Linear algebra notes, Arun Ram March 1, 2023

8 Flag varieties

8.0.1 Bruhat decomposition

Theorem 8.1. Let G = GL,(F) and B be the subgroup of upper triangular matrices. Then

G = |_| BwB, with BwB = |_| yi, (c1) -+ - yi,(co) B
wESH c1,...co€F

if w=8; s, with { ={(w).

8.0.2 The Bruhat decomposition for n = 3

For ¢ € [F; define

c 1 0 1 0 0
yi(c)=11 0 0], Y2(c)=10 ¢ 1],
0 0 1 010
01 0 1 0 O
31:y1(0)= 1 0 O s 32=y2(0)= O 0 1 N
0 0 1 010
1 ¢ O 1 1 0 ¢
zi2(c)= (0 1 0], To3(c) =0 1 ¢, z13(c)=10 1 0
0 0 1 0 1 0 0 1
and for d GF; define
d 0 0 1 0 0 1 0 0
hi(dy=10 0 1], ho(d)y=10 d 0], hs(d)=10 1 0
0 0 1 0 0 1 0 0 d

Then, coset representatives of cosets of B in the double cosets in B\G/B

B1B = (B},
BsiB ={yi(c)B | c € F;},
BsyB = {y2(c)B | c € F},
BsisaB = {y1(c1)y2(c2) B | c1,c2 € F},
Bsys1B = {y2(c1)y1(c2) B | c1,c2 € T},
Bsiszs1B = {y1(c1)y2(c2)yi(c1) B | c1,c2,¢3 € F Y,

and

B = {h1(d1)h2(d2)h3(d3)x23(c3)w13(c2)w12(C1) | c1cac3 € B, dy, do, d3 € T}

d1 d101 d102
= 0 dy dacs ‘ c1,c2,c3 € F,dy,da,d3 €Ty 5,
0 0 ds

so that Card(B) = (¢ — 1)3¢? (or, in general, Card(B) = (q — 1)”q%”(”—1)),

66



