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6 Lecture 6, 30 March 2022: Alcove walks, set valued tableaux and
column strict tableaux

6.1 Page 1: Creation formulas

Define operators 11,...,71,_1 and g on (C[azlil, ..o, x| by

tl‘i*l’i _
Ef:t*%(t—ﬁ(l—si))f and (9f)(z1,...,xn) = f(q 1a:n,$1,...,a:n_1).
i — Tit

The Cherdnik-Dunkl operators are
Vi=gTh1--Ti, Yo2=TyWNT7Y Ya=T,NTyh .., Y, =T, Y, 1T,
The intertwiners, or creation operators, are

gV = J)lTl B -Tn,1 and

T/ =T+ ;Srl,j = Tj_1 + iy for j € {1,...,n—1}, (creationops)
where, for k,j € Z with j # k,
— . _1 J— . — —
P (1 t)Yj}ikl _ 1A=y F (1 t),l _ 1A%
! 1-Y;Yy Yi =Y 7 1YY, Y —Y;
Let p = (1, ..., i) € Z%. The minimal length permutation v, such that v, is weakly increasing
is given by

vu(r)y=1+#{" e{l,...,r =1} | pw <p b+ #{ € {r+1,... 0} | pw < o},

for r € {1,...,n}. A bozx in uis a pair (r,c) with r € {1,...,n} and c€ {1,...,u}. If b= (r,c) is a
box in p then define

uy(roe) =#{" e{l,...;r =1} | pupw <c—=1}+#{" e {r+1,....n} | p <c—1}.
Define
T = H (r’ e gY). (thecreator)

y (7,c)
boxes (r,c) in p

Let z € Sy and let p € Z". The creation formula for the relative Macdonald polynomial E}, is
E; = =3 (v 1)TzTL\L/u1, (creationformula)
where the action of T,,, X*, and Y; on the polynomial 1 is given by
Tl =13/ .1 Xt 1=gbl Y 1=q 4 @u@-Drz(n=1) 1 (actiononl)

One can use the creation formula as the definition of the relative Macdonald polynomials. In terms
of the relative Macdonald polynomials, the nonsymmetric Macdonald polynomials are

E, = ELd, for € Z™. (nsaltdef)
For A € Z" with Ay > --- > A\, the symmetric Macdonald polynomial P is
Py, = Z B, (symmaltdef)
HESHA

where the sum is over all rearrangements of A and z, € S, is the minimal length permutation such
that z,A = p.
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6.2 Page 2: Alcove walks formula
For f(Y1,...,Y,) € C(Y1,...,Y,) define

(Wf)(}/i; e aYn) = f(Yé7 . .,Yn,Yn+1) = f(Y27 s 7Yn’q_1Y1) and
(1) (Y1, o) = F(Viso o, Yyt Vs, V3, Yiga o, V), forj e {1,...,n—1}.

The following relations will be proved in (taupastYrelsl) and (taupastYrels2):
ijf = (ij)ij, and g f=(nf)g" (creationrel)

and

X“Twﬂ, if ¢ 7 14 )
X“Twsi:{ i fwsi) > Lw), X*Tg" = X#X )Ty wsn_1-  (Rmultrel)

XHT, T, if L(ws;) < L(w),
These give that if f € C(Y1,...,Y,), p € Z™ and w € S,, then

XPTW(Ty + f1 ) (si ), if £(ws;) > £(w),

XPTuf(Y)T) = XPTur) (sif)(Y) = XUT,(TY) ™ + )i, i Lwss) < E(w),

XHWTos,(s5f) + XPTw(si ) f T v, if L(wsi) > (w),

— J

) X T, (55 ) + XPTw(si f) v, if £lws;) < £(w),

J

and
XMwagv = XMngV(Wf> = XMXw(l)T’LUSr"Snfl(Wf)'
Inductively using these to compute 7,7, = To7,\ - 7,0 = ((To7;})7;]) -~ 7,4 )7:/ gives an expression

i
for TZTQY# with all the X's on the left and all the Y's on the right,

TZT?YM = Z Xendz(F)T@Z(F)f;fﬁv (XleftYright)
FC(L....0}

where f and fg are products of f.J,rc (respectively, fﬁg) that fall out of the inductive process (we shall
describe these explicitly in (SVTformula))). By applying (XleftYright)) to the polynomial 1 and

using the relations in (actiononl) gives

E; = Z t%(4(9"'2(F))fe(zvgl)evg(f;ffg)xendZ(F), (alcovewalkformula)
FC{1,....0}

where

evh(f) = f(tznD=0 pa(n=D=1 (D=1 g £V Y,) € C(YY, . Y).

The formula (alcovewalkformula)) is the alcove walk formula for relative Macdonald polynomials.
It provides an expansion of the relative Macdonald polynomials in terms of monomials. Modulo the
proof of the relations (creationrel) and (Rmultrel) this page contains a complete proof of the alcove
walk formula for relative Macdonald polynomials (and, by (unsaltdef) and (symmaltdef), also for the
nonsymmetric Macdonald polynomials and the symmetric Macdonald polynomials).
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6.3 Page 3: Set valued tableaux formula

This page provides the statement of a set-valued tableaux formula for relative Macdonald polynomials.
Use the notation ~, for the n-cycle v, = s,_1---s1 in S,. For positive integers k1, ..., kg such
that k1 +---+ kg =mn let

Yy X oo X Vi, be the disjoint product of cycles in Sk X -+ X Sk, € Sp.

To give a formula for Ef, fix 2 € S, and p = (1, .., Un) € Z%. ldentify p with the set of boxes
in p,
p=A{(rc)|re{l,...;,ntand ce {1,...,ur}}
Order the boxes of y by the values r +nc. The minimal length permutation v,, such that v,u is weakly
increasing is given by

vu(r) =1+ #{" e {1,or =1} [ < i} + 4" € {r+ 1,0 n} | e < pir}y
for r € {1,...,n}. For a box (r,c) € pand i e {1,...,uu(r,c)} define
sh(i,r,¢) = pr — c+ 1 =sh(r, c), and ht(i,r, ¢) = v,(r) —i.

A set valued tableau T' of shape pu is a choice of subset T'(r, ¢) C {1,...,u,(r,c)} for each box (r,c) € p.
More formally, a set valued tableau T' of shape u is a function

T: u — {subsets of {1,...,n}} such that T'(r,c) C {1,...,uu(r,c)}.

Let (r,c) be a box in pu. Let z(.. = 2 if (r,¢) is the first box in p and for a general box (r,¢) € p
define

Z(re) = % r',c')(%(r,c)ﬂ—zp Xooe X Ypg—ty X Wl)%fl,
where T'(r,¢) = {l1,...,4p} and (1, ') € p is the box before (r,¢) in p . Define

T—QZ— (’f‘, C) = {gj € T(Tv C) ’ Z(r,c) (u(r,c) +1- Ej-}-l) < Z(r,c) (u(r,c) +1- g])} and
T (7", C) = {Kj S T(T, C) ’ Z(r,c) (u(r,c) +1- Ej_:,_l) > Z(r,c) (U(r,c) +1- Kj)},

where we make the conventions that £,1 = u(.c) + 1 and 2, ) (0) = 2(;,¢)(n). Define

©*(T) = z(bmax) Where byax is the last box of p, #f(T) = Z Card(T'(r, c
(rc)ep
and
covi(T) = ( ht(i,r c)) + %( Lp*(T)) — Z(zvljl) — #f(T) ),
(ric)epi€TE(r,c)
maj? (T) = sh(i,r,c)= >  sh(r,¢)-|Ti(r,c)]  and
(r,c) i€TZ(r,c) (r,c)Ep
z __tcovi (T)£majs (T) 1 - til)
Wiy (T) =4 S = < H H ishu r,¢,i) ¢Eht(r,c 7,))

(r,c)epieT(r, c)
Then the relative Macdonald polynomial is
E; = Zwti(T)xT = Zwti ()T, where 2’ = H Loy (n)> (SVTformula)
T T (re)ep

and the sum is over all set valued tableaux T' of shape pu.
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6.4 Page 4: Nonattacking fillings formula

Let pp = (p1,...,pn) € Z5y and z € S,. A nonattacking filling for (z,p) is T': @(M) — {1,...,n}
such that

(a) T(i,0) = 2(i) for i € {1,...,n} and
(b) if b € dg(p) and a € attack,(b) then T'(a) # T'(b).

For example,

11 2 is a nonattacking filling for (z, u)
(6.1)

N~

Il
S W DN~
T W =

4 5 4 4 with z =1id € S5 and p = (0,4, 1,5,4).
2 3 3

Let u € Z%,. Using cylindrical coordinates for boxes as specified in (1.9), define, for a box
bedg(u),

attack, (b) = {b— 1,...,b—n+1}ﬁ@(,u,), (6.2)
Nleg,,(b) = (b +nZxo) Ndg(p) and
Narmy, (b) = {a € attack,(b) | #Nleg, (a) < #Nleg,, ()}
where #Nleg,, (a) denotes the number of elements of Nleg, (a). For example, with u = (3,0,5,1,4,3,4)

and b = (5,2), which has cylindrical coordinate b = 5+ 7 -2 = 19 the sets attack,(b), Narm,(b) and
Nleg,, (b) are pictured as

L L HiEpEgE
O X000 HiERENEEEEE
attack,(b) = | | I:‘ Nleg,, (b) = L L
L el ] L L ] [ [
HiESnERE HiiEEE
X)L L L HIEpEaERE
0 @ L
00000
Narmu(b)::D
L] [ L]
@ ]
HeEpERE

Let p € Z%, and z € S,, and let T' be a nonattacking filling of shape (z, ). For b € dg(u) let

bwnr(b) = {a € arm,(b) | T(b—n) > T(a) > T(b) or T(b—n) < T(a) < T(b) }. (6.5)
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The weight of b in T is

1 ¢
#bwnr (b) i —
(1 I O )t 27 (), it T(b—n) > T(b),

- #Nleg,, (b)+1,1#Narm,, (b)+1
wtp(b) = (L —t)g" BTt " —1—#bwnp (b) , B (6.6)
( [ P O N 51 )t vy, i T(b—n) < T(b),
TT(b)s if T(b —n) =T(b),
and the weight of T is
wt(T') = H wtr(b), a product over the boxes of T'. (6.7)

The following theorem is the nonattacking fillings formula for relative Macdonald polynomials.

Theorem 6.1. Let pp € Z%, and z € Sy,. Then the relative Macdonald polynomial Ej; is

E, = Z wt(T), where the sum is over nonattacking fillings T for (z, ).
TENAF,

6.5 Page 5: Column strict tableaux formulas

Let
B(A) = {column strict tableaux of shape A filled from {1,...,n}}

For a column strict tableau 7" let T'(b) denote the entry in box b.
Let T € B(\) and let b€ A\. Let i € {1,...,n} with i > T'(b). Define

a(b, < i) = Card{d’ € arm,(b) | T(b') < i}, a(b, < i) = Card{d’ € arm,(b) | T'(V') < i},
I(b,< i) = Card{V/ € leg,(b) | T(b) < i}, I(b,< i) = Card{l/ € leg,(b) | T(V) < i}

and (b,<i) 41(b,<i)+1 (b,<i) 11(b,<i)+1
1 — g®(b,=2) (b, <0 1 — q@(b,<i)4l(b,<i
hr(b, < i) = — 2 g

N 1 — qo(b:<i)+14(b,<0) and hp(b,<1i) =

1 — qeb<)+10b.<i)”

Theorem 6.2. For a column strict tableau T € B(\) and a box b € X define

—_ _ hT(bv < Z)
Y = H@DT(b), where (b)) = | H <)
beX i>T(b),i€T (army (b))
1ZT (legA(b))
and hy(b, < i) and hp(b, < i) are as defined in (6.8). Then
P\, = Z meT, where % = mg#ls inT) J;gl#”s in T)

6.6 Lecture 6: Notes and references

Theorem follows [Mac| Ch. VI (7.13')]. Theorem summarizes [Al16] Def. 5 and Prop. 6] and
|HHLO06, Theorem 3.5.1]. Equation (alcovewalkformula) follows [RY08| Theorem 2.2 and Theorem
3.4].

32



