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13 Lecture 1: Proofs

13.1 Lecture 1: Computation of the inversion set of t,v

Proposition 13.1. Let p € Z" andv € Sy,. Then

Ho(s) —Ho()—1 Ho(5) — Ho(5)

mv(te) = (U U {(Gi+epu( U U {Gj+m})
i<j(i)<v(d) £=0 i<io@>v(G) =0
Ho(i) ZHo () Ha (i) ZHo(5)
Ho(5) —Ho(3) Mo (i) —Ho() —1
o( U U tGisemy)u( U U G+ m)
1<j,v(1)<v(j) /=1 1<g,v(i)>v(5) /=1
Fo(i) <Hu(j) Fo(i) <Hu(j)
Proof. Let i,j € {1,...,n}. If £ € Z then
(t0)(0) = v(0) + progayn, (t40) i+ ) = v(i) + (1o + O,
(tuv)(J) = v(j) + pogiyn, (tuv)(J + €n) = v(j) + (po(j) + On.

If £ >0and i < j then (t,v)(i) > (t,0)(j + fn) if
(a) if v(7) < w(j) and 0 < £ < fuy() — po(j) OF (b) if v(i) > v(j) and 0 < £ < puy () — fho(j)-
If >0 and j > then (t,v)(j) > (t,v)( + ¢n)

(c) if v(i) > v(j) and 0 < £ < py(j) — fy@) OF (d) if v(i) < v(j) and 0 < £ < py(j) — fo(i)-

13.2 Lecture 1: Computation of the lengths of u, and v,
Proposition 13.2. Let = (p1,...,n) € Z%. Let u, and vy, be as defined in (1.7).

(a) v, is the minimal length element of Sy, such that v, is (weakly) increasing.

(b) The permutation v,: {1,...,n} = {1,...,n} is given by

o) = 1+ 447 € (Loooi = 1) | < )+ 400 € [t L) | < i),
(¢) The n-periodic permutations u,: Z — Z and u;l: 7 — 7. are given by

uy(i) = vljl(i) + np and u;l(z) = (1) = Nfty,, (i) forie{1,...,n}.

(d) Let |pu; — pj| denote the absolute value of p; — pj. Then

W)= wi-ml o) =#{i<ilw>n) and ) = €t - 0v,).

Proof. (c) The first formula follows from w, = t,w;l and (14.6). To verify the second formula:

u;luu(i) = u;l(vljl(i) +nu;) = u;l(vljl(z)) + nu; = vu(vgl(i)) = My o1y T M= i.
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(d) By Proposition
pg—pi—1 M — g
) =( U U {Gi+mp)u( U U lGi+m))
i<i =0 i<i =1
HiZ g b <mg

and so ((t,) = #Inv(t,) = Z |pi — 1], which gives the first statement. Since the length of t,v is
1<J

{(t,v) = #Inv(t,v) then Proposition gives that the minimal length element of the coset ¢,S, is

the element t#v;1 where, if ¢ < j then v;l(i) > v/jl(j) if ozt < st () and v;l(i) < v;l(j) if

Hot (i) 2= ozt () Thus vup = v, .-, fn) = (,LLU;1(1), e ,,uv‘jl(n)) is in weakly increasing order and

C(ty) = Lup) + £(vp).

(a) now follows from the last line of the proof of (d).

(b) In order for v, to rearrange p into increasing order v, must move the ith part of p to the position
just to the right of the number of parts of ;1 which are less than u;, or equal to p; and to the left of
M- O
13.3 Lecture 1: Proof of the box-greedy reduced word for v,
Proposition 13.3. For a box (i,j) € dg(p) (i.e. i € {1,...,n} and j € {1,...,1;}) define
U#(Z,]) = #{7'/ € {L"'ai_ 1} ’ pir < J < :U’l} +#{’L/ = {Z—i_ 17"'777‘} ‘ piy <j—1< MZ}) (131)
Ru(i,j) ={eg,oy— el +(mi =i+ DK, ... e ) — ey, + (i —J + DK} (13.2)
(a) The box greedy reduced word for u,, is
£= T G s
(i) €dg()

where the product is over the bozres of v in increasing cylindrical wrapping order.

(b) The inversion set of u,, is

v(w) = | Ru(i.j)  and  Ow) = > wuu(i,j).

(4,5)€dg(p) (1,5)En

Proof. Let |u| = p1 + -+ + pn. The proof is by induction on |u|, the number of boxes of p.
Let = (0,...,0, ftg, ..., ptn) and let v =77 5189~ 810 = (0,. .., 0, fhs1,- -+, fny pts — 1). From
the definition of w, (i, ) in (13.1), u,(k,1) =k — 1,

up(i,j) =uy(i —1,5) fori e {k+1,...,n}, and wu(k,j) =u,(n,j—1), if j €{2,..., ug}
which already establishes (a). Then, using gives v, (i) =i fori e {1,...,k—1},
vu(i) =v,(i—1) forie {k+1,...,n} and vu(k) = vy (n).
These expressions for u,(7,j) and v,(7) in terms of wu, (4, j) and v, (i) establish that
Ru(i.j) = R,(i—1,5), ifi#k, and

R, (k,j) = R,(n,j — 1), ifje{2,...,ux}
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: : —1.V _ g 4—1V _ v _ v ‘
It remains to compute R, (k,1). Since u;, 'e; = v,t, e/ = €y (i)—nvy = Euy (i) T VilC then
—1_—1_v —1_—1 v
Ry(k,1) ={u, "7 af,...,u, 7 8182 Sp_20p_1}
—1_—1/V _ .V —1_—1 v Y%
={u, " (ef —e9),...,u, T "s152---Sp—2(cf_1 —EL)}

= {uy (e + K) —e)), - ow, (e + K) — e 4)}
= {<€1\)/V(n) +vnK + K) — (e + nK),..., (51\;/1,(71) +vnK + K) — (g)_; + 1K)}
={ev. oy —&f + (e — DK+ K, ey gy — el + (us — DK + K},

v

where the next to last equality uses v1 = --- =v,_1 =0 and v, = pp — 1.
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