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4.5 Matrix groups: Some proofs

4.5.1 The presentation theorem for S,

Proposition 4.5. The symmetric group S, is presented by generators si,sa,...,Sp—1 and relations

s? =1 and 8j8j418j = Sj4+15j5j+1 and SkSp = S¢Sk,

foriyj k0 e{l,...;on—1} withj#n—1and k # ¢+ 1.

Proof.
Generators A: the set of permutation matrices.
Relations A: all products of permutations wyws given by matrix multiplication.
Generators B: s1,...,8,_1.
Relations B: As given in (4.8).

The proof is accomplished in four steps:

1

(1) Write generators B in terms of generators A.
(2) Deduce relations B from relations A.
(3)
(4)

3
4

Write generators A in terms of generators B.

Deduce relations A from relations B.

Step 1: Generators B in terms of generators A. This is provided by (4.1).

Step 2: Relations B from relations A. This step is given the following matrix computations:

=066

01 0\ /1 00\/010 00 1
sisas1 =1 0 0llo 0o 1)1 0 o0]l=[01 0
o001/ \o 10/ \o o1 100
and
1 00\ /0 10\ /100 00 1
sos1s9= (0 0 1] |1 ol{o o 1]l=(0o 10
010/ \oo1/\o10 100
so that s;s951 = s25152 and
0100\ /1000 0100
|t 000l fo T 00]_[1000
=10 01 0fllooo 1] oo o1
0001/ \0 o010 0010
and
1 000\/0100 0100
o1t oot o0oo00] [1000
1= 1o 00 1|lloo 1 o] oo o1
0010/ \0oo00O071 0010

so that §183 = 83S81.

Step 3: Generators A in terms of generators B.
Let w € S,.
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Let ji € {1,...,n} be such that w(ji,1) = 1 and let w?) = sy59--- 5, 1.
Let jo € {2,...,n} be such that w™M(j2,2) = 1 and let w?® = sos5- - - Sjp—1-
Continue this process to obtain

. (8283 s Sj2,1)(8182 e Sj1,1>’w =1.
Thus

w = (Sjl—l . 3251)(5j2_1 e 3332) cee

The expression for w is a reduced word for w and a subword of the reduced word of the longest element
given by

(Sn—l T 5251)(571—1 e S352) e (Sn—lsn—Q)Sn—l = wp.

Step 4: Relations A from relations B.

Si(Sj—l st 5251) = 8j—1"""8i425i5i415Si—1 "+ 5251, by the third set of relations in ‘)

Sj—1" - Si+28i415iSi+15i—1 - S281, Dby the second set of relations in (4.8),
= (Sj_1- - Si+28i415iSi—1 - $251)si, by the third set of relations in (4.8),

So s;w can be written in normal form. By Step 3, w; can be written as a product of simple transpo-

sitions, so one simple transposition at a time, wiw can be written in normal form. O
If
0 001 10 00 1000
0 010 0 001 01 00
w=17 00 0 then s3(s253)(s1852w) = s3(s283) 0o010l=%loo0 o0 1l 1,
01 00 01 00 0010
so that w = (8281)(8382)53.
4.5.2 The presentation theorem for GL, (F)
Theorem 4.6. The group GL,(F) is presented by generators
celF,dy,...,d, e F*,
yi(c)a h](d)a xk@(c)a fO’/’ ie{17'-'7n_1}7j€{17-"7n}
k. 0e{l,....,n} with k < £.
with the following relations:
e The reflection relation is
—1 —1 —1 ‘
yi(cl)yi<02) — yz(cl + 02 ) 1(02) Z+1( CQ )IZ,Z‘i‘l(CQ )7 Zf C2 7£ ) (49)
xiit1(c1), if o = 0.
e The building relation is
yi(cn)yir1(c2)yi(cs) = yira(cs)yi(cres + ca)yivi(er). (4.10)
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e The x-interchange relations are

zij(c1)wij(c2) = wij(e1 + c2),
zig(e)zir(ea) = win(c2)zig(cr), zig(c1)zji(c2) = jk(c2)zin(cr),
zij(c1)zjn(c2) = zjr(c2)zij(cr)zin(crcr), zik(c1)zij(c2) = wij(ca)zjn(cr)win(—cic2),
where i < j < k.
Letting h(d1,...,d,) = hi(dy) - - hy(dy), the h-past-y relation is

h(dl, ce dn)yi(c) = yi(cdid;_ll)h(dl, ce ,difl, di+1, di, di+27 ce ,dn). (4.11)

Letting h(dy,...,dy) = hi(d1) - hn(dy), the h-past-x relation is

h(dl, Ce ,dn)ﬂvij(c) = Tjj (Cdidj_l)h(dl, Ce ,dn). (4.12)

The x-past-y relations are

zii1(c1)yi(c2) = yi(er + c2)xi,i4+1(0),
zir(c1)yr(c2) = yr(c2)zin(cre2) @i g1 (1), T gy1(c1)yr(c2) = yr(ca)wir(c1), (4.13)
wij(e1)yi(ca) = yi(ca)wiy1 j(c1), ziy1;(c1)yi(c2) = yi(ca)xij(c1)wiqr i (—cica),

where i < k and i+ 1 < j.

Proof. The proof of this result provides a way of writing an invertible matrix ¢ in a “normal form” as
a product of elementary matrices by the following “row reduction” algorithm.

Let g € GL,(F).
Let j; € {1,2,...,n} be maximal such that g(j;,1) # 0. If j; = 1 then let ¢(Y) = g. If j; # 1 then let

@ _ . (et (ga2\h <g<j —Ll))‘l
g =hn <g(j1,1>> Y2 <g(j1,1>) Yi—1  Zotm g-
Now let jo € {2,...,n} be maximal such that ¢(V)(ja,2) # 0. If jo = 2 then let ¢ = g If j, # 2
then let . . .
(2) _ 9(2,2) \ ™ g B2\ 9WGa—1,2)\ " (1)
g =Y (9(1)0272) Y3 9 (j2,2) Yjo—1 9(1)(2j2,2) g .

Continuing this process will produce g(”) which has the property that

the first nonzero entry in row j + 1 is to the right of the first nonzero entry in row j.

In particular, if g is invertible then g(”) will be upper triangular.
Let b= ¢(™. Then

_ , g (j2—1,2) g1 (3,2) g1 (2,2)
9= "'(y32—1< D22 )93 <g<1>(j1,2>>y2 (9<1)(j2,2)))
. gGi=LD Y\ | 9(2,1) g(LD) \y .
(Yj1—-1 ( g(ljl,l) ) b2 (g(j1,1)> h (g(jl,l))) b
Checking the relations: Recall that

yi(e) = wii11(c)siit1 = ((1) i) <(1) é) = (i é) :

The reflection relations and the building relations are the relations for rearranging ys.

Proof of the reflection equation:
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If ¢; # 0 and ¢o # 0 then

1 (1) (c2) = (

(

If ¢ = 0 then

1 (1)1 (0) = (

1

c1
1

61—1—02_1 1

o) (G

Proof of the building relation:

0

1

)(

1

c2
1

0

)=

1
1

—Cy

cieo+1
C2

)

1
-1

1
1

)

1

cl+c2_1 1 co
0 0

= y1(c1 + ¢3 ha(ca)ha(—c3 mia(cy ).

The computation for the proof of the first x-interchange relation is:
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The key computation for the proof of the h-past-y relation is:

di 0
0 do

)

c 1

_Cd1
1 0/ \do

dq
0

)=(

)

cdidyt 1

Key computations for the proof of the x-past-y relations are:
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1 e (e 1\ [(ea+e 1
0 1 1 0/ 1 0/’
1 CiCa2 C1 1 0 O
f— 0 1 O - O (6] ].
0 0 1 0 1 0
0 0 1 1 O 1 0
Co 1 =10 C9 1 =10 (&)
1 0 0 1 0 0 1
1 0 o 1 co 1
0O 1]=11 0 O0]=1|1 0
0 1 0 0 1 0 0
Co 1 0 Co 1 0 1
=1 0 aa]=(1 01 0
0 0 1 0 01 0
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