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R.6. Proofs: Modules

Proposition R.6.1. — Let M be a left R-module and let N be a subgroup of M. Then
the cosets of N in M partition M.

Proof. —
To show: (a) If m € M then there exists m’ € M such that m € m’ + N.
(b) If(m1+N)ﬂ(m2—|—N)%@thenml—i-N:mg%—N.
(a) Let m € M.
Since 0 € N then m =m +0 € m + N.
Som € m+ N.
(b) Assume (m; + N) N (mg + N) # 0.
To show: (ba) m; + N C my+ N.
Let a € (my + N) N (mg+ N).
So there exist nq,ny €N such that a = m; + ny and a = mo + no.
Then

mi=m;+n,—Ny=a—n] =My +n9—ny and
Mo = Mo +No —Ng = a — No = My + Ny — No.
(ba) Let m € my + N.

Then there exists n € N such that m = m; + n.
Then

m=mi+n=mo+n,—ny+ne€my+ N,

since nys —n; +n € N.
Som;+ N Cmy+ N.
(bb) Let m € my + N.
Then there exists n € N such that m = msy + n.
Since n; — ny +n € N then

m=mes+n=m;+n,—no+néemg+N,
Soms+ N Cm;+ N.
Som; +N =my+ N.
So the cosets of NV in M partition M. ]
Theorem R.6.2. — Let N be a subgroup of a left R-module M. Then N is a submodule
of M if and only if M/N with the operations given by
(my+ N)+ (me+ N) = (my +ms) + N, and
r(my + N) =rmy + N,
1s a left R-module.

Proof. —

—>: Assume N is a submodule of M.
To show: (a) (my+ N)+ (mg+ N) = (mq +ms) + N is a well defined operation on
M/N.

(b) The operation given by r(m + N) = rm + N is well defined.
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(¢) If my + N,mo+ N,m3+ N € M/N then ((m1+N)+(m2+N)) +
(m3+ N) = (m1 + N) + ((m2 4+ N) + (ms + N)).
(d) If my+ N,myg+ N € M/N then (m; +N)+ (ma+ N) = (ma+ N) +

e) 0+ N = N is the zero in M/N.
f) —m + N is the additive inverse of m + N.
g)Ifri,rs € Rand m+N € M/N, then ri(ro(m+N)) = (ri72)(m+N).
h) If m+ N € M/N then 1(m+ N) =m + N.
i) Ifr € Rand my +N,mo+ N € M/N then r((m;+N)+(ma+N)) =
+r(mg + N).
(j) Ifry,7o € Rand m+ N € M/N, then (ri+r)(m+N) =ri(m+N)+
ro(m + N).
(a) We want the operation on M/N given by

M/N x M/N  — M/N
(m1+N,m2+N) —> (m1+m2)+N

to be well defined, i.e. a function.
Let (my + N,mg + N), (ms + N,my + N) € M/N x M/N such that (m; +
N,m2+N) = (m3+N,m4—|—N)
Then my + N =ms3+ N and mo + N =my4 + N.
To show: (mq +mq) + N = (m3 +my) + N.
To show: (aa) (mi +ms) + N C (m3 +ma) + N.
(ab) (m3 + my4) + N C (my + ma) + N.
(aa) Since my + N =mg+ N then m; =m; +0 € mg+ N
So there exists k; € N such that m; = ms + k.
Similarly there exists ky € N such that mo = my + ko.
Let t € (my +my) + N.
Then there exists k£ € N such that ¢ = m; + my + k for some k € N.
Since addition is commutative then

t= my + mo + k

=m3+ ki +my+ke+k

:m3+m4+k1+/~c2+k.
Sot= (m3+m4)—i—(k31—|—k2—|—k) Ems+myg+ N.
So (my1 +msg) + N C (mg + myg) + N.

(ab) Since m;+ N = m3+ N then there exists k; € N such that mi+k; = ms.

Since mo+N = my+ N then there exists ky € N such that my+ky = ma.
Let t € (m3+m4)—i—N.
Then there exists kK € N such that t = mg +m4 + k.
So

t=ms+my+£k
=my+ ki +mo+ ke +k
=mi+mo+ ki + ko +k,
since addition is commutative.
So t = (my +ma) + (ky + ko + k) € (my +mg) + N.

So (mg +my) + N C (mq +ms) + N.
So (m1+m2)+N:(m3+m4)+N.
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So the operation given by (m; + N) + (m3 + N) = (my +ms3) + N is a well
defined operation on M/N.
(b) We want the operation given by

RxM/N — M/N
(rrm+N) — rm+ N

to be well defined, i.e. a function.
Let (r1,mi+N), (ro,ma+N) € (Rx M/N) such that (r1,m+N) = (r2, ma+
N).
Then vy = ry and my + N = mg + N.
To show: rymy; + N = romy + N.
To show: (ba) rym; + N C rems + N.
(bb) T9Mo + N Q rimy + N.
(ba) Since m;+N = mg+ N then there exists ny € N such that m; = mg+ns.
Let k € rymq + N.
Then there exists n € N such that £ = rym; +n.
So

k=rm;+n
=ro(me+ng) +n

= roMa + TaNg + N.

Since N is a submodule then rong € N and ryng +n € N.
So k:T2m2+r2n2+n €r2m2+N.
So rymy + N Cromo + N.
(bb) Since mi;+N = my+ N then there exists n; € N such that my = mq+n;.
Let k € ramy + N.
Then there exists n € N such that & = roms +n. So

k =romg+n
=ri(mi+n)+n

=rimi;+ring +n.

Since N is a submodule then ryny € N and riny +n € N.
Sok=rimy+mrin+né€rm;+ N.
So ’l"gmg—i-Ng?“lml—l—N.
So rymy; + N = romo + N.
So the operation is well defined.
(¢) By the associativity of addition in M and the definition of the operation in
M/N, if m; + N,mg+ N,m3+ N € M/N then

((my + N) + (mg 4+ N)) + (m3 + N) = ((mq + mo) + N) + (mz + N)

((

(m1—|—m2 +m3)—|—N

= (m1 4 (ma +ms3)) + N

= (m1 + N) + ((m2 + m3) + N)

= (m1 + N) + ((m2 + N) + (m3 + N)).
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(d) By the commutativity of addition in M and the definition of the operation in
M/N, if my + N,ms + N € M/N then

(m1+N)+ (ma+ N) = (my +mg) + N
=(my+my)+ N
= (mg+ N)+ (m; + N).

(e) The coset N =0+ N is the zero in M/N since If m + N € M/N then

N+ (m+N)=(0+m)+ N
=m+N
=(m+0)+N=(m+N)+N

(f) f m+ N € M/N then

(m+N)+(—=m+N)=m+(—m)+ N
=0+ N
=N
=(—m+m)+N
= (=m+ N)+ (m+N)
So the additive inverse of m + N is (—m) + N.

(g) Assume 71,72 € Rand m+ N € M/N.
Then, by definition of the operation,

ri(ra(m+ N)) = ri(rom + N)
=ri(rom) + N
= (rirg)m + N
= (rirg)(m + N).

(h) Assume m+ N € M/N.
Then, by definition of the operation,

1(m+ N)=(Im)+ N
=m+ N.

(i) Assume r € R and my + N,my+ N € M/N.
Then

r((m1+ N) + (ma + N)) =r((m1 +ms) + N)
r(my +ms) + N

= (rmy +rmg) + N

= (rmy + N) + (rmy + N)
=r(mi+ N)+r(ma+ N).

(j) Assume 71,79 € R and m+ N € M/N.
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Then
(ri+72)(m+ N) = ((r1 +7r2)m) + N
= (rim+rem)+ N
= (rmm+ N) + (rsm + N)
=ri(m+ N)+ry(m+ N).

So M/N is a left R-module.
<=: Assume N is a subgroup of M and (M/N) is a left R-module with action
given by r(m + N) =rm + N.
To show: N is a submodule of M.
To show: If r € R and n € N then rn € N.
First we show: If n € N then n+ N = N.
To show: (a) n+ N C N.
(b) NCn+N.
(a) Let k €n+ N.
So there exists n; € N such that &k =n + n;.
Since N is a subgroup, k =n+n; € N.
Son+ N CN.
(b) Let k € N.
Since k—n € N thenk=n+(k—n) €n+ N.
So N Cn+ N.
Now assume r € R and n € N.
Then, by definition of the R-action on M /N,

rn+ N =r(n+ N)
=r(0+ N)
=r-0+N
=0+ N
= N.

Sorn=rn+0¢€& N.
So N is a submodule of M.

O
Proposition R.6.3. — Let f: M — N be an R-module homomorphism. Then
(a) ker f is a submodule of M.
(b) imf is a submodule of N.
Proof. —
(a) By condition (a) in the definition of R-module homomorphism, f is a group homo-
morphism.

By Proposition 1.1.13 (a)REFERENCE FIX THIS, ker f is a subgroup of M.
To show: If r € R and k € ker f then rk € ker f.

Assume r € R and k € ker f.

Then, by the definition of R-module homomorphism,

frk)=rf(k)=r-0=0.

So rk € ker f.
So ker f is a submodule of M.
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(b)
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By condition (a) in the definition of R-module homomorphism, f is a group homo-
morphism.

By Proposition 1.1.13 (b)REFERENCE FIX THIS, imf is a subgroup of N.

To show: If r € R and a € imf then ra € imf.

Assume r € R and a € imf.

Then there exists m € M such that a = f(m).

By the definition of R-module homomorphism,

ra=rf(m) = f(rm).

So ra € imf.

So imf is a submodule of V. n

Proposition R.6.4. — Let f: M — N be an R-module homomorphism. Let 0y be the
zero in M. Then

(a) ker f = (0pr) if and only if f is injective.

(b) imf = N if and only if f is surjective.

Proof. — Let 0y and Oy be the zeros in M and N respectively.

(a)

= Assume ker f = {0}

To show: If f(my) = f(msz) then my; = ms.
Assume f(mq) = f(ms).

Then, by the fact that f is a homomorphism,

Oy = f(my) — f(ma) = f(m1 —ma).
So m; — mg € Ker f.
Since ker f = {0y} then my — mgy = 0.
So m; = ma.
So f is injective.

<=: Assume f is injective.
To show: (aa) {O0p} C ker f.
(ab) ker f C {0}
(aa) Since f(0p) = Oy then 0y € ker f.
So {0x} C ker f.
(ab) Let k € ker f.
Then f(k) = On.
So f(k) = f(Ou).
Thus, since f is injective then k = 0y.
So ker f C (0x).
So ker f = (0x).
—>: Assume imf = N.
To show: If n € N then there exists m € M such that f(m) = n.
Assume n € N.
Then n € imf.
So there exists m € M such that f(m) = n.
So f is surjective.

<=: Assume f is surjective.
To show: (ba) imf C N.
(bb) N Cimf.
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(ba) Let x € imf.
Then there exists m € M such that x = f(m).
By the definition of f, f(m) € N.
Sox € N.
So imf C N.
(bb) Assume x € N.
Since f is surjective there exists m € M such that f(m) = x.
So z € imf.
So N Cimf.
Soimf = N.

Theorem R.6.5. —
(a) Let f: M — N be an R-module homomorphism and let K = ker f. Define

f: M/kerf — N
m+K —  f(m).

Then f is a well defined injective R-module homomorphism.
(b) Let f: M — N be an R-module homomorphism and define

f'v M — imf

Then f' is a well defined surjective R-module homomorphism.
(¢) If f: M — N is an R-module homomorphism, then

M/ker f ~1imf
where the isomorphism is an R-module isomorphism.

Proof. —
(a) To show: (aa) f is well defined.
(ab) f is injective.
(ac) f is an R-module homomorphism.
(aa) To show: (aa) If m € M then f(m + K) € N.
(aab) If my + K = my + K € M/K then f(my + K) = f(my + K).
(aaa) Assume m € M.
f(m+ K) = f(m) and f(m) € N, by the definition of f and f.
(aab) Assume m; + K = my + K.
Then there exists £ € K such that m; = my + k.
To show: f(my + K) = f(my + K), ie.,
To show: f(my) = f(my).
Since k € ker f then f(k) =0 and

f(m1) = f(ma + k) = f(m2) + f(k) = f(m2) + 0= f(m2).
So f(my + K) = f(my+ K).
So f is well defined.
(ab) To show: If f(ml—i—K) :f(m2+K) then m; + K = ms + K.
Assume f(my + K) = f(mg + K).
Then f(m1) = f(ma).
So f(mi1) — f(ma) = 0.
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So f(my —mg) = 0.
So m; — mo € Ker f.
So there exists k € ker f such that m; — my = k.
So there exists k € ker f such that m; = my + k.
To show: (aba) m; + K C my + K.
(abb) TRQ+Kgm1+K.
(aba) Let m € m; + K.
Then there exists k; € K such that m = m; + k.
Som=mo+k-+k €mo+ K, since k+k € K.
Som1+K§m2+K.
(abb) Let m € mq + K.
Then there exists ky € K such that m = moy + ko,
Som=mq —k+ky € m + K since -k +ky € K.
Somy+ K Cmy + K.
ASom1+K:m2+K.
So f is injective.
(ac) To show: (aca)lf my + K,my + K € M/K then f(my + K) + f(my + K) =
f((m1 + K) + (ma + K)).
(acb) If r € R and m+ K € M/K then f(r(m—i—K)) =rf(m+K).
(aca) Let m; + K,mo+ K € M/K.
Since f is a homomorphism,

Flmy 4+ K) + f(my + K) = f(my) + f(my)
f(m + my)

(my + mo) +K)

(acb) Let r € Rand m+ K € ]\/[/K.
Since f is a homomorphism,

f(r(m—i—K)) = f('r’m—i-K)
/

So f is an R-module homomorphism.
So f is a well defined injective R-module homomorphism.
(b) To show: (ba) f is well defined.
(bb) f is surjective.
(bc) f’is an R-module homomorphism.
(ba) and (bb) are proved in Ex. 2.2.3 a), Part I. YIKES FIX THIS
(bc) To show: (bca) If my, my € M then f'(my 4+ ms) = f'(my) + f'(ma2).
(beb) If r € R and m € M then f'(rm) = rf'(m).
(bca) Let mq,my € M.
Then, since f is a homomorphism,

fi(my +my) = f(my +my) = f(ma) + f(ma) = f'(m1) + f'(mo).
(beb) Let my,my € M.
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Then, since f is an R-module homomorphism,

flrm) = f(rm) = rf(m) = rf'(m).
So f’is an R-module homomorphism.
So f’ is a well defined surjective R-module homomorphism.
(c) Let K =ker f.
By (a), the function
f: M/K — N
m+ K —  f(m)

is a well defined injective R-module homomorphism.
By (b), the function

i M /K — im f
m+K = fm+K) = f(m)
is a well defined surjective R-module homomorphism.
To show: (ca) im f = im f.
(cb) f' is injective.
(ca) To show: (caa) im f C im f.
(cab) im f C im f.
(caa) Let n € im f.
Then there is some m + K € M/K such that f(m + K) = n.
Let m" e m + K.
Then there exists k € K such that m' = m + k.
Then, since f is a homomorphism and f(k) = 0,

Fm') = f(m + k)

Son € im f.
So imf C im f.
(cab) Let n € imf.
Then there exists m € M such that f(m) =n.
So f(m+ K) = f(m) =n.
Son € im f.
So im f Cim f
So im f = im f.
(¢b) To show: If f'(my 4+ K) = f'(my + K) then my + K = ms + K.
Assume f'(my + K) = f'(my + K).
Then f(my + K) = f(my + K).
Since f is injective then m; + K = my + K.
So f' is injective.
Thus
i M/K — imf
m+ K —  f(m)
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is a well defined bijective R-module homomorphism.



