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39 Tutorial 7: Compactness

Learn to prove the following theorems, accurately, efficiently, using quality proof machine, without
having to refer to notes. Learn to prove the following theorems, accurately, efficiently, using quality
proof machine, without having to refer to notes. The first step of this process is to work through each
and put the reason why each line appears where it appears. The possible reasons are:

(a) (Proof type II) Assume the ifs

(b) (Proof type II) To show the thens

(¢) (Rewriting) This is the definition of

(d) (Proof type III) To show something exists, construct it.
(e (

() (

(g) (

Proof type III) To show the construction is valid.
Proof type I) Compute the left hand side.
Proof type I) Compute the right hand side.

Practice each proof so that you can do it efficiently without referring to notes.

39.0.1 Limit points are cluster points

Proposition 39.1. Let (X,d) be a metric space and let (z1,z2,...) be a sequence in X. If z € X s
a limit point of (x1,xe,...) then z is a cluster point of (x1,x2,...).

39.0.2 Characterization of cluster points as limit points of subsequences

Proposition 39.2. Let (X, d) be a metric space and let (x1,x2,...) be a sequence in X. Then z € X
is a cluster point of (x1,xa,...) if and only if there exists a subsequence (Tp,,Zn,,...) such that z is
a limit point of (Tn,, Tnyy---)-

39.0.3 Convergent sequences are Cauchy

Proposition 39.3. Let (X,d) be a strict metric space. Let (x1,x2,...) be a convergent sequence in
X. Then (x1,x2,...) is a Cauchy sequence in X.

39.0.4 Cluster points of Cauchy sequences are limit points

Proposition 39.4. Let (X,d) be a metric space and let (x1,x2,...) be a Cauchy sequence in X. Let
z € X. Then z is a limit point of (x1,x2,...) if and only if z is a cluster point of (x1,x2,...).
39.0.5 Sequences in ball compact spaces have Cauchy subsequences

Proposition 39.5. Let (X, d) be a ball compact strict metric space and let (x1,z2,...) be a sequence
in X. Then there exists a subsequence (Tp,,Tn,,...) of (z1,%2,...) which is Cauchy.

39.0.6 Subspaces of ball compact spaces are ball compact

Proposition 39.6. Let (X,d) be a ball compact metric space.
If A C X then (A,d) is ball compact.
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39.0.7 cover compact = ball compact

Proposition 39.7. Let (X,d) be a strict metric space and let Ty be the metric space topology on X .
Let A C X.
If A is cover compact then A is ball compact.

39.0.8 Ball compact = bounded

Proposition 39.8. Let (X,d) be a strict metric space and let Ty be the metric space topology on X .
Let A C X.
If A is ball compact compact then A is bounded.

39.0.9 cover compact = sequentially compact

Proposition 39.9. Let (X,d) be a strict metric space and let Ty be the metric space topology on X.
Let A C X.
If A is cover compact then A is sequentially compact.

39.0.10 sequentially compact = Cauchy compact

Proposition 39.10. Let (X,d) be a strict metric space and let Ty be the metric space topology on X .
Let AC X.

If A is sequentially compact then A is Cauchy compact.
39.0.11 Cauchy compact = closed

Proposition 39.11. Let (X,d) be a strict metric space and let Ty be the metric space topology on X .
Let AC X.
If A is Cauchy compact then A is closed.

39.0.12 sequentially compact = ball compact

Proposition 39.12. Let (X,d) be a strict metric space and let Ty be the metric space topology on X .
Let A C X.
If A is sequentially compact then A is ball compact.

39.0.13 Ball compact + Cauchy compact = sequentially compact

Proposition 39.13. Let (X,d) be a complete metric space and let Ty be the metric space topology on
X. Let AC A.

if A is ball compact and Cauchy compact then A is sequentially compact.

39.0.14 Ball compact + Cauchy compact = cover compact

Proposition 39.14. Let (X,d) be a metric space and let A C X.

If A is ball compact and Cauchy compact  then A is cover compact.
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40 Tutorial 7: Solutions

40.1 Limit points are cluster points

Proposition 40.1. Let (X,d) be a metric space and let (x1,z2,...) be a sequence in X. If z € X s
a limit point of (x1,x2,...) then z is a cluster point of (x1,xz2,...).

Proof. Let z be a limit point of (z1, o, ...).

To show: z is a cluster point of (x1,x2,...).

To show: If € € Ry then there exists ¢ € Z~( such that xy € B.(z).

Assume € € Ry.

To show: There exists ¢ € Z~o such that z; € Bc(z).

Since z is a limit point of (21,2, ...) there exists N € Zs( such that if n € Z>y then z,, € B(z).
Let £ =N + 1.

Then zy € B(z).

So z is a cluster point of (z1,z2,...).

40.2 Characterization of cluster points as limit points of subsequences

Proposition 40.2. Let (X, d) be a metric space and let (x1,x2,...) be a sequence in X. Then z € X
is a cluster point of (x1,x2,...) if and only if there exists a subsequence (T, Tp,,...) such that z is
a limit point of (Tp,, Tnyy---).

Proof.

=: Let z € X be a cluster point of (x1,x2,...).

For k € Z~q let nj be such that ny > ng_; and x,, € Bg-«(2).

Then xy,,, Tp,,...) is a subsequence of (x1,xz9,...) with z as a limit point.

<: (Tpy, Tny, - -.) is a subsequence of (z1,xs,...) with z as a limit point.

If € € E then there exists ¢ € Z~o with z,, € B:(2).

So z is a cluster point of (x1, z2,...). O

40.3 Convergent sequences are Cauchy

Proposition 40.3. Let (X,d) be a strict metric space. Let (x1,x2,...) be a convergent sequence in
X. Then (x1,x2,...) is a Cauchy sequence in X.

Proof. Let (z1,z2,...) be a convergent sequence in X.
Then there exists z € X such that klim T = 2.
— 00

To show: (z1,x2,...) is a Cauchy sequence.

To show: If € € Ry then there exists ¢ € Zs( such that if m,n € Z>y then (2, z,) € Be.
Assume € € Ry.

Since klirgo ry, = z then there exists £ € Z~q such that if m € Z>, then d(z,,2) < 5.

To show: If m,n € Z>, then (xy,,x,) € B..
Assume m,n € Zxy.

To show: (zy,,2,) € Be.

To show: d(x,, zy) < €.

A(Tm, T0) < d(Tm, 2) + d(z,20) < §+ § = €.
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SO (T, Tn) € Be.
So (x1,x2,...) is a Cauchy sequence. O

40.4 Cluster points of Cauchy sequences are limit points

Proposition 40.4. Let (X,d) be a metric space and let (x1,x2,...) be a Cauchy sequence in X. Let
z € X. Then z is a limit point of (x1,xa,...) if and only if z is a cluster point of (x1,xa,...).

Proof. =: By Proposition [40.1} limit points are cluster points.

<: Let (w1, 22,...) be a Cauchy sequence in X and let z be a cluster point of (x1,x2,...).

To show: z = lim,,—vo0 T

To show: If € € Ry then there exists N € Zsq such that if n € Z>x then d(z,, 2) < e.

Assume € € Ry.

To show: There exists N € Zs( such that if n € Z>y then d(x,, z) < €.

Let N € Zs¢ such that if m,k € Z>x then d(zpm,zr) < %e; the value N exists since x1,x9,... 1S a
Cauchy sequence in X.

Since z is a cluster point of x1,z2, ... there exists m € Z>x such that d(zp,z) < %e.
To show: If n € Z>y then d(zy,2) < e.

Assume n € Z>n.

To show: d(zy, 2) < e.

d(xp,2) < d(Tp, Tm) + d(Tm, 2) < 56+

N[ =
N[
@)
Il
Q)

So z = limy, o0 T ]

40.5 Sequences in ball compact spaces have Cauchy subsequences

Proposition 40.5. Let (X,d) be a ball compact strict metric space and let (z1,x2,...) be a sequence
in X. Then there exists a subsequence (Tp,,Tn,,...) of (z1,Z2,...) which is Cauchy.

Proof.

Assume (x1,x2,...) is a sequence in X.
To show: There exists a subsequence (Zy,, Zn,,...) of (z1,x2,...) which is Cauchy.
Since X is ball compact then {z1,z2,...} is ball compact.

Let n1 € Z~¢ be minimal such that Bj(z,,) contains an infinite number of (z1, z2,...);
Let ng € Z~,, be minimal such that B% (zn,) contains an infinite number of (x,z2,...) N
By (2n,);

Let n3 € Z~y, be minimal such that B% (zng) contains an infinite number of (xy,z2,...) N
Bi(2a) (1 By ()

ete.

To show: (zp,,Zn,,...) is Cauchy.
To show: If € € Ry then there exists ¢ € Z~q such that if r, s € Z>, then d(zy,,zy,) < €.

1
Let ¢ € Z~¢ such that 7 < %

To show: If r, s € Z>y then d(xy, ,z,,) < €.
Assume 7,5 € Z>y.
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To show: d(zy,,xn,) < €.

1 1
d(’xnf’w”s) < d(mnwxnz) + d(xnza xns) < Z + Z <

N ™
N o

So (Zn, s Tny, - ..) is Cauchy.

40.6 Subspaces of ball compact spaces are ball compact

Proposition 40.6. Let (X,d) be a ball compact metric space.
If A C X then (A,d) is ball compact.

Proof. Assume X is ball compact and A C X.

To show: A is ball compact.

To show: If € € R then there exist £ € Z~g and aj,ag,...,as € A such that Bc(a1) U Be(ag) U---U
Be(ag) 2 A.

Assume € € Ry .

To show: There exist ¢ € Z~¢ and aq,as,...,a; € A such that Bc(a1) U Be(az) U--- U Be(ag) 2 A.
Let m € Z~q and 21, x9,...,T, € X such that BE/Q(xl) u---U BE/Q(xm) D X.

Let £ be the number of B, /y(z;) with Be/s(z;) N A # 0.

For each Bs/?(xj) with BE/Q(Z‘j) NnA 75 0 let a; € B€/2($j) nA 75 0.

Then, since Be(a;) 2 Be(x;),

Bu(a1) U Bc(az) U---U Be(ag) 2 (B (1) N A)U- - U (Be (w0) 1 A) 2 X N A= A,

So A is ball compact. O

40.7 cover compact = ball compact

Proposition 40.7. Let (X,d) be a strict metric space and let Tq be the metric space topology on X .
Let AC X.
If A is cover compact then A is ball compact.

Proof. To show: If A is cover compact then A is ball compact.

Assume A is cover compact.

To show: A is ball compact.

To show: If k € Zwg and € = 107" then there exists £ € Zwg and ay,as,...,a; € A such that
AC Be(al) UJ---u Be(ag).

Assume € € R+.

To show: There exists ¢ € Z~o and aj,as,...,a; € A such that A C Bc(ay) U--- U Be(ay).

Since A is cover compact and S = {B¢(a) | a € A} is an open cover of A, there exists { € Z~( and
ai,ag,...,ap € A such that A C Be(ay)U--- U Be(ay).

So A is ball compact.

40.8 Ball compact = bounded

Proposition 40.8. Let (X,d) be a strict metric space and let Ty be the metric space topology on X .
Let AC X.
If A is ball compact compact then A is bounded.
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Proof. To show: If A is ball compact then A is bounded.
Assume A is ball compact.
To show: A is bounded.
To show: There exists a € A and M € Ry such that A C Bj(a).
Since A is ball compact there exists £ € Z~g and 1, 2, ...,z € A such that A C By(x1)U---UBq(xp).
Let a = x; and let M = 2 4+ max{d(z1,x1),d(z1,z2),d(x1,23),...,d(x1,20)}.
Ta show: A C By(a).
To show: If z € A then d(x,a) < M.
Assume z € A.
To show: d(x,a) < M.
Let j € {1,...,¢} such that z € By(z;).
Then
d(z,a) =d(z,z1) < d(z,z;) +d(zj,z1) <1+ (M —-2)=M—-1< M.

So z € Bys(a).
So A Q BM((I)
So A is bounded.

40.9 cover compact = sequentially compact

Proposition 40.9. Let (X,d) be a strict metric space and let Tq be the metric space topology on X .
Let AC X.
If A is cover compact then A is sequentially compact.

Proof. To show: If A is cover compact then A is sequentially compact.
To show: If A is not sequentially compact then A is not cover compact.

(Notes and References: See Lang’s Real Analysis Chapter 2 §3 Proposition 3.7 for this proof)
Assume A is not sequentially compact.

Then there exists a sequence ai,aso, ... in A with no cluster point in A.

Thus, if z € A then there exists N € N (z) such that Card{j | a; € N} is finite.

To show: A is not cover compact.

To show: There exists an open cover S of A which does not have a finite subcover.

For = € A let V,, be an open set of A such that

x eV and Card{j € Z~¢ | a; € V} is finite.

The set V,, exists since x is not a cluster point of (a,as,as,...).
Then § = {V, | x € A} is an open cover of A.

To show: S does not contain a finite subcover of A.

Proof by contradiction.

Assume ¢ € Z~¢ and S1,55,...,5; € S such that S;US,U---U Sy D A.
Let kj € Z~¢ be such that if n € Z>g; then a,, € S;.

Let k = max{ky, ko, ..., ke}.

Then, if n € Z~j then a, € S1U---U S).

This is a contradiction to S{U---U S, D A.

So S has no finite subcover.

So A is not cover compact.
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40.10 sequentially compact = Cauchy compact

Proposition 40.10. Let (X,d) be a strict metric space and let Ty be the metric space topology on X .
Let A C X.
If A is sequentially compact then A is Cauchy compact.

Proof. To show: If A is sequentially compact then A is Cauchy compact.

Assume A is sequentially compact.

To show: A is Cauchy compact.

To show: If (a1, asz,...) is a Cauchy sequence in A then (aj,ag,...) has a limit point in A.

Assume (ag, ag,...) is a Cauchy sequence in A.

To show: There exists a € A such that lim,,_., a, = a.

Let a be a cluster point of (a1, as,...) in A, which exists since A is sequentially compact.

By Proposition since (a1, ag, .. .) is Cauchy then the cluster point a is a limit point of (a1, ag, .. .).
So a = limy, o0 ap.

So A is Cauchy compact.

40.11 Cauchy compact = closed

Proposition 40.11. Let (X,d) be a strict metric space and let Ty be the metric space topology on X .
Let AC X.
If A is Cauchy compact then A is closed.

Proof. To show: If A is Cauchy compact then A is closed in X.
Assume A C X and A is Cauchy compact.
To show: A is closed in X.

To show: If (a1, as2,...,) is a sequence in A and (ay,as,...) converges in X then klim ar € A.
—00

Assume (ag,ag,...) is a sequence in A and (a1, ag,...) converges in X.
Since convergent sequences are Cauchy then (ai,as,...) is a Cauchy sequence.
Since A is Cauchy compact and (ai,as,...) is a Cauchy sequence in A then (aj,ag,...) converges in

A.

Since limits in metric spaces are unique, z = lim a; € A.
k—o00

So A is closed in X. I

40.12 sequentially compact = ball compact

Proposition 40.12. Let (X,d) be a strict metric space and let Ty be the metric space topology on X .
Let A C X.
If A is sequentially compact then A is ball compact.

Proof. To show: If A is sequentially compact then X is ball compact.
To show: Assume A is not ball compact.
To show: A is not sequentially compact.
To show: There exists a sequence (a1, ag,...) in A with no cluster point in A.
Using that A is not ball compact, let € € R<( such that A is not covered by finitely many Be(x).
Let

a1 € A, ag € B;(al)C NA, aszé€ (B; (a1) U B (a2))°NA,

Then (aq, ag, . . .) has no cluster point, since every Be () contains at most one point of (a1, as, . . .).
So A is not sequentially compact.
O]
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40.13 Ball compact + Cauchy compact = sequentially compact

Proposition 40.13. Let (X,d) be a complete metric space and let Ty be the metric space topology on
X. Let ACA.

if A is ball compact and Cauchy compact then A is sequentially compact.

Proof. Assume A is ball compact and Cauchy compact.

To show: A is sequentially compact.

To show: If (a1, as,...) is a sequence in A then (ai,aq,...) has a cluster point in A.

Assume (ag,ag,...) is a sequence in A.

By Proposition since A is ball compact there exists a subsequence (an,, an,,...) of (a1, as,...)
such that (an,, an,,...) is Cauchy.

Since A is Cauchy compact (an,, @n,, - ..) has a limit point in A.

Thus (a1, ag,...) has a cluster point A.

So A is sequentially compact.

40.14 Ball compact + Cauchy compact = cover compact
Proposition 40.14. Let (X,d) be a metric space and let A C X.

If A is ball compact and Cauchy compact then A is cover compact.

Proof. Assume A is ball compact.

To show: If A is Cauchy compact then A is cover compact.

To show: If A is not cover compact then A is not Cauchy compact.
Assume A is not cover compact.

Let S be an open cover with no finite subcover.

Let agl), e ag) be such that Bm 1(&51)) U Byg-1(ay (1 )) D A.

Let aﬁ) be such that A N Byg- 1( ) is not finitely covered by S.

Let agQ), . ( ) be such that Bm 2( ) U 31072(0,22)) DAN Blo—l((]éi)).

Let a( ) be such that AN Byo- 1( ) ﬁ Big-2(a (2)) is not finitely covered by S.

Let a(3) ...,ay) be such that B10 ( DU+ UB-s(al)) 2 AN Big-1(all)) N Byg-2 ().
Let a( ) be such that AN Byg- 1( ) N Big-2(a; (2 )) N Biop-3( ; )) is not ﬁmtely covered by S.

Continuing this process produces a sequence (a(l) a? ...) which is Cauchy (If m,n > k + 1 then

J1 7720
d(aE.:),a;.Z)) <d(a (m)aaﬁfﬂ)) i d(aﬁfﬁ)v gn)) < 10~ K+D) 4 0=+ < 107F).
Let z € A.

1 (2
s, yent)

To show: There exists € € E and ¢ € Z~ such that if n € Z>, then d(a
Let U € § such that z € U.

Since U is open in X then there exists k € Zs¢ such that By-«(2) C U.

Let € = 107 and let ¢ = k.

To show: If n € Z>, then d(ag-:), z) > €.

Assume n € Z>g

Since Blo n( ) Z Bjo-+(#) there exists y € Blo—n(a§:)) such that d(y, z) > 107

.7
Thus d(a”, 2) > d(y, z) — d(a\",y) > 107 — 107" > 10* = .

To show: z is not a limit point of (a

(n)
a;’,z) > €.
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(1) a(2) )

So z is not a limit point of (aj1 15, ).

So A is not Cauchy compact.
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