Calculus Notes, Arun Ram, version: July 24, 2022

1.15 Limits and addition, scalar multiplication, multiplication, composition and
order

The tolerance set is
E={10"1107%...}.

Let m,n € Z~g and let f: R™ — R"™. Let a € R™ and £ € R".

lim f(x)=1¢ means
r—a

if ¢ € E then there exists 6 € E such that if d(z,a) < § then d(f(x),?) <e.

Let a1, a9, ... be a sequence in R™. Let £ € R™.

lim a, =/ means
n—oo

if ¢ € E then there exists N € Zs( such that if n € Z>y then d(ay,?) < e.

Theorem 1.5. Letn € Z~g. Let f: R® = R and g: R®™ — R be functions and let a € X.

Assume that  lim f(z) and lim g(z) exist.

Then
(a) Ian(f(z) + g(x)) = lim f(x) + lim g(z),

Tr—a

(b) If c € R then 971:1_1r>réc]‘(:c) = clim f(x),

r—a

(¢) lim (f(z)g(z)) = (lim f(x))( lim g(z)).

T—a r—a r—a

Theorem 1.6. Let m,n,p € Z~q Let f: R® — RP and g: R™ — R™ be functions and let a € R™ and

e R™
Assume that  lim g(z) and lim f(g(x)) exist and lim g(x) = ¢.
r—a T—a r—a
Then
li = li .
lim f(y) = lim f(g(x))
Theorem 1.7.

(a) Let (a1,ag,...) and (by,ba,...) be sequences in R.
Assume that lim a, and lim b, exist and
n—oo n—oo

if n € Z~q then a, < by,. Then lim a, < lim b,,.

n—oo n—oo

(b) Let n € Z~gy and let f: R — R and g: R™ — R be functions. Let a € R™.
Assume that lii;ﬂ f(x) and liLn g(z) exist and

if v € X then f(z) < g(x). Then lim f(z) < lim g(x).

T—a r—a
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