Linear algebra notes, Arun Ram July 26, 2023

Topic 1. Example 11. Let us solve the equation

1 -2 1 x 4
2 -3 1| |y|l=1|7
3 —6 a z b
Let
0 1 0 1 0 0
yi(c)t=11 —c 0 and yp(e)t=(0 0 1
0 0 1 01 —c
Multiply both sides of the equation by yg(%)*l to get
1 -2 1 z 4
3 —6 a y| = b .
0 1 1- %a z 7— %b
Multiply both sides by yl(%)*l to get
3 —6 a T b
0 0 1-— %a yl|l=1(4- %b .
Multiply both sides by y2(0)~! to get
3 —6 a T b
0 1 1- %a y|l=17- %b .
0 0 1-— ga z 4 — gb
Case 1: Ifl—%aanndél—%b#Othen
3 —6 a x b
0 1 1-2a]||y]= 7—%19 gives Oz +0y+0z=4—3b#0,
0 O 0 z 4—3b
and
3 —6 a x b
Sol{ |0 1 1-2a][y]|= 7—%19 =0
0 O 0 z 4—3b
Case 2: Ifl—%aanndél—%b:Othen
3 —6 a T b yz(?—%b)—(l—%a)z,
0 1 1—%@ y| = 7—%1) gives m:§+2y—%z,
0 0 0 z 0 no restriction on z.
Sincex:§+2y—%z:§+14—§b—(2—§)z—%z:(14—b)—zthen
3 —6 a T b 14 -0 -1
Sol{ [0 1 1-2a||y]|=(7-30)|=(7—3b]|+spang [ —(1 - 3a)
0 0 z 0 0 1

Case 3: If 1 — %a =0and 4 — %b = 0 then there is a unique solution.
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In summary;,

If1- %a =0and 4 — %b # ( then there are no solutions.
If1-— %a =0and 4 — %b = 0 then there is no restriction on z.

If1- %a # 0 then there is a unique solution.
Alternatively,

If a = 3 and b # 12 then there are no solutions.
If a = 3 and b = 12 then there is no restriction on z.

If a # 3 then there is a unique solution.

Normal form:

1 -2 1 1 —2 1
2 =31 :3/2(%) 3 —6 a
3 —6 a 0 1 1_%a
3 —6 a
=y2(5)n(z) [0 0 —%a
0 1 1—§a
3 —6 a
=12(3)v1(3)(0) {0 1 1-Fa
0 O 1—§a
1 -2 %
=021 (3O 1) |0 1 1-Fa
0 O 1—§a
1 0 0
= (3w (3)e@r(. 11 [0 1 1= 30 ) en(-2)eis(§)
O 0 1—§a
1 0 0
=12(3)11(3)12(0h(3,1,1) (0 1 0 ) z23(1 = Fa)z12(-2)215(5)
00 1—%a
Thus, if
1 -2 1 '
3 f 3
A=[2 -3 1 then A= PLQ. where r—4°> La#3
3 _6 a 2’ Ifa,:37

117



