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1.17 Sequences

Let Y be a set. A sequence (y1,y2,9s3,...) in Y is a function

Z>0 — Y
n —> UYn

Let Y be a set with a partial order < and let (y1,¥2,¥s,...) be a sequence in Y.
e The sequence (y1,Yy2,¥s,...) is increasing if (y1,y2,ys,...) satisfies

ifi € Z~0 then Yi < Yit1-

e The sequence (y1,y2,Ys,--.) is decreasing if (y1,y2,ys, - ..) satisfies

if i € Zso then vy; > yit1.

e The sequence (y1,y2,¥s,- -.) is monotone if it is increasing or decreasing.

Let Y be a metric space and let (y1,¥2,¥s,-..) be a sequence in Y.

e The sequence (y1,Yy2,Ys,...) is bounded if the set {y1,y2,ys,...} is bounded.

The sequence (y1,Y2,Ys,...) is Cauchy if (y1,y2,...) satisfies:

if e € Ry then there exists N € Z~ such that if m,n € Z>x then d(ym,yn) < ¢.

e Let £ €Y. The sequence (y1,y2,¥3,...) converges to ¢ if
lim y, =¢
n—oo

ie., if (y1,y2,ys,...) satisfies

if ¢ € Ry then there exists N € Zs( such that if n € Z>y then d(y,,{) < €.

The sequence (y1, Y2, ...) converges in Y if there exists £ € Y such that (y1,ys,...) converges to
L.

The sequence (yi1,y2,...) diverges in Y if there does not exist £ € Y such that (yi,y2,...)
converges to £.

Let (y1,y2,9s3,...) be a sequence in R.

e The supremum of (y1,y2,ys,-..) is the least upper bound sup{yi,y2,ys,...}.
e The infimum of (y1,¥y2,ys,...) is the greatest lower bound inf{yi,y2,ys,...}.
e The upper limit or limsup of (y1,y2,ys,...) is

lim sup y, = nlirgo(sup{yn, Yntls---))-

e The lower limit or liminf of (y1,y2,ys3,...) is

liminfy, = li_}rn (inf{yn, Ynt1,---})-
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