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22 Lecture 4: Proofs

22.1 Lecture 4: Proof of the symmetrizer formula

Proposition 22.1. As operators on (C[:Elﬂ, R

10 = P0Cwy (xil).

Proof. Let w € S,,. Using T; = SiCi7i+1($_1) + (t% — ¢ii+1(x)) and a reduced word w = s;, - - - 54, and
expanding, gives
Tw="Ti T, =Ty =wey(z™") + Z vby (), with b, (x) € C(z1,...,2p).
v<w
Thus there are a,(z) € C(x1,...,x,) such that
1) = Z ¢ atwow) = WoCw, (271) + Z vay(x), (topterm)

wWESy w<wo

Since po = > _,,cg, w then s;pg = py and

Ti(pocuo (z71)) = (ciie1(2)si + (17 — ci1(2))) Pocuo (271
+ (13

= (cri(2) — cii11(2)))pocu (1) = 12 (pocu (27 1)).

Since 1g is determined, up to multiplication by a constant, by the property that T;1¢ = télo for
ie{l,...,n—1}, it follows from (topterm) that, as operators on C[X],

1o = pocuy (z™1).

22.2 Lecture 4: Proof of the general symmetrizer formula

Proposition 22.2. Let A = (A\1,...,\¢) € Z™ and let vy € S, be minimal length such that vy is
weakly increasing. Use notations for the symmetrizers and c-functions as in (fullsymm), (partial Wsymm)),

(partialHsymm)|) and . Then, as operators on C[X],

1p = p’\cvA (:U_l)l,\.

Proof. For A = (A1,...,\p) with Ay > Ao > -+ > Ay,
Inv(wy) = {(4,4) | i < jand \; = Aj } and Inv(vy) = {(4,5) | i <jand \; > \j }.

If u € Wy then Ay > Ay if Ai > Aj so that ulnv(vy) = {(u(i),u(j)) [ < j and N; > A;} = Inv(vy),
which gives that w;10vA = UCy, = Cy, for u € W)y. This is the reason for the equalities

1 .
Cwy = Coywy, = (W Cuy)Cwy = CuyCuy, and DPACy, = CyyDA- (cfensplit)

Replacing S, by the group W) in the proof of Proposition gives 1\ = pycw, (71). Using the
relations in (cfensplit) and the identity 1y = pacu, (z71) gives

1o = pocuy(27") = P pa(wy e, (271w, (271) = phew, (27 pacu, (a71) = piev, (271
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22.3 Lecture 4: Proof of the F-expansion of P,

Proposition 22.3. Let A = (A,...,\p) € Z" with A\; > A9 > -+ > X\, and let S\ be the set of
distinct rearrangements of A. Then

o 1 — gti—#gi—i=1
— #{i<g | mwi>ps} q )
Py Z t ’ ( H 1 — gri—Hiti—i Ey

HESH 1<i<j<n
Mg > g

Proof. The symmetric Macdonald polynomial Py is the unique element of C[X]* such that t%Tsi =tP)
fori e {1,...,n—1}. Write P, = 3" ,cq  buE,. Then ¢3T;, Py = tP) gives

S thE,=tPy =t2T,, Y bE,

HESHA LESRA
1-—1¢ 1—1¢
= Z bu(Esip — liEu) + bsiu(DypEy + liEsm) + Z touEy,
— au — Qs =
H;:ii?-:\l Mi=Hi+1

and comparing coefficients of F, on each side of this equation gives that, if y; > p;41 then

1t 1t
o = byt gy —bas s that by =bs, (t- — aw).

Thus

1 — ghit1—Higou(itl)—vu(i)+1 1 — ghi—Hi+1gon(D)—ou(it1)-1
bM = bsi”( 1 — qpi+1—uitvu(i+1)*vu(i) ) - Siu( 1 _q#z‘—ui-&-ltvu(i)*vu(PFl) )

The result then follows, by recursion, from the base case b, = 1 where v is the weakly increasing
rearrangement of . O

22.4 Lecture 4: Second proof of the E-expansions
Proposition 22.4. (E-expansions) Let A = (A1,..., ) € Z™ with A\ > +-- > \,,. Then

P\, = Z téz(”kz)eviA(CUAZ(Y))Ezk and
zeWA

1 plwoz _
Axip = Z (_t2)€( 0 )evi()\+p)(cw02(y 1))Ez(/\+p)'
zeWy

Alternatively,

1— q#i*ujt”u(i)*vu(j)*l
p= 11 f( 1 gt o)) ))E. and
,U«EWO/\ 1<i<j<n
Hg > g

1 — gri—rigon(D—vu(i)+1
Axntp = Z ( H (_1)< 1 — gri—Hitou(D)—vu(l) »EM
pEWo(A\+p)  acht
(p,aV)>0

Proof. Note that the coefficient of Fyy in Py is 1 and the coefficient of E,,j\;,) in Axypis 1.
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For the first statement, (slicksymmA)), (creationPA) and (PoinbysymmB) give

1 1
£ 3 (wo) #3 (@(wo)—£(wy)) ) e (Y)
P 1By = —F——7—— N2 ) Coy (V)15 By, = t2(Ewo)=60wy)) ey
Wi (t) t_éf(w*)WA(t)<Z€ZWA ) (1) Zezm; c(Y)
_ i) Z 7Y (2 e, (V) Ey R YICN Z conz(Y)T) B
2EWA zeEWA
=00 3 et (e (Y HO B = 3T et (6, (V) Bun.
2EWA 2EWA

If z € W* and = 2 then Inv(vyz) = {(i,7) | 1 <i < j <mnand pu; > p;} so that

1 1
72 —t2Y, Yt =y ly: —1
evy, (e, 2(Y)) = evZ( | | — ) = evt( | | ppo—i I o )

-1 1 —1
1<i<j<n 1 - Ylyj 1<i<j<n Yz YJ -1
B> Mg > g
—en [ 1 — grimrigon=vu()-1
1<idi< 1-— q“i_“jtvu(i)—vu(j)
<i<j<n
Mg > g

where we have used that ev!,(V;) = q_“itf(”“(i)fl)Jr%(”*l) so that

vt (V1Y) = gHit@e@=D=3(n=1) =i p=(ou()=D+5(n=1) _ = pou(@D=va (),

For the second statement,

1 1 _
Axyp= t2£(“’°)€oE)\+p = tzé(wo)cwo (y—h Z det(woz)n. Extp
zeWp
= 134000 37 det(uig2)euy (V) H OOV E
zeWy

= Z det(woz)c’woz(Yﬁl)téé(wOZ)Ez()ri’p)
zeWp

1 p(wo _
_ Z (_1)Z(woz)t2€( 0 >eVi(A+p)(Cwoz(Y 1))Ez()\+p)'
zeWp

If w=z(A+ p) then

1 1
_ 72 —t2Y7lY, .
eVZ(CwOZ(Y ) = H - =72t H
1<i<j<n 1- Yz YJ 1<i<j<n
B> Mg > g

1 — tqri—Higon(D—vu(5)

1— q#i—l‘jt”u(i)—”u(j)> ’

22.5 Lecture 4: Proof of the symmetrization of £,

Proposition 22.5. Let p = (pu1,...,pn) € Z". Let A = (A1,...,\,) be the weakly decreasing rear-
rangement of u and let z, € S, be minimal length such that p = z,\. Let

Wia={yeSalyA=A} and W)= > tW.
yEW
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Then
+3(wo)

Py )10y

Alternatively,

téawo)( 1 1— gl

Py = w—= 1= P rigi—it1

N )10EM.

(4,9)€Inv(zy)
Proof. The proof is by induction on ¢(z,). The base case z, = 1 has 1 = A and vy = wpzy so that
F\=10E\ = t—%f(’wO)( Z Z t%e(m)+f(y)TxTy) E\
UESn/S)\ VES)
- t—%awo)( > t%é(x)Tx) Wi (t)Ey =t 210y, (1) Py,

UESn/S/\

where Ty Ey) = $24W) E, is a consequence of (Tigivest) and the last equality is (10.4). For the induction
step, assume that p is not weakly decreasing and let i € {1,...,n — 1} be such that u; < pi+1. Then

Zou = Sizy and £(zs,,) = €(z,) — 1. Using E,, = t%TZ-VESW and 1¢7; = lot% from (CXlambdaaction)

and (Tigivest) gives

1 1 1-—t¢ 1—+¢
F,=1yE, = 1pt27;, Ey,, = 1o <t2Ti + 7>E5m = 10<t + 7)E8W

1-Y; Vi 1-Y7 'Y
1-— tYf1Yi+1 . 1 — tqtit1—rigou(i+1)—vu() 1 — qrit1—Higou(i+1)—vu(i)+1 -
=1Lo 1— YZ-_1Y;+1 sip — 20 1— qui+1—mtvu(i+1)*w(i) Sih qm+1—uz‘tvu(i+1)*vu(i) ik
and the result follows by induction. O

Here is a "better” proof:

Proof.

1
10E, = 1o7), Ex = Locs, (V) Ex = evh(cz, (V) 1o Ex = evh (e, (V) 20 W, (8) Py,

22.6 Lecture 4: Proof of the KZ family properties
Proposition 22.6. Let u= (u1,...,un) € Z%. Leti € {1,...,n—1} and let T; and g be as defined

in (10.1). Then

3 Ssir U i > piva, ~
t2T5 f, = i . and gfu=q unf o 1)-
e {tfua lfﬂz‘ = Wi+1, K (15 fbn—1)

Proof. Assume pi; > piy1. Then z,,,, = siz, and £(z,,,) = £(2,) + 1 so that
t2T3f, = t2T3t2 GO, By = 13T, By = fo,

Assume p1; = pi41. Then there exists j € {1,...,n — 1} such that s;\ = A and s;z, = 2,s; (so that
sift = $iZuA = 2,5;A). Then

2T f, = t2Tit 2" )T, By = t3GnT, 13T, Ey = t2'Co)T, tEy = tf,.
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(c) Let p = (g1, .., pn) and let ¢ and j be such that A; is the first part of A equal to p, and \; is the
last part of A equal to p,. Thus p, = X\ = A\ip1 = --- = Aj. Write 2z, = 2s,—1---5; with 2z € S,,_;
and let ¢, = $1 -+ Sp—1. Then, using that v\(j) =1+ (j—i)+n—j=n—1i+ 1 gives
9fu = gtéz(z“)TzuEA — gtéf(Z)th%(ﬂ*J)Tn_l - TjE) = t%(n*j)gtéf(z)Tnglng_l .- Ty E)

= t%(n*j)(gtéf(Z)ngfl)Tl . Tj—1(Tj__11 . Tl_lng—l - T;)E)

= 2D (2T )Ty Ty YGE)y

_ t%(”_j)(t%Z(Z)TWc;l)Tl .. ~Tj,lq_’\ft_(w(j)_l)“'%("_l)EA

- q*Ajt%(n*j)*(n*iH*lH%(n*l)(t%f(Z)Tcnzcgl)Tl Ty Ty Tj_ By,

— q—unt—%jJri—%(t%f(z)T T -- .j“i_lt%(j—i)E/\

cnzc;1 )

_ 1 1 _ _
=q Hn (tQZ(Z)Tcnzcgl)t2(l 1)Czjl t 'T’i—lE)\ =dq “nf()\i,,ul,...,unfl) =dq ‘unf(un,,ul,...,,un,l)v

where the next to last equality follows from sj---s;—1(A1,.. ., A\n) = Ay Ay ev oy Aim1, Aig, - -
and ancgl()\i, Alyenny Nl 1, )\i+17 ceey /\n) = (/\Z', Hiye vy Mn—l)-
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