Linear algebra notes, Arun Ram August 7, 2023

8.6 The 3d-space-time D

The 3d-space-time, or the Hamiltonians, or the quaternions, is the vector space
D = R-span{l,i,j,k} = {t + xi +yj + zk | t,z,y,z € R}
with product determined by
P=7=k=-1, ij=-ji=k,  jk=-kj=i,  ki=—ik=j,
and the distributive laws. The 3d-space-time D is a generalization of 1d-space-time C, where
C={zxi+t]|zteR} with product determined by i* = —1 and the distributive laws.

The 3d-space R3 is a subspace of 3d-space-time D,

D ={t+zi+yj+zk]|txyzecR}

Ul

R? = {xi+yj+z2k |z y 2R}
For v1 = z1i + y1j + 21k and vy = x9i + y2j + 20k in R? define

(v1 |v2) = T1Y1 + Y1y2 + 2122 and
v1 X v2 = (Y122 — 21Y2)1 — (w122 — 2122)J + (12 — Y172) k.
Then
vive = (218 + y1J + 21k) (w20 + y2i + 22k)
= —(z122 + Y1y + 2122) + (T1y21) + y1227%) + (x1220k + z122k1) + (y1225k + 2192k7)

= —(v1,v2) + (T1y2 — y172)k — (T122 — 2122)] + (Y122 — 21Y2)1
= —(Ul |U2> + v1 X V2.

This computation shows how the standard inner product and the cross product arise from the muti-
plication in 3d-space-time.

Let v=xi+yj+2zk € R3and t € R.

e The conjugate of a=t+visa=1t— .

If @ =t + v then define ||a||?> = aa so that

HaH2:aa:tz_tv+tv+<?),v>—va:tz—i—(q),v):t2+x2+y2+22_
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