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16 Lecture 3: Proofs

16.1 Lecture 3: Proof of the glue relations

Proposition 16.1. (The glue relations) Define

g
_ = x1T1 · · ·Tn�1.

Then
T
�1
1 gg

_ = g
_
gTn�1 and T

�1
n�1 · · ·T

�1
1 g(g_)�1 = q(g_)�1

gTn�1 · · ·T1.

Proof. Using xi+1 = TixiTi and xng = gxn�1 and T
�1
i+1g = T

�1
i

g from (Xa↵HeckerelsF) and (DAHArels2F),
respectively, gives

g
_
gTn�1 = x1T1 · · ·Tn�1gTn�1 = T

�1
1 · · ·T

�1
n�1Tn�1 · · ·T1x1T1 · · ·Tn�1gTn�1
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�1
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�1
n�1gxn�1Tn�1
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�1
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�1
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�1
n�2xn�1Tn�1 = T

�1
1 gT

�1
1 · · ·T

�1
n�2Tn�2 · · ·T1x1T1 · · ·Tn��2Tn�1

= T
�1
1 gx1T1 · · ·Tn�1 = T

�1
1 gg

_
.

Using q�1
g
�1

x1 = xng
�1 and xi+1 = TixiTi from (periodicityrelsF) and (Xa↵HeckerelsF), respectively,

gives

q
�1

T
�1
1 · · ·T

�1
n�1g

�1
g
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�1
1 · · ·T

�1
n�1q

�1
g
�1

x1T1 · · ·Tn�1

= T
�1
1 · · ·T

�1
n�1xng

�1
T1 · · ·Tn�1

= T
�1
1 · · ·T

�1
n�1Tn�1 · · ·T1x1T1 · · ·Tn�1g

�1
T1 · · ·Tn�1

= x1T1 · · ·Tn�1g
�1

T1 · · ·Tn�1 = g
_
T1 · · ·Tn�1,

which, after taking inverse of both sides is the last relation in the statement.

16.2 Lecture 3: Proof that the Cherednik-Dunkl operators commute

Proposition 16.2. If i, j 2 {1, . . . , n} then YiYj = YjYi.

Proof. The group generated by g and T0, T1, . . . , Tn�1 with the relations (involving Ti and g) from
(HeckerelsF) and (DAHArels2F) has a pictorial representation given by

g = and Ti =
i+ 1i+ 1

ii

for i = 1, . . . , n� 1,

so that

Yj = T
�1
j�1 · · ·T

�1
1 gTn�1 · · ·Tj =

jj
for j 2 {1, . . . , n}. (Yjpicture)
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The pictorial representation provides an easy check of the relations

YiYj = YjYi, g
n = Y1 · · ·Yn and Y1Y

�1
n = T0Tn�1 · · ·T1 · · ·Tn�1, (Ycommutation)

for i, j 2 {1, . . . , n}.

16.3 Lecture 3: Proof that the intertwiners intertwine

Proposition 16.3. If i 2 {1, . . . , n� 1} and j 2 {1, . . . , n} then

⌧
_
i Yi = Yi+1⌧

_
i , ⌧

_
i Yi+1 = Yi⌧

_
i , and ⌧

_
i Yj = Yj⌧

_
i if j 62 {i, i+ 1}. (taupastYrels1B)

If j 2 {1, . . . , n� 1} then

⌧
_
⇡ Yj = Yj+1⌧

_
⇡ and ⌧

_
⇡ Yn = q

�1
Y1⌧

_
⇡ . (taupastYrels2B)

Proof. The relations Yi+1 = TiYiTi and T
2
i
= (t

1
2 � t

� 1
2 )Ti + 1 and Ti � T

�1
i

= t
1
2 � t

� 1
2 give

TiYi = Yi+1T
�1
i

= Yi+1(Ti � (t
1
2 � t

� 1
2 )) = Yi+1Ti � (t

1
2 � t

� 1
2 )Yi+1,

TiYi+1 = T
2
i YiTi = ((t

1
2 � t

� 1
2 )Ti + 1)YiTi = YiTi + (t

1
2 � t

� 1
2 )Yi+1.

The relations TiYj = YjTi for j 62 {i, i + 1} are most easiy verified by the pictorial technique of the
proof of Proposition 3.2. In summary,

TiYi = Yi+1Ti � (t
1
2 � t

� 1
2 )Yi+1,

TiYi+1 = YiTi + (t
1
2 � t

� 1
2 )Yi+1,

and TiYj = YjTi if j 62 {i, i+ 1}. (TpastYrelsB)

and from these (and the fact that Y1, . . . , Yn all commute with each other) the statements in (taupastYrels1B)
follow.

Using the glue relations (see Proposition 3.1),

⌧
_
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_
gTn�1 · · ·T1 = T
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1 gg

_
Tn�2 · · ·T1 = T

�1
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_

= T
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�1
1 g
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1 Y1T
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_
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_
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_
T
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_
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�1
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�1
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n�1 = g

_
T
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1 g(g_)�1

g
_
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_
q(g_)�1

gTn�1 · · ·T1g
_ = qY1g

_ = qY1⌧
_
⇡ ,

and if i > 1 then

⌧
_
⇡ Yi = g

_
T
�1
i�1 · · ·T

�1
1 Y1T1 · · ·Y

�1
i�1 = T

�1
i

· · ·T
�1
2 Y2T

�1
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�1
i

g
_ = Yi+1g

_ = Yi+1⌧
_
⇡ ,

which establishes the relations in (taupastYrels2B).

16.4 Lecture 3: Proof of the polynomial action of the DAHA

Theorem 16.4. The formulas (divdi↵ops) define an action of the double a�ne Hecke algebra on
C[x±1

1 , . . . , x
±1
n ].
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Proof. The first two identities in (periodicityrelsF) are definitions and the last identity in (periodicityrelsF)
is the commutativity of C[x±1

1 , . . . , x
±1
n ].

Using the Leibniz rule for @i,

@ixi = 1 + xi+1@i, @ixi+1 = �1 + xi@i, and @ixixi+1 = xixi+1@i.

Thus
Tixi = t

� 1
2xi+1@ixi � t

1
2@ixi+1xi = t

� 1
2xi+1(1 + xi+1@i)� t

1
2xi+1xi@i

is equal to

xi+1Ti � (t
1
2 � t

� 1
2 )xi+1 = xi+1(t

� 1
2xi+1@i � t

1
2@ixi+1)� (t

1
2 � t

� 1
2 )xi+1

= xi+1(t
� 1

2xi+1@i � t
1
2 (�1 + xi@i)� t

1
2 + t

� 1
2 ).

Similarly show that Tixi+1 = xiTi + (t
1
2 � t

� 1
2 )xi+1. Since

Ti(t
� 1

2@ixi � t
1
2xi@i) = (t�

1
2xi+1@i � t

1
2@ixi+1)(t

� 1
2@ixi � t

1
2xi@i) = 0� xi+1@ixi@i � @ixi+1@ixi + 0

= �xi+1(1 + xi+1@i)@i � (�1 + xi@i)@ixi = �xi+1@i + @ixi = 1

then
T
�1
i

= Ti � (t
1
2 � t

� 1
2 ) = t

� 1
2 (xi+1@i + 1)� t

1
2 (@ixi+1 + 1) = t

� 1
2@ixi � t

1
2xi@i.

It follows that T 2
i
= (t

1
2 � t

� 1
2 )Ti + 1 and Tixi = xi+1T

�1
i

and xi+1 = TixiTi.
Let i 2 {1, . . . , n� 1}. Since ynxi = xiyn and s1 · · · sn�1xi = xi+1s1 · · · sn�1 then

gxi = s1 · · · sn�1ynxi = xi+1s1 · · · sn�1yn = xi+1g.

As operators on C[x±1
1 , . . . , x

±1
n ],

gxn = s1 · · · sn�1ynxn = s1 · · · sn�1q
�1

xnyn = q
�1

x1s1 · · · sn�1yn = q
�1

x1g = xn+1g.

Let

s0 = gsn�1g
�1 = (y1s1 · · · sn�1)sn�1(sn�1 · · · s1y

�1
1 ) = y1s1 · · · sn�2sn�1sn�2 · · · s1y

�1
1

= y1y
�1
n s1 · · · sn�2sn�1sn�2 · · · s1.

Then

gs0g
�1 = (s1 · · · sn�1yn)(y1y

�1
n sn�1 · · · s2s1s2 · · · sn�1)(sn�1 · · · s1y

�1
1 ) = y2s1y

�1
1 = s1.

Define

@0 = g@n�1g
�1 = g

1

xn�1 � xn
(1� sn�1)g

�1 =
1

xn � q�1x1
(1� s0).

Then
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1
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1

q�1x1 � q�1x2
(1� s1) = q@1.

Hence
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1
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� 1

2 q
�1
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1
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16.5 Lecture 3: Proof of the various formulas for Ti

The first statement is

Ti = t
� 1

2xi+1@i � t
1
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=
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1
2 )xi+1

xi � xi+1
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⇣
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where the last equality follows from
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� 1

2
�
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�
=
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�

t
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1
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t
� 1

2 � t
1
2

1� xix
�1
i+1

+
t
� 1

2 � t
1
2xix

�1
i+1

1� xix
�1
i+1

si
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1
2 ), proving (TiviaBLop).

The formula (TiviacfcnY) is

Ti = ⌧
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i �
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