Algebra notes, Arun Ram March 3, 2024

1.6 Lecture 6: Cyclotomic polynomials and cyclotomic extensions

Let n be a positive integer.

e A primitive nth root of unity is an element w € C such that w™ = 1 and if m € Z-¢ and
m < n then w™ # 1.

e The nth cyclotomic polynomial is

o, (z) = H(x —w), where the product is over the primitive nth roots of unity in C.

w
e The Euler ¢-function is ¢: Z~g — Z~¢ given by
¢(n) = deg(Pn(z)).
Since the roots of unity are the primitive dth roots of unity for the positive integers d dividing n then

" —1= H@d(x).

dn

HW: Use this formula, and induction on n, to show that ®,(x) € Q[z].

2mi

HW: Show that ®,(z) = m, g(x), where w =e™n .
HW: Let w = e » . Show that Q(w) is the splitting field of ®,(x) over Q.
HW: Show that ®,,(z) is irreduciible in Q[z].

i

HW:. Let w = e n . Show that Q(w) 2 Q is a Galois extension.
HW: Let w = e n . Show that |[Autg(Q(w))| = o(n).
27

HW: Let w = e » . Show that Autg(Q(w)) = (Z/nZ)*.

Theorem 1.12. Let n € Z~yg.
(a) @, (z) € Zlz] and ,(z) is irreducible in Z[z].
(b) ¢(n) = deg(Py,(z)) = Card((Z/nZ)*) = (the number of primitive nth roots of unity).

Theorem 1.13. Let w be a primitive nth root of unity. Then
Q(w) is the splitting field of f(x) = 2™ — 1 over Q,

Autp(Q(w)) = (Z/nZ)* and  Card((Z/nZ)*) = ¢(n).
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