Linear algebra notes, Arun Ram August 7, 2023

8.3 Angles, orthogonality and projections

Proposition 8.1. Let x = |x1,...,2,) € R" and y = |y1,...,yn) € R™.
(a) (Cauchy-Schwarz) |(x |y)| < ||| - [[y]-
(b) (Triangle inequality) ||z + y|| < ||z|| + ||y]|-

Let x = |x1,...,2n) € R" and y = |y1,...,yn) € R". By Cauchy-Schwarz,
1< oy
]| - Iyl
Let Rg. ={0 € R |0 <60 < 7}. The angle between x and y is 0 € Ry 5 determined by
cos(f) = m GRAPHOFCOS

The vectors  and y are orthogonal if (x|y) = 0 (so that cos(§) = 0 and 6 = 7). The projection of x
onto Ry is

1 x|y x|y
Pey(@) = | cos(t) 7y = <Hy|”2>y _ jy |' yiy PICTURE

since Pry(z) is parallel to y of length || Pry(x)| = ||z|| cos(6).
Proof of Proposz'tion (a) Let

x=|x1,...,25) €R" and y=|y1,...,yn) € R",

and assume that x # 0. Let
u=(z|z)y—(y|z)z.
Then

0<(ulu) = ((z]|x)y — (y|z)z, (z|x)y — (y|z)x)
= (&|2)*(y|y) — (@ |x)y|2)(y|2) — (] 2)(@|2)(@]y) + (y]2)* (x| )
= (z|z)((z|z){y|y) — [{y|2)]*)

Since x # 0 then (z|z) € Rsg. Thus,
0< (zla)(yly) —I{yla)l> andso  |{yla)]® < (z]z)(y|y).

If a,b € R>q then a? < b% if and only if a < b. So |[(x|y)| < ||zl - [Jv]-
(b) Assume = = |z1,...,2,) € R" and y = |y1,...,yn) € R". Then

o +ylI*> = (z|z) + (@]y) + ylz) + yly) = 2] + ylI* + (@] y) + (z]y)
< lzl” + lylI* + 2/(z | y)]

Thus, by Cauchy-Schwarz,
lz +ylI* < llel® + [yl® + 20z -yl = (=] + llyl)?>.

If a,b € R>q then a? < b% if and only if a < b. So ||z +y| < ||lz| + ||y]|- O
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