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8.3 Angles, orthogonality and projections

Proposition 8.1. Let x = |x1, . . . , xni 2 R
n and y = |y1, . . . , yni 2 R

n.

(a) (Cauchy-Schwarz) |hx | yi|  kxk · kyk.
(b) (Triangle inequality) kx+ yk  kxk+ kyk.

Let x = |x1, . . . , xni 2 R
n and y = |y1, . . . , yni 2 R

n. By Cauchy-Schwarz,

�1  hx | yi
kxk · kyk  1.

Let R[0,⇡] = {✓ 2 R | 0  ✓  ⇡}. The angle between x and y is ✓ 2 R[0,⇡] determined by

cos(✓) =
hx | yi

kxk · kyk . GRAPHOFCOS

The vectors x and y are orthogonal if hx | yi = 0 (so that cos(✓) = 0 and ✓ = ⇡
2 ). The projection of x

onto Ry is

PRy(x) = kxk cos(✓) 1

kyky =
hx | yi
kyk2 y =

hx | yi
hy | yiy, PICTURE

since PRy(x) is parallel to y of length kPRy(x)k = kxk cos(✓).
Proof of Proposition 8.1: (a) Let

x = |x1, . . . , xni 2 R
n and y = |y1, . . . , yni 2 R

n,

and assume that x 6= 0. Let
u = hx |xiy � hy |xix.

Then

0  hu |ui =
⌦
hx |xiy � hy |xix, hx |xiy � hy |xix

↵

= hx |xi2hy | yi � hx |xihy |xihy |xi � hy |xihx |xihx | yi+ hy |xi2hx |xi
= hx |xi(hx |xihy | yi � |hy |xi|2)

Since x 6= 0 then hx |xi 2 R>0. Thus,

0  hx |xihy | yi � |hy |xi|2 and so |hy |xi|2  hx |xihy | yi.

If a, b 2 R�0 then a2  b2 if and only if a  b. So |hx | yi|  kxk · kyk.
(b) Assume x = |x1, . . . , xni 2 R

n and y = |y1, . . . , yni 2 R
n. Then

kx+ yk2 = hx |xi+ hx | yi+ hy |xi+ hy | yi = kxk2 + |yk2 + hx | yi+ hx | yi
 kxk2 + |yk2 + 2|hx | yi|

Thus, by Cauchy-Schwarz,

kx+ yk2  kxk2 + |yk2 + 2kxk · kyk = (kxk+ kyk)2.

If a, b 2 R�0 then a2  b2 if and only if a  b. So kx+ yk  kxk+ kyk.
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