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3.4 Some proofs
3.4.1 The inverse of P(Q
Proposition 3.10. If P,Q € GL,(F) then

(PQ) =7 'P .

Proof. Assume P,Q € GL,(F).

To show: (PQ)™ ' =Q P

To show: (a) (PQ)(Q~'P~!) =1.
(b) (Q7'P™H(PQ) = 1.

(a) Using associativity of matrix multiplication,
(PQ)Q P = P(QQ )P = P-1-P1 = PP~1 =1
(b) Using associativity of matrix multiplication,
Q'PTHPQ=Q (P 'PIQ=Q - 1-Q=Q7'Q=1
So (PQ)" ' =@ tP~L O

3.4.2 ker(A) and im(A) are subpaces
Proposition 3.11. Let A € My, xn(F). Then ker(A) is a subspace of F"* and im(A) is a subspace of
F™.
Proof. (aa) Assume v, vy € ker(A). Then
A(v1 +v2) = Avy + Ave =040 = 0.
So v1 4+ v9 € ker(A). (ab) Assume v € ker(A) and ¢ € F. Then
A(cv) = ¢(Av) = ¢-0=0.

So cv € ker(A). (ba) Assume vy, v2 € im(A). Then there exists wy, wy € F™ such that Aw; = v; and
Awg = v9. Then

A(w1 + wz) = Awq + Awg = v1 + v9.
So v1 + v € im(A).
(bb) Assume v € im(A) and ¢ € F. Then there exists w € F"™ such that Aw = v. Let z = cw. Then
Az = A(cew) = c(Aw) = cv. So cv € im(A). O

3.4.3 Comparing kernel and image of A and PAQ

Proposition 3.12. Let F be a field and let A € My (F). Let P71 € GLy(F) and Q! € GL,(F).
Then
ker(P71AQ™!) = Qker(A) and im(P~1AQ™!) = P tim(A).
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Proof. The proof of the first equality is
ker(P1AQ™ ) = {v € F" | P71AQ v = 0}
={velF" | AQ 'v = PO}

= {QQ v e F" | AQ v = 0}
= {Qu e F" | Aw = 0}
= Q{w cF" | Aw = 0} = ler(A),

and the proof of the second equality is
im(P~tAQ™Y) = {P71AQ v | v € T}
=P HAQ v | v e T}
=P HAQ v | QQ v e F}
=P HAw | Quw e F"}
= P Y Aw | w € F"} = P~ 1im(A).

3.4.4 Comparing kernel and image of A and 1,

Proposition 3.13. Let A € My, xn(F). Letr € {1,...,min(m,n)} and P € GL,,(F) and Q € GL,(F)
such that A = P1,Q. Then

ker(A) = Q' ker(1,) and im(A) = Pim(1,).
Proof. By Proposition

ker(A) = Q 'ker(P'AQ™Y) = Q! ker(1,) and im(A) = Pim(P~'AQ™!) = Pim(1,).

3.4.5 Comparing dim(ker(A) and dim(im(A))
Proposition 3.14. Let A € My, xn(F). Then
dim(im(A)) = (number of columns of A) — dim(ker(A)).

Proof. Let r € {1,...,min(m,n)} and P € GL,,(F) and Q € GL,(F) such that A = P1,Q. By
Propositionand 1’
dim(im(A)) = dim(Pim(1,)) = dim(im(1,)) = r
=n — (n —r) = (number of columns of A) — dim(ker(1,))
= (number of columns of A) — dim(Q ! ker(1,))
= (number of columns of A) — dim(ker(A)).
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3.4.6 Solutions of a system when A is invertible

Proposition 3.15. Let A € M,y xn(F) and b € F™. If m =n and A € GL,(F) then
Sol(Az = b) = {A'b}.

Proof. Assume A is invertible and Az =b. Then z = 1z = (A1 A)xr = A~ (Az) = A~ b, O

3.4.7 Solutions of a system from a single one and the ker(A)

Proposition 3.16. Let A € My, xn(F) and b € F™ and assume Sol(Ax = b) # (). Let p € Sol(Ax = b).
Then
Sol(Ax = b) = p + ker(A).

Proof. Assume Sol(Az = b) # () and let p € Sol(Az = b).
To show: (a) Sol(Ax =b) C p+ ker(A).
(b) p+ ker(A) C Sol(ax = ).
(a) Let g € Sol(Az = ).
Then g — p € ker(A).
So q € p+ ker(A).
So Sol(Ax = b) C p + ker(A).
[(b) Let k € ker(A).
Then A(p+ k) =Ap+ Ak =b+0=0.
Sop+k € p+ker(A).
So p + ker(A) C Sol(Az = b).

So p + ker(A) = Sol(Axz = b) O

3.4.8 All solutions of a system Az =b

Proposition 3.17. Let A € My,xn(F) and b € F". Assume r € {1,...,min(m,n)} and P € GL,(F)
and Q € GL,,(F) are such that
A= P1,0Q.

(a) If there exists j € {r +1,...,m} such that (P~'b); # 0 then Sol(Az = b) = (.
(b) If Sol(Ax = b) # () then
Sol(Az =b) = Q  (P™'b)y,...,(P7'0),,0,...,0)" +span{q-i1,...,qn},
where q1, . ..,qn are the columns of Q1.

Proof.

Sol(Ax =b) ={z € F" | Az =b} ={z € F" | P1,Qz = b}
=Q HQreF" | P1,Qz =b}
=Q H{yeF" | Ply=1b}
=Q {yeF" | 1L,y=P b}
= Q 'Sol(1,y = P~ 'b).
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Let z = P~1b. There are two cases:

Case 1. If there exists j € {r +1,...,n} such that z; # 0 then Sol(1,y = z) = 0.
Case 2. If 2,41 = -+ = 2z, = 0 then

Sol(1,y = 2) = (21, .-, 2r,0,...,0)" + span{eq11,...en}
and
Q7 'Sol(1,y = P~1b) = Q7'Sol(1,y = z)
=Q YNty oh 20, 0,...,0) 4+ Q Lspan{e, 41, ... en}

= Q_l((P_lb)l, . (P_lb)T, 0,... ,O)t + span{q, 41, -
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