Linear algebra notes, Arun Ram August 19, 2023

Topic 4. Example 17. Let S be the subset of R3 given by
S ={]1,2,0),1,5,3),]0,1,1)}. Show that span(S) = R3.

To show: (a) span(S) C R3
(b) R3 C R-span(S).

(a) Since S C R? and R? is closed under addition and scalar mutliplication then span(S) C R2.
(b) To show: R? C span(S).

To show: span{|1,0,0),0,1,0),]0,0,1)} C span(S).

Since span(S) is closed under addition and scalar multiplication,

To show: {|1,0.0),0,1.0),|0,0,1)} C span(S).

To show: There exist ¢y, co, c3,d1,ds, ds, r1,72,73 € R such that

c1]1,2,0) + 3|1, 5,3) + ¢30,1,1) = |1,0,0),
d1]1,2,0) + da|1,5,3) + ds]0,1,1) = |0, 1,0),
r1|1,2,0) + rg[1,5,3) 4+ r3[0,1,1) = |0,0, 1),

To show: There exist c1, co, c3,d1,do,ds, r1,72,73 € R such that

1 1 0 C1 dl (&) 1 00

2 5 1 (&) d2 9 = 01 0

0 3 1 C3 dg r3 0 0 1
1 0 0 1 10 C1 d1 T1 1 -2 0
Multiply both sidesby | =2 1 0] toget |0 3 1 ca do | =10 1 O
0 0 1 0 3 1 c3 d3s r3 0 0 1
1 0 0 1 10 c1 di 711 1 -2 0
Multiply both sidesby |0 1 0] toget [0 3 1 ca do o] =10 1 O
0 -1 1 0 0 O C3 d3 T3 0 0 1

Since the bottom row on the left hand side is all 0 and the bottom row on the right hand sides
is not all 0 then there do not exist ¢, ¢, c3,d1,do,ds, 1,72, 73 € R such that

1 1 0 C1 Cll 1 1 0 0
2 5 1 (&) d2 9 = 01 0
0 3 1 C3 d3 rs3 0 0 1

So {|1,0.0),1]0,1.0),10,0,1)} Z R-span(S).
So span(S) # R2.
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