z C Z
and ,
1 1 2
22337, C 22337 C 223%Z C 3%Z _<N00 C Nogt € Npz C N03>
3 32 1 AN C N C N C N
332 g 32Z g 7 g 7 10 X= 11 = 12 = 13

and the succesive quotients of these two series are related by

t

1332_1122
221_3321‘
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3.14.1 Some proofs

Proposition 3.68. Let N be a submodule of M.

(a) M satisfies ACC if and only if N and M/N satisfy ACC.

(b) M satisfies DCC if and only if N and M/N satisfy DCC.

(¢) M satsfies both ACC and DCC if and only if N and M/N satisfy both ACC and DCC.

Proof. (a) =: Assume that M satisfies ACC.
To show: (aa) N satisfies ACC.
To show: (ab) M/N satsfies ACC.

(aa) Let 0 = Ny C N; C --- be a chain in Sy.
Since N C M then 0 = Ng C N7 C --- C M is a chain in Sy;.
Since M satisfies ACC then 0 = Ny € Ny C --- is finite.
So N satisfies ACC.

(ab) Let 0 = Mo/N € M1/N C--- C M/N be a chain in Sy /n-
By the correspondence theorem the chain in Sy, /N corresponds to a chain 0 C N = My C My C
-+ C M in Sy.
Since M satsifes ACC then 0 C N = My C M; C --- C M is finite.
So 0= My/N C My/N C--- C M/N is finite.
So M/N satsfies ACC.

(a) <: Assume that N and M/N satisfy ACC.

To show: M satsifies ACC. Let 0 = My C My C --- be an ascending chain in Sé\/[.
Then

:MO+NCM1+NC-~-Q

0 M
N — N - N

and 0=(MyNnN)C (MyNN)C---CN
are ascending chains in Séw N and S(])V .
Let k € Z~q such that if £ € Z>;, then

My+ N . M+ N
N N
By the correspondence theorem, if £ € Z>, then

and MyNN = M;NN.

My+ N=M+ N and MyNN=MNN.
Thus
Min(My+N)=MN(M;+ N)= DM, and My + (m¢NN) =M+ (M N) = M.
Since My, C M, then the modular law says that
M;N (M + N)= My + (M;NN).

So Mk = Mg.

(b) The proof of (b) is similar to the proof of (a),

except with ACC replaced by DCC and C replaced by D.

(c) is the combination of (a) and (b). O
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Proposition 3.69. Let R be a ring and let M be an R-module.

(a) If M is finitely generated and N is an R-submodule of M then M/N is finitely generated.
(b) M satisfies ACC if and only if every submodule of M s finitely generated.

(c) If R satisfies ACC and M is finitely generated then M satisfies ACC.

(e) If R satisifes DCC and M is finitely generated then M satisfies both ACC and DCC.

Proof. (a) If my,...,my are generators of M then m; + N,...,my + N are generators of M/N.

(b) <=: Assume that every submodule of M is finitely generated.

Let Ny C Ny C --- be an ascending chain of submodules of M.

To show: There exists r € Z~o such that if £ € Z>, then Ny = N;.

Then Ny, = Ui€Z>O N; is a finitely generated submodule of M

Let x1,...,z be generators of Ny, and let 41, ..., ¢ be such that x; € Ny,.

Then z1,...,x € N, where r = max{/{1,...,0}.

So Nyn = UiEZ>0 N; = N, and if £ € Z~.,. then N, = N,.

So M satisfies ACC.

(b) =: Assume that M satisfies ACC and let N be a submodule of M. Then one of the equivalent
characterizations of ACC gives that the set of finitely generated submodule of N,

{P C N | P is finitely generated}, has a maximal element Ppax.

To show: N = Ppax-
By definition, Ppax € N.
To show: N C Ppax-
Let x € N.
Then Ppax + Az C N and Py + Az is finitely generated.
S0 Pmax + Ax C Prax-
So x € Ppax.
So N C Ppax-
So N = Phax.
So N is finitely generated.
(c) Assume R satisfies ACC and M is finitely generated.
To show: M satsfies ACC.
Since M is finitely generated there exists n € Z~q and a surjective homomorphism A®Y — M.
Since A satisfies ACC then A®" satisifes ACC.
So there is an exact sequence 0 — K — A®" — M — 0 with A®" satisfiying ACC.
By Proposition a), K and M satisfy ACC.
So M satisfies ACC.

(da) To show: If R satisfies DCC and M is finitely generated then M satisfies DCC. The proof of (da)
is the same as the proof of (¢) except with ACC replaced by DCC and the inclreasing chains replaced
by decreasing chains.

(db) Assume R satisfies DCC and M is finitely generated. To show: M satisfies ACC.

Let M; = Rad(R)'M.

By (da), M satisfies DCC, and so M; and M /M; satisfy DCC.

So M;/M;; satisfies DCC and Rad(R) acts on M;/M;11 by 0.

So M;/M;4; is a R/Rad(R)-module and thus M;/M;; is a finite direct sum of simple submodules.
So, by (a), M has a composition series and satisfies both ACC and DCC. O
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