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10 Lecture 8, 13 April 2022: Orthogonality

10.1 Page 8.1: Definition of the inner product

Let C[X] = C[z!, ..., 2!, Define an involution : C[X] — C[X] by
?(xlv sy Ini g, t) = f(xfla s ’:L,;l; q_la t_1)7 (keyianefn)
Define . -
TiT: 1 q) oo txl
Vot = H % and A\ H (DnabladefnGL)
’ L (tix Q) oo 1—zx
1#£] J i<j J
Define a scalar product ( , )q¢: C[X] x C[X] — C(q,t) by
(f1, f2)qt = ct(fif2lgt), where ct(f) = (constant term in f), (innproddefn)

for f € Clzit,... k).

n

10.2 Page 8.2: Adjoints

Let y, be the operator on C[:cl ..., 1 given by

(ynh)(z1,...,2p) = h(z1, ..., Tp_1, q_lxn).

The symmetric group S,, acts on (C[l‘l e T ] by permuting the variables z1, ..., x,. Define oper-
ators T, ..., Tn_1, Ty and T on Clzi?,..., ] by
_1 tT; — Tiy1
Ti=tz(t———"(1-s)), T = 5152+ Sp—1Yn, TY =211y - Ty 1, (10.1)
Ti — Ti+1
where s1,...,s,—1 are the simple transpositions in S,,. The Cherednik-Dunkl operators are

Vi=TpTyh1-- T, Yo=T, T, Ya=T,"VoT,', ..., Y, =T, Y, 1T,  (10.2)

For a linear operator M : C[X] — C[X], the adjoint of M is the linear operator M*: C[X] — C[X]
determined by

(M f1, f2)gr = (f1, M*f2)qr,  for f1, fo € C[X].
Proposition 10.1. Letie€ {1,...,n} and k € {1,...,n—1}. Then

* __ m—1 x« _ o —1 * __ m—1 * _ y—1 *_xk_txk+1
T?T_TTI" :E’L‘_:Bi N Tk_Tk; s }/;—}/; N Sk.—it Sk
LTk — Tk+1
The bosonic symmetrizer and the fermionic symmetrizer are

1= Z t%(f(z)ff(wo))Tz and co = Z (_tf%)é(z)fé(wo)Tz.

ZESn ZESn

Since T, 115 = T 15 = (10T3)* = (t219)* = ¢t~ 21; and

15 = TJOI + (lower terms) = T,,, + (lower terms) then 15 = 1o. (bosadjoint)
Similarly, since T, e}y = Ti'el = (e0Th)* = (—f%so)* = —téef‘) and
= TJOI + (lower terms) = T,,, + (lower terms) then €6 = €0- (fermadjoint)
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10.2.1 Computation of the adjoints
Proposition 10.2. Leti € {1,...,n} and k € {1,...,n—1}. Then

* -1 * -1 * -1 * -1 * LTk — txk‘-‘rl
g = g y '1:1 = ':E’i s Tk‘ = T]C y 1/; = }/’L s Sk = 75]9
txy — Tt

Proof. Adjoint of multiplication by z;:

(@if, 9)an = ct(xifGAG) = ct(f - 27 g - Ag) = (f, 27 9)qu-

Adjoint of multiplication by 7: Since

-1 -1
2w} g Tif1T5 5
7TVq,t = W(H (2]1)OO> = ( s ]j_ll )OO ) with Tn+1 = qT1,
i#j (txixj ;Q)oo i£j (txi+1xj+1;Q)oo
then
V., = ( H (xl i > f[ q lxle 7Q)oo(qx1xi_1§Q)oo
q? - _1
pciijen (tTi7 54 i (@ e Qoo (g1 @)oo
_( H (ziz; P > ﬁ 1— gty (1 — taya; )
1 —1
\<idi<n (tz; a:] 122 (1 — g Yzzy )1 —x12; )
and
W(H 1 t:ni:vf) B ( H 1-— txixj_l) ﬁ 1 —q Mtway?
el ) 1 14 01
i<j 1~ %%, a<icj<n L~ Ti%; /i 1 —a7 @

so that mA,; = Ags. Thus

(71, f2)qr = ct((mf1) falg) = ct
— ct(flﬂ'_l(ﬁ)A%t) —

W(flﬂil(EAth))) = Ct(flﬂ'*l(ﬁAqJ)) =ct (fﬂrfl(ﬁAq,t))
t(fi T Lo Agt) = (fr. 7 fo)gu

Q35

Let . .
1 —tax, 1—tto e,
Cij = tféilzl so that ¢;; = t%—,ij = ¢jj
1 — 2z, 1—o, "z
and
1 —taa ! 1 —taa ! 1—t¢ ~1 1— ! 1 —taza !
(Il ) = (M ) o) (o) = (T ) o
oy 1-— Tl 1 i 1-— T —1 1— xkﬂxlzl 1-— txkx,;il oy 1— xixj_l Ck,k+1
Then
(skf1s f2)gr = ct((skf1) f2Dg) = ct(sk(f1(sk(f2Dg)))) = ct(fi(sk(foAgr)))
- Ck+1,k Ck+1,k Ck+1,k
= ct <f1(8kf2)Aq,t ) = Ct(fli(skh)Aq,t) = (f1, (8kf2))g,ts
Cl,k+1 Clk+1 Clk+1
where »
l_t‘rkJlek Tp—tTpyq
Ck+1,k _ l—ap o, _ Tt _ Tk T 1Tp41
Ck k+1 I—topa, | Thil W g — gy
— Ty —Tp

—1
1—xk,xk+1

47



GradStudies A Notes, Arun Ram, version: April 13, 2022

Ifie{l,...,n—1} then

77 = (1 4 n@)(o— )" =174 + (65— Diersn(w)

Ci,i+1 (z

=13 4 ( )si - 1>Cz‘,z’+1($) =t c— ivi+1(x)(si —1) =Ty
Cit1,i(2) Z

Then
Yl* — (Tﬂ'Tn—l e Tl)* = 1—11_1 .. 'T_l]_T;l - (Tﬂ-Tn—l o 'Tl)il = Y]__17

n—

and if j € {2,...,n} then

Yj = (YT = TV A T = (Y ) =y

10.3 Page 8.3: Orthogonality

For 1 € Z" the electronic Macdonald polynomial E,, is the (unique) element E, € Cla7, ..., z}]
such that

Y;E, = q_“it_(”“(i)_l)Jr%(”_l)Eu, and the coefficient of z{" ---2h" in E, is 1, (10.3)

where v, € ), is the minimal length permutation such that v,u is weakly increasing.
Let A\=(\ >--->\,) € 2"

. . . . lg(zy)
The bosonic Macdonald polynomial Py is P, = Z t2 T., E, (10.4)
VESRA

where the sum is over rearrangements v of A and z, € S, is minimal length such that v = 2z, A.

Let p=(n—1,n—-2,...,2,1,0). The fermionic Macdonald polynomial Ay, is

A)\-i-p — (_t)f(wo) Z (_t_%)z(z)TzE/\_,_p. (10'5)
2€8n (A p)

The relations Y;* = Y[l in combination with the knowledge of the eigenvalues for the action of

the Y; on the E,, gives the following orthogonality relations for Macdonald poylnomials.

Proposition 10.3.

(a) Let \,jp € Z™. If pn # X then (Ex, E,)q+ = 0.

(b) Let A\, ju € (Z™)". If w # X then (Py, Py)qt = 0.

(b) Let A\, € (Z")". If % X then (Axis, Auss)gt = 0.

10.3.1 Proof of the orthogonality relations
Proposition 10.4.
(a) Let \,jp € Z™. If n # X then (Ex, E,)q+ = 0.
(b) Let \,pp € (Z™)*. If p# X then (Py, Py)qt = 0.
(b) Let \,pp € (Z™)*. If p # X then (Axts, Ayis)ge = 0.
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Proof. Let i € {1,...,n}. Then, by Theorem

— N 1)L (r— _ . N—1)L (n—
qi/\lt ©x@=D+3 (M 1)(E/\7Eu)q,t = (YiE/\vEu)q,t = (E/\vyz‘ 1Eu)q7t = (thmt(v“(l) Dz 1)Eu)q,t

= qmt(vu(i)*l)*%(nfl)(E/\7 E)gi = q—mt—(vu(i)—l)Jr%(n—l)(EM E)qgi-
If (Ex,Eu)qt # 0 then g7 = g7#i for i € {1,...,n}. Thus \; = ; for i € {1,...,n} and so A = u

(and vy = vy).
Parts (b) and (c) follow from (a) and the E-expansions in Proposition O

10.4 Page 8.4: Reductions for norms
For p € Z™ let u, and t, be the n-periodic permutations given by

tu(l) =i+ np; and Uy = tuvljl,

where v, € S,, is minimal length such that v,u is weakly decreasing. For 4,j € {1,...,n} and £ € Z
define ) )
1— "y

Clijm)(Y) =

For an n-periodic permutation w define

and  co¥)= [] can®)
(3,k)€lnv(w)

ie{l,...,nhkeZ }
i <k and w(i) > w(k)

Inv(w) = {(i,k) |

Let evl,: C[YE,..., Y] = C be the homormophism given by

(E;u Eu)q,t = ev(t)(cuu (Y)Cuu (Yﬁl)) (L, D)ge

Wo(t _
(P Pt = gy evhen (10 (B Exy
(Axtps Antp)at = Wo(t)eviy p(cuwo (V) - (Bxtps Extp)gt -
Alternatively,
up(r,c) —ct1 40, (r)—it+1 —et 1o (r)—i—1
_ (1— g erieow )(1— gt et )
(B Ep)as = ( H (1 — grr—ctipoa(r)=i)2 ) (1 Dgs

Wo(t) (yp Lot Mot
P Pa)at = 70 (H 1—gh—agi—i ) H(Br Bx)gr

| = i AiHi—igi—itl
—1
(Axtps Artp)gt = Wo(t )(H [ i ) “(Extps Extp)apt-

1<j
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Proof. First note that

1 1 1 1 1 1

173 — 13 \* t2 —t7 3 72 — 3V Y,

(Tiv)* = <Tz + f) =T + Pa— Ti_l + ( ,)1Z A Tivv
1-Y 7Y 1-YiY, 1-Y, Y

and . .
vy _ (LAY = 6 Vi)
YT DY Y

Then, using the creation formula for £, (Theorem ,

= ciir1(Y)cii (Y.

1 —1 1 —1
(B, Ep)qt = (7575@(”M )Ti\i/ulY’tiig(U” )Tll/,u ly)gt = (T;/;”Ju Ly, 1y)qs
= (Cu, (V)ew, (Y D1y, 1y )g e = evh(cu, (V)ew, (Y1) - (1, 1)
ecall from (symmprops| that
(b) Recall h
12 = 2@ (6)1y and €2 = (—1)/0)m o)y (¢)eq.

Recall from Proposition that

Py= > WE, with by = v’ (cu, (Y)),
HEWHA
. A _
Avip= >, &, By, with dy 10 = evf(cuy(YH).
pEWo (A -p)

Since Wi (t~1) = t ="V W,(¢) and £(wg) — £(wy) = £(vy) then using Py = %IOE,\ gives
t%f(wo) t%f(wo)
PP = (G205 i
féﬁ(wo)Wo(t)
OGS

B t= W) W ()
)W (8)

1

q,t o W,\(t)W)\(t_l)

t=Hwo) W (t)

(LoEN, Ex)gt = RAGHE

t= EIW (1)
Wi(t)

10EA> (13Ex, E\)gu

(P, EX)q,t

DA(Ex, E\)g = DA(Ex, Ex) g

Similarly, using Ayy, = tée(wo)eoEAﬂ, gives

1 w 1 w
(Axsps Argp)at = (tzz( 0)50E/\+pa t24 0)50E>\+P)q,t = (53E>\+p7 EA+p)q,t
1
= (— 1)l = 2 W)W () (e0 Extpy Erip),, = (—1) WOt~ 0l Wo () (Axt,, Exyp)

gt q;t
w — A
= (=) Wyt )30 (Bxtps Eato)

qt’

By Proposition (4.6}

1 _ q)\i—)\jtv)\(i)—l))\(j)—l 1 _ q)\i—>\jt’l))\(2‘)—11)\(j)—1
A — 44(vr)
by H t( 1 — ghi— oA —oa() > t H ( 1 — gri—Aigea(@)—ua(d) )

1<i<j<n 1<i<j<n
Ai>A Ag>X
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and, since vyy,(7) = n — i then

P — I -y ( 1 — A FPi=(A+p); tv/\+p(i)UA+P(j)+1>
Atp 11 1 — )=t goar, (D=va1,(3)
1<i<j<n
(/\+P)i>(>\+/7)]'

- H (_1)<1 - q>\i—>\j+j—itj—i+1) _ (1)t H (1 _ q)\i—)\j+j—z‘tj_i+1>
= 1= Nt )~ T TR

1<i<j<n 1<i<j<n
10.5 Page 5: Formulas for norms and the constant term
Proposition 10.6. Let A = (A1,...,\y) € Z™ with \y > --- > \,,. Then
Wo(qt Cuwn (YL
(0. 00). P .00 = o sevhen (225550 ) Pranan ), Prssla )
wo
Proof. Using Proposition and the Weyl character formula Theorem|7.6}
Wo(qt
(Px(q,qt), Px(q,qt))q,qt = V[/v(:)((t_l))(Ap(t)PA(q, qt), Ap(t)Px(q, qt))q,t
Wo(qt) Wo(qt) Cuwp (Y1)
= W(AA-i-p(q’t)aA)\+p(Q7t))q,t = Wevg\ﬁ-p(c()im)(P>\+p(Qat)aP)\—i-p(q,t))q,ta
wo
since, by Proposition m (see also Mac03! (5.7.12)]),
(AA-i—p, A)\—i-p)q,t _ evg\ (Cwo (Y_l))
(Prtp> Paip)gpt PN ey (V)
Theorem 10.7. Let A € Z™ with \y > --- > \,. Let k € Z~y. Then
k=1 Ai—=Aj+rpj—i
1 _ q i J t]
k k _
<P/\(Q7 q )’ P)\(qv q )>q,qk - ];[ 1_[1 1— q)\i_)\j_rtj,i‘
i<jr=

Proof. Note that

) S ) A s
[y« ~ 1-ve Uiy

Assume t = ¢*. Let Rj, be the right hand side of the statement,

CaV (Y_17t) = = t%CaV (Y, t_l).

k—1 .
1— q)\l—)\]—l-rt] 7
R)\,k - H H 1— q>\z )\j—’rt‘]—z
i<j r=1
Then
Ry k1 _ H (ﬁ 1— inAfrrq(kH)(ji)) ' (’f—l 1— q)\iz\j+jiqu(ji))
Ratpk i<j Srol 1 — ghi—di—rgk+1)(i—9) Sl NIt gh(i—i)

_ H 1 — gt itk (G—0) _ H 1 — @M= Ntk (G=0) g
i 1 — ghi—di—hg(k+1)(i—17) o 1 — iD= gk
H 1-— q<>\+(k+1)P,a>qk o ( Cu (Y, qk) ) (Px(q, qqk), Pi(q, qqk)>q,qqk
- = eVt (k+1 — | = ,
wermr 1T g E+1)p0) g—k +(k+1)p cuo (Y, (%)) (Prip(a:0%), Paip(0, 4%)) g g7
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where the last equality follows from Proposition and Proposition |10.10|SYMMCOMP. The result
then follows by induction since the base case is

(Px(2,9), Px(4,0))q.q = (s, 82) = 1 = Ry.

O
Proposition 10.8. Let k € Z~q. Then
n—1 n .
hk —1 ik
(11,0 =[] {k_ 1] and  (L,1), =[] M
h=2 i=2
Proof. Using that 1 = Py(q, ¢*) then Theoremm gives
k—1
HH 1_qrtj2 Hnl_q]'LJrr
z<]r1 TtJZ 1<j r= ll_qjZ
(1— qkh+1 (11— qkh+k 1 - kh+1) (1 - q(k+1)h71))n*h
B hH H (1= g"=1) - (1 = ghh = 1 f:[ — qh=Dh1) (1 — ghh=1))" "
j—i=h
n n—1
1 n—1 hk —1
— 1 k(h—l)-‘rl) . (1 - kh—l) _ H )
— =D)L (] — k—l) H( q q _
(1 =gkt (1 —gk=t)/ oy LE—1
Letting t = ¢*,
ANy T | Bl — gt oy [ik— 1 “ ik
0= w0t = (T Ty = (T30 T3 4| =11
1=2 1=2 1=2 1=2 =2
O

Remark 10.9. Converting to general ¢ and t. Let

YY1l y-ly.:
A+(t): H M and Af(tA): H qu i 7lyaQ)oo
1<i<j<n (tY;Y ;Q)oo 1<i<j<n (t qY;' }/};Q)oo
If k € Z~g and t = ¢* then
1_q/\ )\‘Jrrtjfi
PA?P/\qt_HH )\ )\J thz
1<J r= 1
H((H 1—q’\ /\j+rtj—z‘))( 11[ 1
- — )
1<j r=0 1 r=—=k (1 q ! "t Z)
_H T @)oo (VT )0
i ( A £y 7GR @)oo (NN TR )0
PN — (=X ) i —i.
ti— t
= [ Qe T TSy e (v (A7)
th N q) oo (L qqm AN )

1<j

Since this formula is true for k € Z~( then it is true for arbitrary ¢ and t. (see [Mac| Ch. VI §9 Ex.
2(d)]) O
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10.6 The symmetric inner product

Let C[X] = C[z}!,...,z']. Define involutions : C[X] — C[X], ?: C[X] — C[X], ¢: C[X] — C[X],
by
" C[X] = C[X] by fl@r, o mnsqt) = flayt, o x g e,
7: C[X] — C[X] by Fo(, g t) = f(ar . a b, t), (invdefns)
b CIX] — C[X] by iy, xnq,t) = flzy, . xns g Y.
Define
(l“iij_l;(.I)oo 1—tx; xj
Ver=]]—L1——  and =V [[ (DnabladefnGL)
i (tziz; 1 @)oo i L—w
For f € ClzE!, ... "] let

ct(f) = (constant term in f).
Define two scalar products (, ): C[X] x C[X] — C(q¢,t) and (, ): C[X] x C[X] — C(q,t) by

(f1: f2)gt = ct(f1f2Dqe)  and  (f1, fo)qs ct(f115V 1) (innproddefnB)

!W ©
Proposition|10.10| provides a comparison of (,)q+ and (, )4+ as inner products on symmetric functions.

Proposition 10.10. Let f,g € C[X]"0. Then

1
<fag>q,t = m(f, gt)q,t. (10.6)
Proof. Let f,g € C[X]"°. Then
U)ot = [tV by (pEoRE))
= e Ve ) (by (vdefis))
~ e (7T wlenG ) by (Porm)
weWy
1 i o 0
= M/_O(t)wo‘ct(wg‘;/o w(fgth,tho (x 1, t))) (f’ g, Vq,t c (C[X]W )
1 —
- Wo (t)| Wi ‘Ct(w%;/()w(fgtAq’t)) (by (DnabladefnGL)
= U B0 (by (cttosymet))
= oo by g
O
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10.7 Notes and references

In [Macl Ch. §9], f7 is denoted f and the constant term is defined in [Macl Ch. VI §9]. The involutions
are defined in [Mac03} (5.1.15),(5.1.30),(5.1.35)]. The constant term is defined in [Mac03}, (5.1.8)]. In
IMac, Ch. VI §9 (9.2) and Ex. 1(a)], V4+ is denoted A = A(z;q,t) and Ay, is denoted A'(z;4q,t).)
In [Mac| Ch. VI §9], the inner product (f,g)q: is denoted (f,g)’; the inner product (f,g)q is not
explicitly used though it appears implicitly in [Mac, Ch. VI §9 Ex. 1]. The values for (1,1), ,+ and
(1,1), 4+ are as given in [Mac| Ch. VI §9 Ex. 1(c)] and [Mac, Ch. VI §9 Ex. 1(a)].
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