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4.4 Invertible matrices GL,(F)

Let n € Z~q, let M, (F) be the set of n x n matrices with entries in F and let
E;j be the n x n matrix with 1 in the (4, j) entry and 0 elsewhere.

e An n x n invertible matriz is an n x n matrix A € M, (F) such that

there exists A~! € M,,(F) such that A7™'1A=1and A4~ =1.

e The general linear group is

GL,(F) = {n x n invertible matrices with entries in F}.

The invetrible elements of the field F are the elements of
F* ={deF |d+# 0} ={1x1 invertible matrices with entries in F} = GL;(F).
e The elementary matrices in GL,(F) are the matrices
sij=1—Ey; — Ej; + Eijj + Ejs, fori,j € {1,...,n} with i # j,

zij(c) = 14 cEyj, fori,je{l,...,n} withi# j and c€ F,
hi(d) =14 (d — 1)Ey, for i € {1,...,n} and d € GL,(F).

e The row reducers are y;(c) = x;;4+1(c)S;i41 fori € {1,...,n —1} and c € F.

1 1

c 1 0
yi(c) = Lo and yi(e)™ = 1
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Theorem 4.4. The group GL,(F) is presented by generators

celF.dy,...,d, e F*,

y’i(c)a h](d)’ CCkg(C), fOT S {177n_1}7.7 6{1,...,71}
k.l e{l,...,n} with k < ¢.

with the following relations:

e The reflection relation is

i(c1 + 5 Dhi(ea)hisq (—es Dy c_l, if ¢ 0,
yi(en)yiles) = yi(er + ¢y )hi(ea)hipa (=3 )wiina(cy ) fe# (4.3)
xiit1(c1), if ca = 0.
e The building relation is
yi(e1)yi+1(c2)yi(cs) = yir1(es)yi(crcs + c2)yita(cr).- (4.4)
e The x-interchange relations are
zij(c1)wij(c2) = wij(cr + ),
zij(c1)zig(c2) = win(c2)wij(er), zig(c1)wjk(c2) = zjk(c2)zin(cr),
zij(c1)zje(c2) = wjk(c2)wij(c)zin(crca), zjk(c1)wij(c2) = wij(c2)wjk(cr)win(—cic2),
where 1 < j < k.
e Letting h(dy,...,d,) = hi1(dy) - - hy(dy), the h-past-y relation is
h(dy, ... dp)yi(c) = yi(edid Dy, . .. dicy, dig1, diy digo, . . - dn). (4.5)
e Letting h(dy,...,d,) = hi(dy) - hy(dy), the h-past-x relation is
h(dy, ... dn)zi(c) = wij(cdid; Yh(dy, . .., dp). (4.6)
e The x-past-y relations are
zig41(c1)yi(c2) = yiler + c2)xi,i41(0),
zir(c1)yr(ca) = yr(c2)zin(c1c2)w; g1 (c1), T kr1(c1)yr(c2) = yr(c2)wir(cr), (4.7)

wij(c1)yi(ca) = yi(ca)wiv1 j(c1), wiy1,5(c1)yi(ca) = yi(ca)wij(c1)wiv1,j(—cic2),

where i < k and i+ 1 < j.
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