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14 Function spaces

14.1 R?

The favourite example is R? = {(x1,z3) | #1, 22 € R} with addition and scalar multiplication given by
(1, 22) + (Y1, 92) = (21 + Y1, 22 + y2) and c(x1,x2) = (cx1,cxa), for c € R,

with inner product

R? x R? — RZO

(z,y) +— (z,y) BV by  ((z1,22), (Y1, 92)) = T1y1 + T2Y2,

|($1¢$2)H =\ l‘% + x%a

with norm
R2 — Rso

z =z

given by

with metric d: R? x R? — Rx( given by

d((z1,22), (y1,92)) = (21, 22) — (Y1, y2)|| = [[(x1 — y1, 22 — ya)|| = V(21 — y1)2 + (22 — 12)2,
with uniformity given by
X = {subsets of R? x R? which contain a set B} where

Be = {(z,y) € R?* xR? | d(z,y) < €} for € € Rsy,

and with topology given by
T = {unions of open balls},

where the set of open balls is
B={B.(x) | € € Rug,z € R?} and B(z) = {y € R? | d(y,z) < €}

is the ball of radius € centered at x (yes, to stress, strongly, that we normally assume that the set R?
is endowed with lots of extra structures this is, intentionally, a very run-on sentence).

14.2 Favourite vector spaces R" and R*, the norms || ||, and the spaces ?
14.2.1 Sequences are functions

Let n € Z~o. Identify n-tuples (z1,...,x,) of elements of R with functions Z: {1,2,...,n} — R so
that
Z: {l,....n} — R

the n-tuple (z1,...,x,) is identified with the function ; -
1
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:.. x Y ‘:
B o B 0 = (0,0

T = B)
B;(O):,v' 0 | x = (1,2)
' ' ' y = (2,2

Open balls in R?.
14.2.2 The vector space R"
Let n € Z>o. The space of functions from {1,2,...,n} to R is
R"™ = {(x1,22,...,2n) | i € R} = {functions Z: {1,...,n} — R}
with addition and scalar multiplication given by

(l’l,$2,...,$n) + (y11y27"'7yn) = (.%'1 + Y1, T2 +y277xn+yn) and
c(x1, T2, ..., oy) = (cx1,cT2,...,Tp), for c € R,

and with inner product (, ): R™ x R" — R>( given by

<(£U1,£U2, ceey .%'n), (yby% <. ,yn)> = T1Y1 +22Y2 + - - Tn¥Yn,

with norm

R* — Ry . \/

= b .. = 2 24 ... 2
x ||£L'” given by ||($17-T27 amn)H €y +‘T2+ +linv
with metric d: R™ x R"™ — R>( given by

d((xlax%" . 7$n)a (y17y27' . 7yTZ)) = H(.’L’l,mg,.. . 7‘7:77») - (y17y27"'7y77»)H
= (=1 =y, 22 = g2, 0 — )| = V(@1 —91)? + (22 — 12)2 + - + (T — yn)?,

with uniformity given by

X = {subsets of R™ x R™ which contain a set B¢} where
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B = {(z,y) e R" xR" | d(z,y) < €} for € € Ry,

and with topology given by
7T = {unions of open balls},

where the set of open balls is
B ={Bz) | €€ Rsg,z € R"} and Be(z) ={y e R" | d(y,x) < €}

is the ball of radius € centered at = (yes, to stress, strongly, that we normally assume that the set R"
is endowed with lots of extra structures this is, intentionally, a very run-on sentence).

14.2.3 The vector space R*®

Let
R*® = {(x1,x2,...) | z; e R} ={&: Z>o — R}

with addition and scalar multiplication given by
(x1,22,...) + (Y1, 92, ..) = (1 + y1,22 + y2,...) and  c(z1,29,...) = (cz1, 29, .. ),

for (z1,z9,...), (y1,y2,...) € R® and ¢ € R.
The vector space of sequences with finite support is

ce = {(x1,x9,...) € R® | all but a finite number of the z; are 0},
the space of sequences that are eventually 0. The vector space

co = {(1:1,$2,...) | z; € R and lim z,, = 0} has ¢, € cg C R*.
n—oo

14.2.4 The spaces *

Let p € R>; and define

1/p
P ={(x1,22,...) | z; € R and ||Z]|, < oo}, where Iz, = Z | |P
1€Z>0
for a sequence ¥ = (z1,z2,...) € R®.
14.2.5 The spaces >, ¢y and ¢!
Define
0> ={(x1,22,...) | z; € R and ||Z||oc < 00}, where IZ|loo = sup{|x1|, |z2],- ..},
for a sequence ¥ = (1, z2,...) € R*®. Define
co = {(z1,22,...) | #; € R and nh_)rgo:vn =0}, withnorm |[|&e = sup{|z1],|z2],...},

Note that

0t ={(z1,29,...) | z; € R and ||Z]|; < 00}, where |21 = |z1| + |22 + -+,

for a sequence ¥ = (z1,z2,...) € R®.
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14.2.6 The space /?
Define

0 ={#= (21,29,...) | z; € R and ||Z]s < 00}, where

and define an inner product on £2,

1212 =

> faif

1€Z>0

(,): 2 x0?— R>g given by (Z,7) = Z TiYi,

for ¥ = (x1,22,...) and ¥ = (y1,¥2,...) in £2,
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14.3 Some proofs
14.3.1 The Holder and Minkowski inequalities

Theorem 14.1. Let g € R>; and let p € Ry U {oo} be given by ;1) + % =1. Let

n 1/p
llzll, = <Z |:E¢|p> , forz = (z1,22,...,2,) € R,
i=1

and define

(x,y) =x191 + * + TpYn, forxz = (z1,...,2,) €R" and y = (y1, ..

(a) Let a,b € Rsg. Then
av bi < ta+ b
(b) Let x = (x1,22,...,2,) € R" and y = (y1,Y2,.-.,yn) € R™. Then
[zl < lzlpllylly  and  fle+yllp <zl + llyllp-
(') Let x = (x1,x2,...) €LP, y= (y1,Y2,...) € L1 and (x,y) = v1y1 + T2Yy2 + - -
(@l <llzlpllylly  and  lz+yll, <[lzllp + [yl

Proof.  (a) The functions h: R>¢g — R>¢ given by

S, Yn) € R™.

. Then

are increasing with h(1) = 1.
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The functions h: R>¢g — R>¢ given by

y=x
1
y=x3
1 y=x3
h(z) = xa : y=x3
! x
1
are increasing with h(1) = 1.
The functions h: R>¢g — R>¢ given by
y
h(l’) =X 4 1+ y — x_.:\
y = x_§
y=
L x *
1

are decreasing with h(1) = 1.

Thus the functions g: R>9 — R given by g(x) = =14 — 1 are decreasing with g(1)=0.
So

m_%—lgo, for x € R>1.
If f: Ryg — R is given by

flx) = z'/P — %m, then % = lgpt

and so f is decreasing for x € R5; and f(1) =1 —
So

D=
=]

zH/P — %x < %, for z € R>;.
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Leta,b€R>0Witha2bandletx:%. Then
1>a%1a1b+11_11b11
2 () 43) =S - ) =S 1)
So
la—|—1b>a%b% for a,b € R
P q’ = ; ) >0-

(b) Let z = (z1,22,...,2,) € R" and y = (y1,¥2,--.,yn) € R™. By part (a),

|z <1 < | )p 1 ( |yil )q
Il lwlle = 7 \llzllp “\llylq

; il o (el Nl N1
Zuxnpnynq ;p<nxnp> *q(nyuq) “rta=h
So i
> lwiil < 2l 19lq-
=1
So

n n
1> @] < lmail < Nlzllp llyllg-
i=1 i=1

(¢) Using |z; + vi| < |xi| + |yi] and p — 1 = p(1 — %) =p- =

% , and

‘qz (ln (Js + il 1)

=1

1
n b
= (Zlﬂfﬁyil”) = (llz +yllp)
i=1

1 P
H(’wl+y1|q7"'7|xn+yn|q)

ks \/
Q=

-Q\‘d

and the identity from part (b), gives

Hx'i‘y|’p_2’xz+yz‘p Z’mz—i‘yz‘ |z + yilP™ ! <Z 23| + [vil) ’xz—i‘yz‘q
i=1 i=1 =1

n n

r b

= Z |zi] @i + yil @ + Z yil |zi + yi| @
i=1 i=1

P P P
< llllpll(lzr + gl e, l2n + ynl ) llg + [yllpll (J21 + 217, -

P
TR +yn’q)”q
D

= llzllp(llz + yllp) @

P _
+lyllp (le + wllp) * = (lzllp + lyllg) Iz + yll5~"

Dividing both sides by |z +y[5~", then

[z +yllp < llzllp + llallp-

PUT IN THE PROOFS OF (b/) AND (/).
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14.3.2 The dual of #
Theorem 14.2. Let p € Rsq and let ¢ € Rs1 be defined by
1 1
—+-=1 Then (£P)* = ¢1.
P 4q
Proof.
To show: £? is the dual of /P.
To show: (7 = B({P, R).

Define
p: ¢4 — B(PR)
py: P = R
o r o (yx)
where

(y,2) = Z YiZi, ify=(y1,92,...) and x = (21,22,...).
i€Z~>0

To show: (a) ¢ is a linear transformation.
b) ¢ is invertible.

(
(c) If y € £9 then [|@,|| = [ly||.

(a) To show: (aa) If y1,y2 € £7 then @(y1 +y2) = ©(y1) + ¢(y2).
(ab) If y € £7 and ¢ € R then ¢(cy) = cp(y).

(aa) Assume yi,ys, € 9.

To show: p(y1 + y2) = ©(y1) + ¢(y2).
To show: If x € ¢ then p(y; + y2) = p(y1) + ©(y2).
Assume z € /P,

To show: Py1+y2 (33) = (90y1 + ¢y2)($)’
Pynty2(T) = (Y1 +y2,7) = (Y1, 2) + (Y2, 7) = @y, (T) + 1, (T) = (0y, + Py ) (T).

(ab) Assume y € {9 and c € R.

To show: ¢(cy) = cp(y).
To show: If z € (P then pey(x) = (cpy)(z).
Assume z € (P.

To show @ey(x) = (cpy)(x).
pey(x) = (cy, x) = c{y, x) = c(py(x)) = (cipy) ().
So ¢ is a linear transformation.
(b) To show: ¢: ¢4 — B(¢P,R) is invertible.

To show: There exists ¥: B({P,R) — ¢4 such that p o) =id and ¢ o p = id.
Let ¢: B(¢?,R) — ¢ be given by

»(y) = (y(er),v(e2),...), where e; = (0,0,...,0,1,0,0,...)

with 1 in the 7th spot.
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To show: (ba) ¢ o1 =id.
(bb) ¥ o p = id.

(ba) To show: If v € B(¢P,R) then ¢(1(7)) = 7.
Assume v € B(/P,R).

To show: (¥ (7)) =7
To show: If z € /P then p((7))(x) = ().
Assume x € /P. Let x = (z1,22,...).

To show: ((1))(x) = 1(x).

p((M)(@) = p(y(er),v(e2), .. ) (@) = ((v(er),7(e2), - ), (21, 22,..))

= > Ae)mi=1 ( > fﬂiez’) =7(z)
€270

1€Z>0

(bb) To show: 1o =id.
To show: If y € ¢4 then ¥(p(y)) = y.
Assume y € ¢9. Let y = (y1,y2,...).

To show: ¥(¢p(y)) = y.
V(p(y)) = v(py) = (pyler), pyle2),.-.) = (Y1, y2,-..) = ¥,

since @y(e;) = (y,ei) = ((y1,¥2,...),(0,...,0,1,0,...)) = y;.
So ¥(e(y)) =y
(c) To show: If y € £9 then ||¢y|| = ||y||q-
Assume y € 0. Let y = (y1,y2, - - .).
To show: (ca) [loyll < [lyllq-

(D) lleyll = llyllq-

(ca) To show: If z € (P then |py(x)| < [|z|p|lyllq-
Assume x € P. Let x = (z1,x2,...).
Then, by Holder’s inequality,

ley(@) = | D @nyn| < llzlpllylle,
n€Z>0

So [leyll < llyllq-
(cb) To show: [yl = [|yllq-

To show: There exists x € F with |p,(z)| > ||z|p]lyllq-
Let

= (sen(yn)lyal " sgn(y) |yl ).
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Then
1/p 1/p
Izl = | D |aal? = D Isen(yn)lynl* P
nEZ>0 TLEZ>()
1/p 1/p
— Z Iy PP — Z |yn|pq(1—§)
nEZ>0 TLEZ>()
1/p qr
1 1/q
= > | = ( > Iyn!">
TLEZ>0 n€Z>O
q: q(1-1) _
= llyllg” =llylle  * =lulli™.
So

|‘Py(x)|: Z TnlYn| = Z (Sgn(yn)’ynD(Sgn(yn)|yn|q_1)

nEZ>0 nEZ>0
= > 1wl = I9llE = lollalluld™ = llyllgllz]p-
nEZ>0

So [leyll = llyllg-
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