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16 Lecture 3: Proofs

16.1 Lecture 3: Proof of the glue relations
Proposition 16.1. (The glue relations) Define
g =a1Ty - Thor.
Then
Ti'gg" =9¢"gThy  and T2 Ty 'g(g") ' =alg") " 9Thr - Th.
Proof. Using z;11 = Tyx;T; and 2,9 = gr,,—1 and szrll g = T, ' g from (XaffHeckerelsF) and (DAHArels2F),
respectively, gives
gngn—l =xTy- Ty 19Th—1 = Tfl te T;len—l cTaTy - Th19Th -

= Tfl s T;jllinngfl = Tfl ce nglgxnflTnfl

=TTy T g Ty = T Ty T T - Than Ty -+ T 2T

=T, gaTy - Ty =17 'gg”.

Using ¢ 'g~ 21 = 2,97 and z;41 = T;2;T; from (periodicityrelsF) and (XaffHeckerelsF), respectively,
gives
g 't T g Y =T T g g T e T T
— Tfl .. T{_llfvng_lTl A
= Tl—l . Tn—_lle1 T Ty T Ty -+ Ty
=211y Tporg T Ty =g T -+ Ty,
which, after taking inverse of both sides is the last relation in the statement. O

16.2 Lecture 3: Proof that the Cherednik-Dunkl operators commute
Proposition 16.2. Ifi,j € {1,...,n} then Y;Y; = Y}Y;.
Proof. The group generated by g and Ty, T1,...,T,—1 with the relations (involving 7; and g) from

(HeckerelsF) and (DAHArels2F) has a pictorial representation given by

— o

P

IO

and T, = t+1 fori=1,....,n—1,
—/
so that
Y =T T T Ty= 70\ [ for j € {1,...,n}. (Yjpicture)
AL
\
— /]
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The pictorial representation provides an easy check of the relations
YiY; =YY, g"=Y1---Y, and YlYn_1 =ToTh_1---Ty- - Th_1, (Ycommutation)
fori,j e {1,...,n}. O
16.3 Lecture 3: Proof that the intertwiners intertwine
Proposition 16.3. Ifiec {1,...,n—1} and j € {1,...,n} then
'Y = Y1), 'Y =Y, and Y; =Yr) ifj € {i,i+1}. (taupastYrels1B)
Ifje{l,...,n—1} then
Y = Y1) and 1Y, =q Vi), (taupast Yrels2B)
Proof. The relations Yy, = T,Y;T; and T2 = (tz —t~2)T; + 1 and T; — T, ' =tz — ¢~ 2 give
TY; = Yin T, ' = Y (T, — (17 — 72)) = Vit Ty — (82 — £77)Yig,
TYip = TPYT, = ((¢2 — ¢ )T, + YT = YiTy + (7 — t7) Yo

The relations T;Y; = Y;T; for j & {i,i + 1} are most easiy verified by the pictorial technique of the
proof of Proposition In summary,

TY; = YTy — (¢
T = YiT, + (¢

)Y;-‘rla

. and Y, =YT, ifj¢&{ii+1}. (TpastYrelsB)
i+1,

—t
—t

(SIS
Nl= D=

and from these (and the fact that Y1, ..., Y, all commute with each other) the statements in (taupastYrels1B)
follow.
Using the glue relations (see Proposition,

WY1 =g"gTn 1 Ty =T 'gg" Ty 2Ty =T, 'gT 1+ Tag"

=Ty T T g =T 'NT g = YagY = Yor,  and
Yy =g'T Ty T

= gvTrj—ll U Tlilngfl e Tle1 o 'Tr:}1 = VT7;31 o 'Tflg(gv)_lgv

=9"q(g") g1 Thg" = qY1g" = qi7),
and if 7 > 1 then

Y =g'T TN Y =T Ty YT T Y = YigagY = YTy,

™

which establishes the relations in (taupastYrels2B). O

16.4 Lecture 3: Proof of the polynomial action of the DAHA

Theorem 16.4. The formulas (divdiffops) define an action of the double affine Hecke algebra on
Clzt, ... kY.

rrn
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Proof. The first two identities in (periodicityrelsF) are definitions and the last identity in (periodicityrelsF)
is the commutativity of Clz7, ... x; 1]
Using the Leibniz rule for 9;,

Oix;i =1+ x4410;, 0ixi+1 = —1 + x;0;, and 0ix;Tiv1 = T;Ti+10;.

Thus ) ) ) )
Tixi =t 22410;x; — t20;jxiw; =t 22541 (1 + 24410;) — t22i4120;
is equal to
i1 T; — (75% - t_%)u’ﬂiﬂ = $i+1(t_%$i+1ai - t%aﬂiﬂ) - (t% - t_%)xiﬂ
= 2 (£ 22105 — t2 (=1 + 2,0;) — t2 + ¢ 2).
Similarly show that T;z;11 = z;T; + (t% — t_%)xi_i_l. Since
Ti(t_%(?ixi — t%xiai) = (t_%l'i_J,_lai — téai:ciﬂ)(t_%aixi — t%xiﬁi) =0—x;110;2;0; — O;x;110;x; + 0

= —2ip1(1 +2i110;)0; — (=14 2;0;) 0wy = —w4410; + Opw; = 1

then ) ) ) ) ) )
T =T —(t2 —t72) =t 2(2i410; + 1) — t2 (i1 + 1) =t 20;m; — t22,0;.

It follows that Tf = (t% - f%)Ti 4+ 1 and Tiz; = J:iHTZfl and z;41 = Ty T;.

Let i € {1,...,n — 1}. Since yp,z; = x;y, and $1 -+ Sp—1T; = Ti4151 - Sp—1 then

gr; = 81 Sp—1YnTi = Li+151 " " Sn—1Yn = Li+19.

As operators on (C[l‘itl, oot

—1 —1 —1
gTn = 81" Sp—1YnTn = S1°**Spn—-14 TpYn =¢ X181 Spn—-1Yn =¢ T19 = Tp+19-
Let

_ -1 _ -1\ —1

50 = gSn—19 = (Y151 Sn—1)8n—1(Sn—1--- 51y ) = Y151 - Sp—25n—15n—2 - - 51
—1
=YY, S1°**Sn—25n—15n—2"""S1.
Then
1 —1 —1y _ -1 _

9509 = (51 Sn—1Yn)(Y1Yp Sn—1--- 525152 Sp—1)(Sp—1---S1Y; ) = Y251Y; = S1-

Define
1 . 1

9 =0g0h-19 ' =g———(1—s,1)g " = ————(1 = s0).
ITn—1— Tn In —4q "1

Then

900g™ " = g;(l —s0)g ' = ;(1 —81) = q0

Tp —q oy gtz —q oy
Hence
1 1 1 1
To=gTp19" =gt 22,001 — t20n_17)g " =t 2q '2100 — t200q Ty,

and

1 1

1 1 1 1
9Tog ' = gt 2q 2100 — t200q 'w1)g ! =t 2q twaqdh — t2q01q 'y = Th.
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16.5 Lecture 3: Proof of the various formulas for 7;

The first statement is
1 1 1
(1 — Si) — 12 7(1 — Si)LL’H_l

1 1 1
T =t 22i410; —t20;xi11 =t 2w ———
Ti — Ti+1 Ly — Ti+1
11 _1 1 11 1
((t 2—t2)xi+1) (t 2mi+1—t2x,~> (t 2—t2)+<t 2 —tiya 2+1)
prd — S;, = — S;
Tj — Tit1l Ti — Ti41 ‘ 1 —xzw +11 -z i+1 '
1
= ciiv1(2)si — (Cii1(z) —2),
where the last equality follows from
2 —¢2 72 —¢2 — 13 413 =5 _ ¢
2 290 T YT > 290 7, —3 _t2
ciiv1(x) — t2 = —ZH — 17 = o Hl ZH =
L=z z+1 1 —mx z+1 1—ux iL‘ZJrl
Next
t thw; — 13 tam; + 2 tra; — 73
. T — Tiol Sx; —tixy —t2ay T Tx; — 2
T, =t 2(t—172+(1—8i)): i i+ i i+ + i i+ si
Ti — Ti+1 Tj — Ti4+1 Tj — Ti+1
_1 1 _1 1 _1 1 -1 1 -1
_t 2xi41 — t2x441 t 2xi+17t2l‘i8'— t 2 t2 +t 2 —t2xx H—lS'
Ti— Tj+1 Ty — Tj+1 ‘ 1—x;z z+1 1 —zx z+1 ‘
1
= ciit1(x)s; — (ciip1(x) —t2), proving (TiviaBLop)).
The formula (TiviacfenY) is
1 1
t72 —t2 :—t2Y Wiy s 1
T=r - ——— =7 ( ) = = (V) - 1)
1-Y7Yi 1-Y, Y
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