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2.1 Proof of the correspondence theorem

Theorem 2.1. (Correspondence theorem) Let R be a ring. Let M be an R-module and let N be an
R-submodule of M. Let

Siv,m) = {R-modules P with N C P C M} partially ordered by inclusion.

Then the map
o S, — Sjo,M/N] given by o(P)={p+ N [ pe P},
s an isomorphism of posets with inverse given by

(K Sé‘/I/N — S M) given by pI)={meM|m+NeTl}.

Proof.
To show: (a) ¢ is a morphism of posets.

(b) 9 is a morphism of posets.
(c) Yo =id.
(d) oy =id.

(a) To show: If P,Q € Sjya and P C @ then p(P) C ¢(Q).
Assume P, Q) € Sy and P C Q.
To show: ¢(P) C ¢(Q).
To show: If z € p(P) then z € ¢(Q).
Assume z € ¢(P).
Thenz € {p+ N | p € P}.
So there exists p € P such that x = p+ N.
Since P C @ then p € Q.
So x =p+ N is an element of {¢+ N | ¢ € Q} = ¢(Q).
So (P) € $(Q).
So ¢ is a morphism of posets.
(b) To show: If I', A € S ar/n) and I' € A then 4(I') C 9(A).
Assume I', A € Sjp p/ny and T' C A,
To show: ¥(I') C ¥(A).
To show: If y € (T") then y € ¥(A).
Assume y € ¢(T).
Theny e {me M |m+ N eI}
Soy+ N eTl.
Since I' C A then y € A.
Soye{meM|m+ N e A} =9y(A).
So (I) C ().
So 1 is a morphism of posets.
(¢) To show: 9o =id.
To show:: If P € S;y ) then ¥(p(P)) = id(P).
Assume P € Sy u-
To show ¢ (¢(P)) = P.
To show: (ca) ¥(p(P)) C P

(cb) P C b(o(P)).
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(ca)

To show: if y € ¥(p(P)) then y € P.
Assume y € ¢ (¢(P)).

Theny e {me M | m+ N € ¢(P)}.
Soy+ N € p(P).
Soy+Ne{p+N|pe P}

So there exists p € P such that y + N =p+ N.
Soyep+ N.

To show: y € P.

There exists n € N such that y = p + n.
Since N C Ptheny=p+n € P.
Soye€ P.

So $(¢(P)) C P.

To show: P C ¢(p(P)).

To show: If p € P then p € ¢¥(p(P)).
Assume p € P.

To show: p € ¥(p(P)).

To show: pe {m e M | m+ N € ¢(P)}.
To show: p+ N € p(P).

Since p € N and ¢(P) ={y+ N | y € P} then p+ N € p(P).
Sope{meM|m+N e p(P)}.

So p € Y(p(P)).

So P C 4(p(P)).

So $(¢(P)) = P.
(d) To show: ¢ o1 =id.
To show: If I' € Sjg pr/n) then ¢(1(T)) = id(T).
Assume I' € S)g pr/n)-
To show: @((I") =T
To show: (da) ¢(¢(I')) CT.

(da)

(db) T' C (¥ (I)).

To show: if y € p(¢(T")) then y € T.

Assume y € p(y(I)).

Then y € {p+ N | pc ()}

So there exists p € ¥(T") such that y =p+ N.

So there exists p € {m € M | m+ N € I'} such that y=p+ N.
Sop+ N €T givingy €T

So p((I')) € T.

To show: T' C ¢(1(1)).

To show: if X € I then X € p(¢(I)).

Assume X €I

Then there exists m € M such that X =m + N and m+ N €T
To show: X € p(¢(I)).

To show: X € {p+ N | p e (')}

To show: There exists p € ¥(T") such that X =p+ N.

Let p=m.

Thenpe {meM |m+Nel}=¢I)and X =m+N=p+ N.
So Xe{p+N|peyl}

So X € p(i(T).
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SoI' C p(y(T)).
=T.

So ¢(y(I'))
So p o) =id.
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