Linear algebra notes, Arun Ram February 25, 2023

5.2.2 Determinants of square matrices: the permutation formula

For A € M, (F) define

D(A) = ) det(w)A(L,w(1)) A2, w(2)) -
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Proposition 5.4. Let A € M, (F) and leti,j € {1,...,n} withi < j.

(a) If w is a permutation then D(uA) = det(u)D(A).
(b) If row i and row j of A are equal then D(A) = 0.
(¢) D(AB) = D(A)D(B).

(d) D(si;) = —1, D(z5(c)) =1 and D(hi(d)) = c.

Theorem 5.5. Let A € M, (F). Then

det(A) = Y det(w)A(L,w(1)) A2, w(2) -
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5.3 Laplace expansion

Let J C {1,...,n} with |J| = k. Write

J:{j177.]k} j1<
Je={lh,. .. 0y VRere G

and define a permutation u s by

Iuv):{ﬁw ifre{1,...,k},
.}
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Theorem 5.6. Let A € M, (F).

-A(n,w(n)).
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(a) (General Laplace expansion) Let K,L C {1,...,n} with |K|= |L| = k. Then
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det(ug)det(A4), if K =1L,

if K # L.

where W7 is a set of coset representatives of cosets of Sn/Wy, Ak, is the submatriz of A consisting
of entries of A in rows indexed by the elements of K and the entries in columns indexed by J and
AL s the matriz obtained from A by removing the rows indexed by K and removing the columns

indezed by elements of L.
(b) (Laplace expansion on the kth row). Let k,¢ € {1,...,n}.

D (FD)FI AR, j) det(AV) =

i=1 0
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