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G.5. Proofs: Groups

Proposition G.5.1. — Let GG be a group and let H be a subgroup of G. Then the cosets
of H in G partition G.

Proof. —
To show: (a) If g € G then there exists ¢’ € G such that g € ¢’H.
(b) If 1 H N goH # () then g1 H = goH.
(a) Let g € G.
Since 1 € H theng=g¢9-1¢€ gH.
So g € gH.
(b) Assume g1 H N goH # 0.
To show: (ba) g1H C g2 H.
(bb) goH C g1 H.
Let k€ gt HNgoH.
Suppose k = g1hy and k = gohy, where hqy, hy € H.
Then

g1 = glhlhfl = ]{]hfl = thQh;l, and
g = gghghgl = kh;l = glhlhgl.
(ba) Let g € g1 H.
Then g = g1 h for some h € H.
Since hohy'h € H then
g = glh = gghghflh € ggH
So g1H C goH.
(bb) Let g € g2 H.
Then there exists h € H such that g = goh .
Since hihy 'h € H then
g = ggh = glhlhglh € ng
So goH C g1 H.
So g1H = g2 H.
So the cosets of H in G partition G. O

Proposition G.5.2. — Let G be a group and let H be a subgroup of G. If g1, g2 € G
then
Card(g1 H) = Card(g2H).

Proof. —
To show: There exists a bijection ¢: g1 H — g H.

Define
e: g H — gl

T gagy '
To show: (a) ¢ is well defined.
(b) ¢ is a bijection.
(a) To show: (aa) If z € g1 H then ¢(x) € g2 H.

(ab) If z =y then ¢(x) = ¢(y).
(aa) Assume x € g1 H.
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Then there exists h € H such that x = g, h.
So p(x) = gagy 'g1h = goh € g2 H.
(ab) Assume z = y.
Then ¢(z) = gagiz = 929, 'y = ().
So ¢ is well defined.
(b) Using that the inverse function exists if and only if ¢ is bijective, Theorem P.4.1,
To show: There exists an inverse map to .

Define
v gH — gl
v 910y
HW: Show (exactly as in (a) above) that ¢ is well defined.
Then

U(p(@) = 9195 '¢(2) = 9195 'gag ' =z, and
p(W(y)) = 9291 ' (y) = 9201 0195y = y-
So 1 is an inverse function to ¢.
So ¢ is a bijection. O

Corollary G.5.3. — Let H be a subgroup of a group G. Then
Card(G) = Card(G/H)Card(H).

Proof. — By Proposition 1.1.4, all cosets in G/H are the same size as H.

Since the cosets of H partition GG, the cosets are disjoint subsets of G,

and G is a union of these subsets.

So G is a union of Card(G/H) disjoint subsets all of which have size Card(H). O

Proposition G.5.4. — Let N be a subgroup of G. The subgroup N is a normal subgroup
of G if and only if G/N with the operation given by (aN)(bN) = abN is a group.

Proof. —

=

Assume N is a normal subgroup of G.

To show: (a) (aN)(bN) = (abN) is a well defined operation on (G/N).
(b) N is the identity element of G/N.
(c) g7'N is the inverse of gN.

(a) To show: The function

G/N xG/N — G/N
(aN,bN) +— abN

To show: If (a1 N,b1N), (aeN,boN) € G/N x G/N and (a1 N,byN) = (aaN,byN)
then a;b1 N = asbyN.
Assume (a3 N,b1N), (aeN,b3N) € (G/N x G/N) and (a1 N,byN) = (aaN,baN).
Then a1 N = aN and b1 N = by N.
To show: (aa) a1by N C asbyN.
(ab) CLQbQN Q alblN.

(aa) Since a1 N = aoN then a3 = ay -1 € asN.

So there exists n; € N such that a; = aan;.

Similary, there exists ny € N such that b; = byng for some ny € N.

Let k € alblN.

is well defined.
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Then k = a;byn for some n € N. So
k= albln - a2n1b2n2n = angbglnlbgngn.

Since N is normal then b 'n by € N, and therefore (by 'niby)non € N.
So k = agbg(bglnlbg)ngn € (lngN.
So alblN Q agng.

(ab) Since a3 N = asN then there exists n; € N such that a1n; = as.
Since by N = by N then there exists ny € N such that byny = bs.
Let k € CLngN.
Then there exists n € N such that & = asban.
So

k= agbgn = alnlblngn = alblbflnlblngn.

Since N is normal then by 'n;b; € N, and therefore (b 'nib;)non € N.
So k = albl(bflnlbl)ngn € (llblN.
So asby N C a1biN.

So (arby)N = (abs)N.

So the operation is well defined.

(b) The coset N = 1N is the identity since if g € G then

(N)(gN) = (1g)N = gN = (g1)N = (gN)(N),
(c) Given any coset gN, its inverse is g~ !N since

(9N)(g7'N) = (997" )N =N =g~ 'gN = (g7 'N)(gN).
So G//N is a group.
<~
Assume (G/N) is a group with operation (aN)(bN) = abN.
To show: If g € G and n € N then gng~! € N.
First we show: If n € N then nN = N.
Assume n € N.
To show: (a) nN C N. (b) N C nN.
(a) Let z € nN.
Then there exists m € N such that x = nm.
Since N is a subgroup then nm € N.
Sox € N.
SonN C N.
(b) Assume m € N.

Since N is a subgroup then m = nn='m € nN.
So N C nN.

Now assume g € G and n € N.
Then, by definition of the operation,

gng~'N = (gN)(nN)(g~'N) = (gN)(N)(g~'N) = g1g"'N = N,
So gng~' € N.
So N is a normal subgroup of G. [

Proposition G.5.5. — Let f: G — H be a group homomorphism. Let 1 and 1y be
the identities for G and H respectively. Then

(a) f(lg) = 1g.

(b) For any g € G, f(g7') = f(9)™".
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Proof. —
(a) Multiply both sides of the following equation by f(1¢)™!:

f(lg) = fle-1g) = f(1a)f(1a).
(b) Since f(g)f(g~") = f(g97") = f(lg) = 1z and f(g7")f(9) = f(g7'9) = f(le¢) = 1u

then
fg) "t =Flg™).
OJ

Proposition G.5.6. — Let f: G — H be a group homomorphism. Let 1 and 1y be
the identities for G and H respectively. Then

(a) ker f is a normal subgroup of G.

(b) imf is a subgroup of H.

Proof. —
To show: (a) ker f is a normal subgroup of G.
(b) imf is a subgroup of G.
(a) To show: (aa) ker f is a subgroup.
(ab) ker f is normal.
(aa) To show: (aaa) If ky, ko € ker f then kiky € ker f.
(aab) 1 € ker f.
(aac) If k € ker f then k! € ker f.
(aaa) Assume ky,ky € ker f.
Then f(k?l) = ]-H and f(k?g) = 1H
So f(kiks) = f(k1)[f(k2) = 1n.
So kiky € ker f.
(aab) Since f(lg) = 1y then 14 € ker f.
(aac) Assume k € ker f.
Since f(k) = 1y then
FRT) = fR) 7 =1 = 1.
So k7! € ker f.
So ker f is a subgroup.
(ab) To show: If g € G and k € ker f then gkg™' € ker f.

Assume g € G and k € ker f.
Then

flokg™) = f(@)f(R) f(g™) = F(9)f(g™") = f(9)f(9)~ = 1.

So gkg™' € ker f.
So ker f is a normal subgroup of G.
(b) To show: imf is a subgroup of H.
To show: (ba) If hy, hy € imf then hihs € imf.
(bb) 1y € imf.
(be) If h € imf then h™! € imf.
(ba) Assume hq, hy € imf.
Then there exist g1, 9> € G such that hy = f(g1) and hy = f(g2).
Since f is a homomorphism then

hihy = f(g1)f(g92) = f(9192)
So hihy € imf.
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(bb) By Proposition 1.1.11 (a), f(lg) = 1u.
So lyg € an

(bc) Assume h € imf.
Then there exists g € G such that h = f(g).
Then, by Proposition 1.1.11 b),

= flg)™ = flg™)
So h™! € imf.
So imf is a subgroup of H.
0

Proposition G.5.7. — Let f: G — H be a group homomorphism. Let 1g be the identity
in G. Then

(a) ker f = (1g) if and only if f is injective.

(b) imf = H if and only if f is surjective.

Proof. —
(a) Let 15 and 1y be the identities for G and H respectively.
—>: Assume ker f = (1¢).

To show: If f(g1) = f(g2) then g1 = gs.
Assume f(g1) = f(g2).
Then, by Proposition 1.1.11 b) and the fact that f is a homomorphism,

Lo = f(g1)f(92) ™" = f(g1927).
So g1g;* € ker f.
But ker f = (1¢).
So gig5 ' = 1¢.
So g1 = ga.
So f is injective.
<=: Assume f is injective.
To show: (aa)(lg) C ker f.
(ab) ket f C (1),
(aa) Since f(lg) = 1y then 1g € ker f.
So (1g) C ker f.
(ab) Let k € ker f.
Then f(k) = 1g.
So f(k) = f(1a).
Thus, since f is injective then k = 14.
So ker f C (1g).
So ker f = (1¢g).
(b) =>: Assume imf = H.
To show: If h € H then there exists g € G such that f(g) = h.
Assume h € H.
Then h € imf.
So there exists some g € G such that f(g) = h.
So f is surjective.
<=: Assume f is surjective.
To show: (ba) imf C H.
(bb) H Cimf.
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(ba) Let x € imf.
Then x = f(g) for some g € G.
By the definition of f, f(g) € H.
Sox € H.
Soimf C H.
(bb) Assume z € H.
Since f is surjective there exists a g such that f(g) = x.
So z € imf.
So H Cimf.
Soimf = H. O
Theorem G.5.8. —
(a) Let f: G — H be a group homomorphism and let K = ker f. Define
fo Glkerf — H
gk — f(9).

Then f is a well defined injective group homomorphism.
(b) Let f: G — H be a group homomorphism and define

" G — imf
g = flg)

Then " is a well defined surjective group homomorphism.
(¢) If f: G — H is a group homomorphism then

G/ ker f ~imf,
where the isomorphism is a group isomorphism.
Proof. —

(a) To show: (aa)
(ab)

~

f is well defined.
f is injective.
(ac) f is a homomorphism.

)
(aa) To show: (aaa) If g € G then f(gK) € H.
(aab) If g1 K = g2 K then f(g1K) = f(g2K).
(aaa) Assume g € G.
Then f(gK) = f(g) and f(g) € H , by the definition of f and f.
(aab) Assume g1 K = g2 K.
Then there exists k € K such that g1 = gok.
To show: f(q1K) = f(gaK).
To show: f(g1) = f(g2)-
Since k € ker f then f(k) =1 and so

flg1) = f(g2k) = f(g2) [ (k) = f(g2)-
So f(g1K) = f(g2K).
So f is well defined.
(ab) To show: If f(g1K) = f(g2K) then 1 K = g, K.
Assume f(1 K) = f(g2K).
Then f(g1) = f(g2)-

So f(g2) " f(gn) = 1.
So f(g5'gn) = 1.
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So g5 g1 € ker f.
So there exists k € ker f such that g, 'g; = k.
So there exists k € ker f such that g; = gok.
To show: (aba) g1 K C go K.
(abb) go K C g1 K.
(aba) Let g € g1 K.
Then there exists k1 € K such that g = g1k;.
So g = gokky € g K, since kk, € K.
So 1 K C go K.
(abb) Let g € g2 K.
Then there exists ky € K such that g = gok».
So g = g1k 'ky € g1 K since k™ ky € K.
So g2 K C g1 K.
So g1 K = g K.
So f is injective. )
(ac) To show: f(g1K)f(g2K) = f((glK)(ggK)).
Since f is a homomorphism,

FaK) f(gK) = f(g1)f(g2) = f(0192) = F(910:K) = (1K) (g:2K)).

So f is a homomorphism.
(b) To show: (ba) f is well defined.
(bb) f’ is surjective.
(be) f’ is a homomorphism.
(ba) and (bb) are proved in Ex. 2.2.3, Part .
(bc) Since f is a homomorphism,

f(9)f'(h) = f(9)f(h) = f(gh) = f'(gh).
(c) Let K = ker f.
By a), the function
f: G/IK — H
gk — [f(g)
is a well defined injective homomorphism.
By b), the function
i G/K — imf
gK  — f(gK) = [f(9g)
is a well defined surjective homomorphism.
To show: (ca) imf = imf.
(cb) f is injective.
(ca) To show: (caa) imf C imf.
(cab) imf Cimf.
(caa) Let h € imf.
Then there exists gK € G/K such that f(gK) = h.
Let ¢’ € gK.
Then there exists k € K such that ¢’ = gk.
Since f is a homomorphism and f(k) = 1 then

~

1) = f(gk) = f(9)f(k) = f(g9) = f(gK) = h.
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So h € imf.
So irnf Cimf.
(cab) Let h € imf.
Then there exists g € G such that f(g) = h.
So f(9K) = f(g) = h.
So h € imf.
So imf C imf.
(cb) To show: If (g1 K) = f'(goK) then ;K = go K.
Assume f'(g1K) = f'(g:K).
Then f(g1K) = f(g2K).
Then, since f is injective, g1 K = g2 K.
So f' is injective.
Thus A .
fm G/K — imf
gk — f(g)
is a well defined bijective homomorphism. O



