CHAPTER L

GROUPS OF LOW ORDER

In this chapter we shall give tables which give explicit information about several in-
teresting examples of groups which have order less than 100. For the most part we shall
not prove the results given in these tables. We strongly suggest that, in each individual
case, the reader do the appropriate computations to check the information in these tables,

for it is exactly in the computations in examples such as these that the subject of group
theory “comes alive”.
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Let us begin with a list of the different groups of order < 15. The reader should think
about extending this table to include all groups of order, say, < 100. The following
beautiful book may be very helpful for such a project:

H.S.M. Coxeter and W.O.J. Moser, Generators and Relations for Discrete Groups,
Series Ergebnisse der Mathematik und ihrer Grenzgebiete 14, Springer-Verlag,
Berlin 1984.

Note also that the finite abelian groups are completely determined by the Fundamental
Theorem of Abelian groups, Theorem (77777). In the following table:

() denotes the quaternion group.

7./ k7 denotes the cyclic group of order k.

Dy, denotes the dihedral group of order 2k.
Sk denotes the symmetric group on k letters.
Ay, denotes the alternating group on k letters.

Group Order Abelian
(1) 1 Yes
727 2 Yes
737 3 Yes
YARY/ 4 Yes
7)27 x 7./ 27 4 Yes
Z/5Z 5 Yes
767 ~ 7J2Z x T/3T. 6 Yes
Ss ~ Dy 6 No
Z]TZ 7 Yes
Z/8Z 8 Yes
7JAZ x 7.)27. 8 Yes
7)27 x T)2L x Z/2Z. 8 Yes
D, 8 No
Q 8 No
L9 9 Yes
Z]3Z x Z]3Z 9 Yes
Z/10Z ~ 7,)5Z x Z/2Z 10 Yes
D5 10 No
ZJ11Z 11 Yes
7.)127 ~ 7,JAZ x 7./37 12 Yes
7)3Z x T.)27 x 727 12 Yes
D ~ Z/27 x Dy 12 No
A4 12 No
(S, T | S?=T?=(ST)? 12 No
Z]/13Z 13 Yes
L)AL ~Z)TZ X 7] 27 14 Yes
D7 14 No

7157 ~ 7./57 x 7./37. 15 Yes
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L.1. The cyclic group Z/2Z of order 2, the 2-clock

There are at least two natural ways of defining the 2-clock. The isomorphism which
shows that these two definitions are the same is given in the rightmost column of the
following table.

Set Operation Multiplication Table
x | 1 -1
. T 1 1 -1
uy = {1,—1} ordinary multiplication 1 11
={£1} of integers
+ 0 1
0 0 1
Z/2Z ={0,1} addition modulo 2 1 10

The isomorphism is
Q: Z/2Z — U9

0 — 1
1 — —1
Elements

Element ¢ Order o(g) Centralizer Z,

1 1 Z,
1 2 Z,

Generators and relations

Generators Relations
g g° =1

Some Homomorphisms
Homomorphism Kernel Image

¢01 ZQ — {1}
1 1 ker go = po img = {1}
-1 - 1

1

P1i p2 2
1 = 1 ker o1 = {1} im ¢y = s
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Center, conjugacy class and subgroups

Center Abelian Conjugacy classes Subgroups
Z(p2) = pio Yes C = {1} Hy = pip
Ci={-1} Hy = {1}

Subgroup lattice

Order Inclusions

2 u, ={1,-1}

1 {1}
Subgroups H; Structure Index Normal Quotient Group
Hy = s Hy = s Card(pg/pe) =1 Yes pe/Hy ~ {1}
Hy = {1} Hi={1}  Card(u/{1)=2 Yes w1y~
Subgroup H; Normalizer Centralizer
Ho = po N(Ho) = pz Zyuy (Hy) = puo
Hy = (1) N(H) = pe Zyuy (H1) = puo
Subgroups Cosets Right Cosets
Hy = 2 pe = {1,—1} pe = {1,—1}
H, = {1} H, = {1} H, = {1}

(=D H ={-1} Hy(=1) = {-1}
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L.2. The Klein 4-group G = py X o
Let us make some shorter notations for the following matrices.
0

—1

wn=(g 1) cro=(3" V) amn=(; %) ey

The Klein 4-group is the group of order 4 defined as in the following table.

5

Set

(5 2)

The complete multiplication table for this group is as follows.

Operation

matrix multiplication

Multiplication Table

‘ (171) (17_1) <_171) (_17_1>

(1’1) (171) (1’_1) (_171) (_1’_1)
(17_1> (_171) (171) (_17_1) (17_1)
(_171> (17—1) (_17_1) (171) <_171)
(_17_1> (_17_1) (17—1) <_171) (171)

HW: Show that this group, as defined above, is isomorphic to the direct product of a
cyclic group of order 2, uo, with another cyclic group of order 2, us.

Center Abelian Conjugacy Classes Subgroups

Z(G) = g X po Yes Cay ={(1,1)} Ho = pa X po
C(17_1) = {(17_1)} Hl :{<171)7(]—7_]->}
C(l,—l) = {(17_1)} H3:{(171)7(_17_]—)}
C(l,—l) = {(17 _1)} H4 = {(17 1)}

Elements

Element ¢ Order o(g) Centralizer Z(g) Conjugacy Class C,

(1,1) 1 i X 2 Can

(1,-1) 2 2 X Ho Ca,-1)

(=1,1) 2 Mo X 2 Ci-1n)

(—=1,-1) 2 Mo X 2 Ci-1,-1)
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Generators and relations

Generators Relations
x,y 2?2 =1

y' =1

Ty = yx

Subgroups

Subgroups H; Structure Size Index Quotient Group
Hy = 1o X 1o fha X fio 4 1 (29 X 29)/Hy ~ (1)
Hy ={(1,1),(1,-1)} 112 2 2 (Z2 X p2)/Hy >~ pis
Hy ={(1,1),(-1,1)} 2 2 2 (2 X p2)/Hy > pia
Hy={(1,1),(-1,-1)}  pe 2 2 (k2 X p2)/Hz > pia
Hy={(1,1)} (1) 1 4 (k2 X p2) [ Hy = i X pu

All of the subgroups Hy, Hy, Hy, H3, Hy are normal in G = s X .

Subgroup H; Normalizer N (H;) Centralizer Zg(H;)

Hy Hy Hy
Hy Hy Hy
H, Hy Hy
Hj Hy Hy

H, Hy Hy
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Subgroups Cosets Right Cosets
H, Hy = {(£1,+1)} ={+1,+1}
H, H, ={(1,1),(1,-1)} H ={(1,1),(1,-1)}
<_171)Hl :{< 1)7( 1’_1)} Hl<_1>1) = {(_171)7(_1>_1)}
H, HQ:{(Ll) ( )} H, = (171 7<_171)}
(17 _1)H2 = {(1 _1) ( 1, _1)} H2<17 _1) = {( _1)7 <_17 _1)}
Hj H3:{(171)7(_17_1)} H3:{(171 7(_1 _1)}
(1’ _1)H3 = {(1’ _1)’ (_1’ 1>} H3(1 _1) = {(1 _1)7 (_17 1)}
Hy Hy={(1,1)} Hy={(1,1)}
(-1, )H, ={(-1,1)} Hy(—1,1) = {(-1,1)}
(L, —~1DH, = {(1,-1)} Hy(1,-1) = {(1, -1)}
(=1, -1DH, ={(-1,-1)} Hy(=1,-1) ={(-1,-1)}
Some Homomorphisms
Homomorphism Kernel Image
Go: p2 X pp — {1}
(-1L,1) = 1 ker go = 2 X fi2 im ¢y = {1}
(1,-1) 1
Gr1: p2 X e = o
(-1,1) — -1 ker ¢y = im ¢y = o
(1,-1) — 1
G212 X flo = [l
(-1,1) — 1 ker ¢g = im ¢ = o
(1,-1) —» -1
31 po X o = o
(=1,1) —1 ker ¢3 = H3 im @3 = o

11

(17—1)
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L.3. S3 ~ D3, the nonabelian group of order 6

Let
1 00 010 1 00
1=10 1 0], (12)=11 0 0 (23) =10 0 1
0 01 00 1 010
001 010 00 1
(13)=({0 1 0}, (132) =10 0 1 (123)=11 0 0
1 00 1 00 010
The groups S3 and D3 are as in the following table.
Set Operation
Sy = {1, (12), (23), (13), (132), (123)} matrix multiplication
D3 — {1, z, .’L’Q, Y, Ty, ny} xiijkyl — x(z—k) mod 3y(j+l) mod 2
The complete multiplication tables for these groups are as follows.
Multiplication Tables
S 1 (12) (23) (13) (132) (123)
1 1 (12)  (23) (13) (132) (123)
(12) | (12) 1 (123) (132) (13)  (23)
(23) | (23) (132) 1 (123) (12)  (13)
(13) | (13) (123) (132) 1 (23) (12)
(132) |(132) (23) (13) (12) (123) 1
(123) |(123) (13) (12) (23) 1 (132)
Ds 1 y 2%y wxy 2 x
1 1 y 2%y vy 2? oz
y |y 1z 22 ay 2%
22y Wty a? 1 x Yy oxy
Ty |y r 2 1 2%y Y
2?2 |22 2%y wy Y x 1
T T xy y z2y 1 a?

HW: Prove that the group homorphism given as in the following table is an isomorphism.

[somorphism

d: D3 — 53
x — (123)
y = (12)
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Center Abelian Conjugacy Classes Subgroups
Z(Sg) = {1} No C(13) = {]_} HO = 53
Cen ={(12),(23), (13)}  Hi={1,(132),(123)}
Cz = {(123), (132)} Hy ={1,(12)}
H; ={1,(13)}
Hy=1{1,(23)}
Hs = {1}

Elements

Element g Order o(g) Centralizer Z, Conjugacy Class C,

]_ ]_ Sg C(13)
(12) 2 H> Cian
(23) 2 H, Can)
(13) 2 H; Cian
(132 3 H; C)
(123 3 H; Cs)

Generators and relations
Generators Relations Realization
Ds x,y B=yt=1 x = (123)
zy)? =1 y = (12)
Ss 51, 82 s2=s2=1 s1 =y =(12)

_ 2
5158951 = 595159 Sy = x’y = (23)
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Subgroups

Subgroups Structure Normal

Hy = 53 Hy = S3 Yes

H, ={1,(132),(123)} Hy ~ 3 ~ As Yes

Hy, ={1,(12)} Hy ~ ps No

H; ={1,(13)} Hjs >~ py No

Hy={1,(23)} Hy ~ o No

Hs = {1} Hs = {1} Yes

Normal Subgroup Index Quotient Group

HO == Sg
H, = {1, (132), (123)}
Hs = {1}

Subgroup H;

C&rd(S:_:;/Sg) =1
Card(Sg/Hl) =2
Card(Sg/H5) =6

Normalizer N,

Sg/H() ~ (1)
Sg/Hl ~ Z/QZ
53/{1} ~ Sg

Centralizer Zpy,

Ho =53
Hs = {1}

Hy =53
HO = S3
Hs ={1,(13)}
HO = S3

H; = {1}
Hs ={1,(13)}
HO - S3
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Subgroups Cosets Right Cosets
Hy =53 S3 S3

H, ={1,(132),(123)}

Hy = {1,(12)}

={1,(13)}
Hy=A{1,(23)}
Hs = {1}

H, = {1,(132), (123)}
(12)Hy = {(12), (13), (23)}

(23)Hy = {(23), (132)}
(13)Hy = {(13), (123)}

Hy ={1,(13)}
(23)Hs = {(23), (123)}
(12)H;s = {(12), (132)}

(12)Hy = {(12), (123)}
(13)Hy = {(13), (132)}

5 = {1}
(12)Hs ={
(23)Hs = {
(13)H; = {
(132)Hs
(123)H;

)}
)}
)}
32)}
3)}

(12
(23
(13
{(1
{(12

L ={1,(132), (123)}
Hi(12) = {(12), (13), (23)}

Hy = {1 (1 )}
Hy(23) = {(23), (123)}
H5(13) = {(13), (132)}
Hs ={1,(13)}

H3(23) = {(23), (132)}
Hy(12) = {(12), (123)}

Hy(12) = {(12), (132)
Hy(13) = {(13), (123)

= {1}
)5 = {(12)}
JHs = {(23)}
JHs = {(13)}
(132
(123

(——p—

)Hs

(12
(23
(13
(132)Hs = {
(123)H5 = {

)}
)}
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Some Homomorphisms

Homomorphism Kernel Image

wo: S5 — {1}
s1 — 1 ker g = S3 im ¢y = {1}
So > 1

€: Sg — U2

s — —1 kere = As im € = py
S9 — —1
(/1 00 01 0\ )
©0a: Sy — O(3) 010, [100],
010 001 00 1
(12) — [1 0 0 100 010
00 1 ker py = {1} 00 1|, 00 1],
100 010 100
23) — [0 0 1 001 001
010 010, (100
100 010
\ Vs
( 10 -10 )
@3 S3 — O(2> <O 1/° 0 1/°
-0 /2 1/2 1/2 —1/2
(12) — . - -
1/20 11/2 kerips = {1} 3/2 —1/2) \ 3/2 —1/2)°
(23) (3/2 _1/2> (—1/2 1/2) (—1/2 —1/2)
\-3/2 —1/2 -3/2 —1/2)
P4 Sz — D3
(12) — gy ker p, = {1} imy, = D3

(132) — =
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The group action of D3 as rotations and reflections of an equilateral triangle

Dj is the group of rotations and reflections of an equilateral triangle. Denote the vertices
by v;, the edge connecting vertex i to vertex j by e;;, ¢ < j, and the face foi12. Let pyj,
for 4,5 € {0,1,2}, denote the point on the edge connecting v; to v; which is a third of the
way from v; to v;.

Let = be the % counterclockwise rotation about the center taking
Vg — U1 — Uy — Ug.
Let y be the reflection about the line connecting vertex vy with the midpoint of the edge

e12, taking
v; — vy and fixing vg.

Note that 22 =1, y> = 1, and yz = ™ ly.

Let
P = {po1, P10, P12, P21, Po2, P20},
V = {vg, vy, 02},
E = {ep1, €12, €02}, and
F = {foa},

denote the sets of points, vertices, edges, and faces, respectively. Since D3 acts on the
equilateral triangle, D3 acts on each of these sets.
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Size of Size of
Stabilizer Stabilizer Orbit Orbit
(D3)pz‘j = (1) 1 D3pij =P 6
(D3)vo = {Ly} =H 2 Dsvg =V 3
(D3)y, = {1, 2%y} = vHa™! 2 Dsv; =V 3
(D3)y, = {1, 2y} = 2?Hx ™2 2 Dsvy =V 3
(D3)ey, = {1, 2y} = 2?Hz ™2 2 Dseqy = E 3
(D3)612 = {179} =H 2 Dsen =FE 3
(D3)ey = {1, 2%y} = xHx™! 2 Dsegy = E 3

(D3)f012 = Dj 6 D3f012 =F 1
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L.4. The dihedral group D, of order 8

The group Dy is as in the following table.
Set Operation

k) mod 4, ,(j+1) mod 2

Dy ={1,z,2% 2%y, vy, 2%y, 23y} giylahyl = (- y

The complete multiplication table for D, is as follows.

Multiplication Table

1 oz 2 28 y xy 2’y 2’y
1 1 r 2 23 y wxy 2y 2y
x |z 2> 2 1 zy 2%y 2%y oy
2?2 | 2?2 2 1z 2%y 2y oy ay
x| 2d 1z 2 2Py oy ay 2%y
y |y 2Py 2%y ay 1 23 2
xy |y y 2y 2’y x 1 23 2P
22y Wty ay y 2%y  a? T 1 28
2y Wy 2’y ay y ad a? x 1
Center Abelian Conjugacy Classes Subgroups
Z(D4) = {1,ZE2} No Cl = {1} H() = D4
Cp2 = {2} H, = {1,x,2% 23}
Cy = {y. 2°y} Hy = {1,2% y,2°y}
Coy = {2y, 2y} Hy = {1, 2% xy, 23y}
Co = {mjxs} Hy= {1’332}
Hs = {17 y}
Hﬁ = {17 xy}
H; = {1, 2%y}
Hg = {1, 2%y}
Hy = {1}
Elements

Element ¢ Order o(g) Centralizer Z, Conjugacy Class C,

1 1 D, (&
T 4 H1 Cz
Z‘Q 2 D4 sz
Yy 2 H2 Cy
Ty 2 H; Cay
%y 2 H, Cy
3y 2 H; Cay

157
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Subgroups

Subgroup Lattice

Subgroups Structure Normal
Hy=D, Hy=D, Yes
Hy ={1,z,2% 23} Hy ~ 4 Yes
Hy = {1,2%y, 2%y} Hy ~ 15 X Jig Yes
Hsy = {1,2% y, 2%y} Hs >~ g X g Yes
Hy={1,2%} Hy ~ iy Yes
Hs ={1,y} Hs ~ ps No
Hg = {1, zy} Hg ~ ps No
H; = {1, 2%} Hy =~ psy No
Hg = {1,2%y} Hg ~ ps No

Hy = {1} Hy = {1} Yes
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Normal Subgroup Index Quotient Group
Hy= D, Card(D4/Dy4) =1 Dy/Hy ~ {1}
Hy ={1,z,2% 2%} Card(Dy/H,) =2 Dy/Hy ~ ps

Hy = {1,2% y, 2%y} Card(Dy/Hs) = 2 Dy/Hy =~ juiy

Hy = {1,2% y, 2%y} Card(Dy/H3) =2 Dy/Hs >~ po

H4 = {17 [L’2}

Hy = {1}

Subgroup H; Normalizer N(H;)

Card(D4/H4) =4

Card(D,/{1}) =8

Dy/Hy >~ i3 X pio

D4/{1} ~ D4

Centralizer Zg(H;)

Hy= D, Dy

H1 = <l’> D4

H2 = <Z(]2,y> D4

Hjz = (22, zy) Dy,

H4 = <CL'2> D4

Hs = (y) Hy = (2%,y)
Hg = (zy) Hy = (2°,zy)
Hy = (z*y) Hy = (2°,y)
Hy = (2°y) Hy = (2%, vy)
Hy = (1) D,

Z(Dy) = Hy = (2?)

Hy = (x)

H2 = <$27y>
H3 = <$2,5L‘y>
Dy

H2 <:B2ay>
H3 - <x2,xy>
H2 - <£C2,y>
H3 - <$2,.§Cy>
D,



160 CHAPTER L. GROUPS OF LOW ORDER
Subgroups Cosets Right Cosets
H() = D4 D4 = ZL‘D4 = $3D4 = yD4 D4 = D4[E = D4l’2 = D4ZL‘3

Hy ={1,z,2% 23}

H2 = {17 .I'Q, Y, I2y}

HS = {17 .TQ, Yy, :ng}

Hy={1,2%}
Hs = {1,y}

He = {1, 2y}
Hy = {1,2%y}
Hy = {1,2%}

= {1}

= qyDy = 2*yD, = 23yDy

H1 = .Z'Hl = $2H1 = $3H1
={1,z,2% 23}

yH, = xyH, = v’yH, = 2°yH,
= {y, 2y, 2%y, 2%y}

H2 = ZL‘2H2 = yHQ = ZL’QyHQ

= {1751327?/a$2y}
xHy = 23Hy = vyHy = 23y Hy

Hs = 2*Hs = vyHs = 23y Hj

vHy = 23Hs = yHy = 2%y H,

- {I7 x37 y’ x2y}

H4 = ZL’2H4 = {]_,272

xH, = ZE3H4 {z,2}

yHy =x Z/H4 = {y, 2%y}

vyH, = 23y H, = {zy, 23y}

Hs =yHs = {Ly}

xoHs = xyHg) {z, zy}
1?Hs = 2*yHs = {2, 2%y}
r3Hs = 23y Hs = {2°, 2%y}

Hg = xyHe = {1, 2y}

xHe = x*yHe = {x, 2%y}
1?Hg = 23yHg = {22, 23y}
13 He = yHs = {2°,y}

H;, ==z yH7 {1,z y}
rH; = 23yH,; = {z, 2%y}
2H7 = yH7 {I’ ay}
2®Hy = xyHy = {2°, vy}

HS = I’ngg = {Lxgy}
cHy = yHs = {z,y}

2*Hg = xyHg = {2*, zy}
r3Hg = x’yHg = {23, 2%y}

Hg = {1},[[‘]‘19 = {ZL’},

1?Hy = {2*}, 23 Hy = {2*}
yHg = {y}, zyHy = {zy},
v*yHy = {2y}, v’y Hy = {z°y}

= D4y = Dyxy = Dya*y = Dyz’y

Hl = Hl.ZE = HliL'Q = H1x3
={1,z,2% 23}

Hyy = Hixy = Hi2%y = Hi23y
= {y, vy, 2%y, 2°y}

H2 = HQIL‘2 = Hgy = H2$2y

= {17x27yal‘2y}

Hox = Hyx® = Hoxy = Hoxy
= {xa 'Tga Y, xgy}

H3 = H3$2 = Hgl'y = H3$3y
Hsx = Hsx® = Hyy = Hsx’y
- {x7x37y’ x2y}

H4 = H4ZE2 = {1,$2
Hyr = Hyx® = {x, 2%}
Hy = Hy*y = {y, 2%y}
Hyry = Hyxy = {xy, 2%y}

Hs = H5y = {17y}

Hsx = Hszdy = {x, 23y}
Hsx? = Hsz?y = {22, 2%y}
Hsa’ = Hyzy = {2, vy}

Hg = Hozy = {1, 7y}

Hsr = Hex*y = {x,y}
Hgx? = Hexdy = {22, 2%y}
Hgx? = Hex?y = {23, 2%y}

H; = Hy2z%y = {1, 2%y}
Hy;x = Hrxey = {z, 2y}
Hyx? = Hyy = {2%,y}
H:2? = Hyrdy = {23, 2%y}

Hg = H&?C?J—{l 515?/}
Hgx = Hgz?y = {x, 2%y}
Hgx? = Hgry = {22, 2y}
HSxS = HSy = {Igay}

Hg = {1}, HQZE = {l’},

Hya? = {x*}, Hya?® = {z°}
Hoy = {y}, Hyxy = {zy},
Hox?y = {2%y}, Hoxy = {23y}
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Some Homomorphisms

Homomorphism Kernel Image

vo: Dy — {1}
r — 1 ker pg = Dy imyy = {1}
y — 1

w1 Dy — o

r — 1 ker o1 = H; im@; = o
y = —1

©a: D4 — 2
r — —1 ker o = {1, 2%y, 2%y} = H, im g = fin
y — 1

w3 Dy — o
ker 3 = {1,332,3:y,:c3y} = Hj m 3 = o

S
11
|

war Dy — g X g

r — (=1,1) ker p, = {1,2%} = H, im g = g X po
Qg D4 — D4
r = x ker pg = {1} = Hy imyg = Dy
y =y
Generators and relations
Generators Relations
z,y rt=92=1

yr =z ly
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The group action of D, as rotations and reflections of a square

D, is the group of rotations and reflections of the square. We shall denote the vertices by
v;, the edge connecting vertex i to vertex j by e;;, ¢ < 7, and the face foi23. For all v; and
v; connected by an edge, let p;; denote the point on the edge connecting v; to v; which is
a third of the way from v; to v;.

Let z be the 7 counterclockwise rotation about the center taking
Vg — V1 — Uy — Uz —> .
Let y be the reflection about the line connecting vertex vy with vertex vy, taking
vy — v3 and fixing vy and vs.

Note that z* =1, y> = 1, and yz = ™ 'y.
Let

P = {pm,ploap12,p21,p23,p32,]903,p30}a
V = {UOav171)27v3}7
E = {ep1, €12, €23, €03 }, and

F = {f0123}7

denote the sets of points, vertices, edges, and faces, respectively. Since D, acts on the
square, Dy acts on each of these sets.




L.4. THE DIHEDRAL GROUP D4 OF ORDER 8 163

Size of Size of
Stabilizer Stabilizer Orbit Orbit
(Da)p,; = (1) 1 Dupij = P 8
(D4)v0 = {Ly} =H 2 D4’U0 =V 4
(Dy)y, = {1, 2%y} = xHa™! 2 Dy, =V 4
(D4)v2 = {Ly} =H 2 Dy =V 4
(Dy)yy = {1, 2%y} = xHa™! 2 Dyvs =V 4
(D4)601 = {1,[L’y} =J 2 Dyeyy = E 4
(D4)62‘3 = {ny} =J 2 D4€23 =F 4
(Dy)ey, = {1, 2%y} = xJa™! 2 Dyery =FE 4
(Dy)egs = {1, 2%y} = xJa™! 2 Dyegs = FE 4

—_

(D4)f0123 =D, 8 D4f0123 =F
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L.5. The quaternion group )

The quaternion group @ is as in the following table. The element —1 acts like —1 in the
complex numbers, it takes everything to its negative, and the negative of a negative is a
positive.

Set Operation

Q:{la_laia_iaja_jaka_k} Z2:j2:k2:ij:—1
The complete multiplication table for @) is as follows.

Multiplication Table

1 -1 i —i j —j k —k
1 |1 -1 & —i § —j k —k

—k —k Kk —j i —i 1 -1

Center Abelian Conjugacy Classes Subgroups
Z(Q)=A11,-1} No C, ={1} Hy=0Q
C_={-1} Hy = {*1,+i}
C; = {+1} Hy = {+1,+j}
C; = {5} Hy = {+1, +k}
Cr = {£k} Hy = {£1}
Hs = {1}
Elements

Element ¢ Order o(g) Centralizer Zg(g) Conjugacy Class C,

1 1 Q C
~1 2 Q C_,

i 4 H, C;
— 4 H, C;
j 4 H, C;
—j 4 H, C;
3 4 H Cr
—k 4 H Cr
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Subgroups
Subgroups Structure Index Normal Quotient Group
Hy=0@Q Hy=@Q Card(Q/Q) =1 Yes Q/Ho ~ (1)
Hy, = {%1, +i} Hy >~y Card(Q/H,) =2 Yes Q/H, ~ Z,
Hy = {£1,4j} Hy ~ uy Card(Q/Hy) =2 Yes Q/Hy >~ 1o
H; ={%1,tk} Hs ~ 14 Card(Q/H3) =2 Yes Q/Hjs ~ 1y
Hy={+1} Hy~ o Card(Q/Hy) =4 Yes Q/Hy >~ o X pg
Hy = {1} Hy={1}  Card(Q/H5;) =8  Yes Q/(1) =@

Subgroup Lattice

Subgroup H;

Normalizer N (H;) Centralizer Zg(H;)

QODOOO

Hy = {£1}
H, = <Z>
Hy = (j)
Hy = (k)
Q

Q
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Subgroups Cosets Right Cosets
Hy=Q Q Q
Hy, = {£1,+i} Hy, = {£1, +i} Hy = {£1, +i}
iHy = {%i,+k} Hyi = {+i,+k}
Hs = {£1,+k} H; = {£1,+k} Hz = {£1,+k}
Hy = {£1} Hy = {£1} Hy = {£1}
iHy, = {%i} Hyi = {+i}
JHy = {£j} Hyj = {+j}
kH, = {xk} Hyk = {xk}
Hs = {1} Hs = {1} Hs = {1}
(-1)Hs = {-1} Hs(—1) = {-1}
iHs = {i} Hsi = {i}
—iHs = {—i} Hj(—i) = {—i}
JHs = {j} Hsj = {j}
—jHs = {_j} Hs(_j) = {_j}
kHs = {k} Hsk = {k}
—kHs = {—k} Hs(—k) = {—k}
Generators and relations
Generators Relations Realization
S, T S?2 =T? = (ST)? S=11,T=73ST=k
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Some Homomorphisms

Homomorphism Kernel Image

vo: Q@ — (1)

i o= 1 ker g = @ imyy = (1)
j = 1

p1: Q — 2
T = 1 ker Y1 = H, = {:tl, ZEZ} 1mcp1 = Zy
7 = —1

w21 @ — Zp
T = =1 ker po = Hy = {1, £} im @y = 75
j = 1

w31 Q — Zy
1 = —1 ker p3 = H3 = {:l:l, :l:]{?} 111’1(,03 = /s
j = —1

pi: Q —  GR(C)

) (o 2) G )
g . _ 0 +£1)°\0 =Fi)’

P (0 1) ker pg = Hs = (1) m @q = 0 =1 0 =i
F1 0 ) \+i 0

o5t Q = ZyX Zp
) (-1, 1) kergo5 = H4 = {:l:]_} im Q5 = ZQ X ZQ

j = (17_1)

I
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L.6. The tetrahedral group A,

The group A4 can be given in at least two natural ways. In the following tables we shall
use one-line notation to represent the permutations in Ay.

Set Operation
even permutations in S composition of permutations
rotations preserving a tetrahedron composition of rotations
Center Abelian Conjugacy Classes
Z(Ayg) = {(1234)} No Casy = {(1234)}
Cia2) = {(2143), (3412), (4321)}
Ciay+ = {(3124), (4213), (2431), (1342)}
Cisiy- = {(2314), (3241), (4132), (1423)}
Elements

Element g Order o(g) Centralizer Z(g) Conjugacy Class C,

(1234) 1 Ay Cay
(2143) 2 H, Co2
(3412) 2 H, Co2
(4321) 2 H, Co2
(3124) 3 H, Ciny+
(4213) 3 H, Ciny+
(2431) 3 H3 C(31)+
(1342) 3 H;s Ciny+
(2314) 3 H, Cisny-
(3241) 3 H, Cis1y-
(4132) 3 H; Ciny-
(1423) 3 H Ciny-
Generators and relations
Generators Relations Realization

S, T SP=T2=(STP=1  §=(2314),T = (2143)
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Subgroups
Subgroups Structure Index Normal
HO = A4 HO = A4 C&I‘d(A4/A4) =1 Yes

Hy = {(1234), (2143), (3412), (4321)}  Hy~ps x pts  Card(As/H)) =3  Yes

H, = {(1234), (3124), (2314)} Hy =~ 13 Card(A,/Hy) =4  No
Hy = {(1234), (4132), (2431)} Hy ~ s Card(Ay/H;) =4  No
H, = {(1234), (4213), (3241)} Hy ~ Card(Ay/Hy) =4 No
Hy = {(1234), (1423), (1342)} Hs ~ 1 Card(A,/Hs) =4  No
He = {(1234), (3412)} Hg ~ 15 Card(A;/Hg) =6  No
Hy = {(1234), (2143)} Hy ~ 1y Card(A;/H;) =6 No
Hy = {(1234), (4321)} Hy ~ 115 Card(A,/Hs) =6 No
Hy = {(1234)} Hy ~ (1) [Ay : Hy) = 12 Yes

Subgroup Lattice
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Normal Subgroup Index Quotient Group
Hy=A, Card(A4/A4) =1 AyfAy ~ {1}
H, = {(1234), (2143), (3412), (4321) } Card(Ay/Hy) =3 Ay/Hy ~ ps

Hy = {(1234)} Card(Ay/Hy) = 12 Ay/{1} ~ Ay

Some Homomorphisms

Let € be the primitive cube root of 1 given by & = *™/3 € C.

Homomorphism Kernel

@Yo - A4 — (1)

S = 1 ker pg = Ay
T — 1
IS VI A
S = £ ker p; = Hy
T — 1
w21 Ay — 3
S = &2 ker o = H;
T — 1
Y3 A4 — GL(?))
1 0 0
S = 0 —1/2 =3/2
0 1/2 -1/2 ker p3 = (1)

~1/3 —4/3 0
r T — |-2/3 1/3 0
0 0 -1
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The group action of A, as rotations of a tetrahedron

Ay is the group of rotations of the tetrahedron. We shall denote the vertices by v;, the
edge connecting vertex ¢ to vertex j by e;;, ¢ < j, and the face adjacent to the three
vertices v;, vj, U, by fijk, © < 7 < k. Let 71234 denote the region determined by the inside
of the tetrahedron. Let p;;, 1 < ¢,7 < 4 denote the point on the edge connecting v; to v;
which is a third of the way from v; to v;.

>

Vy

171 V3

)

G

Let S be the 60° rotation about the bottom face taking
V1 — V9 — v3 — v;  and fixing vy.

Let T" be the 180° rotation about the line connecting the midpoint of edge es, with the
midpoint of edge e, taking

v — vy and vz — 4.

Note that S3 =1, T? =1, and (ST)? = 1.
Let

P={py|1<1,j <4},

V = {vy,v9, 03,04},

E = {e1, €13, €14, €23, €24, €34,

F = {f123, fi24, [134, fosa}, and

R = {7“1234}7

denote the sets of points, vertices, edges, faces, and regions, respectively. Since A, acts
on the tetrahedron, A4 acts on each of these sets.
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Size of Size of

Stabilizer Stabilizer Orbit Orbit
(A4)pz‘j = (1) 1 A4pij =P 12
(A4)U4 = {1, S, 82} =H 3 A4U4 =V 4
(A4)v3 = {1, TST_I, TSQT_I} =THT ! 3 A =V 4
(As) = {1.TS, S*T} = (ST)H(ST)"! 3 Ay =V 4
(s, = {1, ST, (ST)?} = (S*T)H(S2T)" 3 Ay =V s
(A4)612 = {17T} 2 Asjern = F 6
(A4)634 - {17T} 2 A4€34 =F 6
(Ag)ey = {1,575} 2 Asery = F 6
(A4)e23 = {1, STS_I} 2 A4€23 =F 6
(A4)613 = {1, SQTS_2} 2 A4€13 =F 6
(A4)624 = {17 SQTS_2} 2 A4€24 =L 6
(A4)f123 - {1> S> SQ} 3 A4f123 =F 4
(A4)f124 = {1’TST_17 TSQT_l} 3 A4f124 =F 4
(A4) fogs = {1, (ST)S(ST) ", (ST)S*(ST) '} 3 Asfosa = F 4
(A4)f134 = {17 (SQT)S(‘SQT)ila (S2T)SQ(SZT)71} 3 A4f134 =F 4
(Ad)rines = As 12 Agrioss = R 1
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L.7. The octahedral group 5,

The group S4 can be represented in several different ways. Some of these are given in the

following table.

Set Operation

permutations of 4 elements composition of permutations
rotations preserving a cube composition of rotations
rotations preserving an octahedron composition of rotations

The complete multiplication table for Sy is a 24 x 24 matrix. This matrix is too big to

include here.

In the following tables we shall use one-line notation to represent the permutations in Sy.

Center

Conjugacy classes

Z(S4) = {17 _1}

Subgroups

There are more than 30 subgroups of the group S,. We shall not give a list of all of the
subgroups and we shall not give a subgroup lattice here. The following table lists only
the normal subgroups of S;.

Normal subgroup Structure Quotient Group
N0:S4 N0:S4 54/542 (1)
N1:A4 N1:A4 54/1442”2

[ (1234),(2143), ~ -
Ne = { (3412), (4321) Ny~ iy X fta Sa/Ny = S

Ny = {(1234)}

Ngﬁ{l} 54/{1}284
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Generators and relations

The following table gives two useful presentations of the octahedral group Sj.

Generators Relations Realization
S, T St=T?= (ST =1 S = (4123),T = 4231
S1, S, S3 s?=s2=s2=1 s; = (2134)

5159281 = S251S52 So = (1324)

§98389 — 535253 S3 = (1243)

Some Homomorphisms

In the following table s; = (2134), so = (1324), s3 = (1243) denote the simple trans-
positions in the group Ss. These simple transpositions generate S;. Note also that the
homomorphism labeled ¢4y is the sign homomorphism € of the symmetric group Sy.
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Homomorphism Kernel
p: Sy — S3
51— (213) B
ss > (132) kerp = N,
s3 — (213)
P4): S4 — (1)
S1 1
5 s 1 ker oy = 54
s3 — 1
P14y - 84 — Zg
s1 — —1
s > —1 ker ¢4y = Ay
S3 —1
P(212) S, — GLg
-1 0 0
S1 0 -1 0
0O 0 1
-1 0 0
s = |0 1/2 3/2 ker gy = (1)
0 1/2 —1/2
1/3 4/3 0
S3 > 2/3 —1/3 0
0 0 -1
P31: Sy — GLs
-1 0 0
S1 > 0 10
0 0 1
1/2 3/2 0 _
ss = [1/2 =172 0 ker i = (1)
0 0 1
1 0 0
ss — |0 1/3 4/3
0 2/3 —1/3
P(22) 54 — GL(Q)
-1 0
S1 > (O 1)
. /2 3/2 ker ¢(22) = Ny
2 1/2 —1/2
-1 0
S3 (O 1)
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The group action of S; as rotations of a cube

Sy is the group of rotations of the cube. We shall denote the vertices by v;, the edge
connecting vertex i to vertex j by e;;, @ < j, and the face adjacent to the four vertices v;,
Vj, Uk, U, by fijr, @ < J < k <. Let ri934567s denote the region determined by the inside
of the cube. For all v; and v; connected by an edge, let p;;, denote the point on the edge
connecting v; to v; which is a third of the way from v; to v;.

Let S be the 90° rotation about the top face taking
V1 —> Uy = U3 = vy — v and vy — vg —> V7 —> Ug —> Us.
Let T be the rotation 90° about the right face taking
Vg — V] — U5 —> Vg and  v3 —> Uy — vg —> V7.

Let

P={piy | 1<1,j <8},

V = {wy, va, v3, vy, U5, Vg, V7, Vs },

E = {e12, €23, €34, €14, €15, €a8, €26, €37, €56, €67, €78, €58 |,

F = { f1234, fse7s, f12s6, faars, frass, fase7} and

R = {7“12345678},

denote the sets of points, vertices, edges, faces, and regions, respectively. Since S acts
on the cube, S; acts on each of these sets.
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Size of Size of

Stabilizer Stabilizer Orbit Orbit
(54)pij = (1) 1 S4pij =P 24
(S4)e, = {1,735, TS3} = H 3 Sy =V 8
(S4)U7 { T3S TS3} H 3 S4’U7 =V 8
(S1)w, = {1, ST , TS} =SHS™! 3 Syvg =V 8
(54)1,8 {1 53T3 TS} SHS~ 1 3 54’08 =V 8
(54)1,3 {1 ST SzTS} SQHS 2 3 S4U3 =V 8
(54)7)5 {1 ST SZTS} SQHS 2 3 54?}5 =V 8
(S4)U4 {1 SgT Sszg} SgHS 3 3 S4?J4 =V 8
(54)% { 53T S2T53} SgHS 3 3 54216 =V 8
(54)612 = {1, TS2} = J 2 S4€12 =F 12
(S4)€78 {1 TSQ} - 2 Sierg = E 12
<S4)623 {1 STS} = SJS 1 2 54623 =F 12
(54)658 {]. STS} SJS 1 2 54658 =F 12
(54)634 {1 SzT} S*JS~? 2 Syezqs = E 12
(S1)ess = {1, 57T} = S2JS72 2 Sies6 = £ 12
(54)614 {1 SSTSS} SSJS 3 2 54614 =F 12
(54)667 == {1 Sgng} S3JS 3 2 54667 =F 12
(54)615 = {1 STZ} (ST?’)J(ST3) 2 54615 =F 12
(S4)esr = {1, 8T} = (ST°)J(ST°)! 2 Sies; = E 12
(Sh)ess = {1,5%T?} = (S3TS)J(S3TS)~! 2 Sieqs = F 12
<S4)626 {1 SSTQ} == (SgTS) (S3TS>_1 2 54626 =F 12
(S4) frase = {1,5,5%, 5} = K 4 Syfioss = F 6
(S4) fsors = {1,5,5% 8%} = K 4 Sufsers = F 6
(S4)f1256 {1 S2T2 SSTS STS?’} =TKT! 4 S4f1256 =F 6
(S4)f3478 {1 S2T2, SgTS, STSs} =TKT! 4 S4f3478 =F 6
(54)f1458 {1 T, T2,T3} = (ST3)K(ST3)_1 4 S4f1458 =F 6
(S4)f2367 - {1 Ta T27T3} = (ST3)K<ST3)_1 4 S4f2367 =F 6
(54)7’12345678 = 54 24 Syr12345678 = R 1






CHAPTER C

COMMUTATIVE RINGS

C.1. Euclidean Domains, PIDs and UFDs

C.1.1. R is a Euclidean domain =— R is a PID. —
Definition C.1.1. — Let Z>o = {0,1,2,...} be the set of nonnegative integers.
¢ A Euclidean domain is an integral domain R with a function
o: R—{0} — Zxo, a size function
such that if a,b € R and a # 0 then there exist ¢, € R such that
b=aq+r, where either 7 = 0 or o(r) < o(a).
e Let R be a commutative ring. A principal ideal is an ideal generated by a single
element.
e A principal ideal domain (or PID) is an integral domain for which every ideal
is principal.

Theorem C.1.1. — A Euclidean domain is a principal ideal domain.

C.1.2. Risa PID = Ris a UFD. —
Definition C.1.2. — Let R be an integral domain.

e A unit is an element a € R such that there exists an element b € R such that
ab=1.
e Let p,q € R. The element p divides ¢ if there exists a € R such that ¢ = ap.

e Let p,g € R. The element p is a proper divisor of ¢ if p is not a unit and there
exists a nonunit a € R such that ¢ = ap.

e Let p,q € R. The elements p and ¢ are associates if there exists a unit a € R such
that p = aq.

e An element p € R is irreducible if
(a) p #0,
(b) p is not a unit, and
(c) p has no proper divisor.

The following proposition shows that every property of divisors can be written in terms
of containments of ideals and vice versa.
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Proposition C.1.2. — Let p,q € R and let (p) and (q) denote the ideals generated by
the elements p and q respectively. Then

(a) p is a unit <= (p) = R.

(b) p divides ¢ <= (q) € (p)-

(¢) p is a proper diwisor of ¢ <= (q) € (p) € R.

[d) p is an associate of ¢ <= (p) = (q).

(e) p is irreducible <= (p) # 0 and (p) # R and
if (q) € R and (q) 2 (p) then (q) = R.

HW: Show that if R is a PID and p € R then p is irreduicible if and only if (p) is a
maximal ideal.

Definition C.1.3. —
e A unique factorization domain (or UFD) is an integral domain R such that

(a) If z € R then there exist irreducible pq,...,p, € R such that z =p;---p, .

(b) fx € Randz =py -+ p, =uqy - ¢, whereu € Risaunitand py, ..., pn, @1, -+, qm €
R are irreducible then m = n and there exists a permutation o: {1,2,...,n} —
{1,2,...,n} and units uy,...,u, € R such that

if i € {1,...,n} then ¢; = up,¢).
The following theorem says that PID = UFD.

Theorem C.1.3. — A principal ideal domain is a unique factorization domain.

The proof of Theorem C.1.3 will require the following lemmas.

Lemma C.1.4. — If R is a principal ideal domain and p € R is an irreducible element
of R then (p) is a prime ideal. REALLY? IS THIS NOT TRIVIAL??

The following Proposition says that a PID is Noetherian or, synonymically, satisfies the
ascending chain condition (ACC).77777.

Proposition C.1.5. — Let R be a principal ideal domain. There does not exist an
infinite sequence of elements ay,as, ... € R such that

(0) € (a1) S (ag) & -+
C.1.3. Greatest common divisors. —

Definition C.1.4. — Let R be a unique factorization domain.
e Let ag,ay,...,a, € R. A greatest common divisor, gcd(ag,as,...,a,), of
ag, ai, - ..,a, is an element d € R such that
(a) d divides a; for all i =0,1,...,n,
(b) If " divides a; for all i =0, 1,...,n then d’ € R divides d.

Proposition C.1.6. — Let R be a unique factorization domain and let ag,aq, ..., a, €
R. Then
(a) ged(ag, ar,...,an,) exists.

(b) ged(ag, ay, . .., ay,) is unique up to multiplication by a unit.
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C.2. Fields, Integral Domains, Fields of Fractions
C.2.1. R/M is a field <= M is a maximal ideal.—

Definition C.2.1. —

e A field is a commutative ring F' such that if x € F and x # 0 then there exists an
element z=! € F such that zz=! = 1.
e A proper ideal is an ideal of R that is not the zero ideal (0) and not the whole
ring R.
e A maximal ideal is an ideal M of a ring R such that
(a) M # R,
(b) If M’ is an ideal of R and M C M’ # R then M = M.

Lemma C.2.1. — Let F be a commutative ring. Then F s a field if and only if the
only ideals of F' are (0) and F.

Theorem C.2.2. — Let R be a commutative ring and let M be an ideal of R. Then
R/M is a field if and only if M is a maximal ideal.

C.2.2. R/P is an integral domain <= P is a prime ideal.—

Definition C.2.2. —

e An integral domain is a commutative ring R such that if a,b € R and ab = 0
then either a =0 or b = 0.

e A zero divisor in a ring R is an element a € R such that there exists b € R with
%0 and ab = 0.

e A prime ideal is an ideal P in a commutative ring R such that if a,b € R and
ab € P then either a € P or b € P.

HW: Show that an integral domain is a commutative ring with no zero divisors except 0.

Proposition C.2.3. — (Cancellation Law) Let R be an integral domain. If a,b,c € R
and ¢ # 0 and ac = be then a = b.

Theorem C.2.4. — Let R be a commutative ring and let P be an ideal of R. Then

R/ P is an integral domain if and only if P is a prime ideal.

C.2.3. Fields of fractions. —

Definition C.2.3. — Let R be an integral domain.
e A fraction is an expression % witha € R, b€ R and b # 0.

Proposition C.2.5. — Let R be an integral domain. Let Fr = {% | a,b€ R, b# O} be
the set of fractions. Define two fractions ¢, 5 to be equal if ad = bc, i.e.
% = CEZ if ad = be.

Then equality of fractions is an equivalence relation on Fg.
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Proposition C.2.6. — Let R be an integral domain. Let Fr = {% | a,b€ R, b# O} be

its set of fractions with equality of fractions be as defined in Proposition C.2.5. Then the
operations +: Fr X Fr — F and x: Fr X Fr — Fg given by

a ¢ ad+be a ¢ ac

5 + 7= b an 5 7= bd are well defined.

Theorem C.2.7. — Let R be an integral domain and let Fp = {% |la€e R,be R— {0}}
be the set of fractions with equality of fractions be as defined in Proposition C.2.5 and let

operations +: Fr X Fr — Fg and x: Fgr X Fr — Fg be as given in Proposition C.2.6.
Then Fr is a field.

Definition C.2.4. — Let R be an integral domain.

e The field of fractions of R is the set Fr = {T | m,n € R,n # 0} of fractions
n

with equality of fractions defined by

m p .

— == ifmg=np

nooq
and operations of addition +: Fg X F'r — Fr and multiplication x: Fr x Fgp —
Fr defined by

= and
bq

_l_

ng

m.,p_mg+np m.op_mp
noq noq

HW: Give an example of an integral domain R and its field of fractions.

Proposition C.2.8. — Let R be an integral domain with identity 1 and let Fr be its
field of fractions. Then the map ¢: R — Fgr given by
Q! R — FR

r
r o= 1

s an injective ring homomorphism.
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C.3. Polynomial Rings

Definition C.3.1. — Let R be a commutative ring and for i € Z- let 2% be a formal
symbol.

e A polynomial with coefficients in R is an expression of the form
f(x) =ro+rz+roa®+---

such that
(a) if i € Zsg then r; € R,
(b) There exists N € Z~g such that if i € Z.y then r; = 0.

e Polynomials f(z) = rg + mz + rex® + -+ and g(z) = so + s1¢ + S92 + -+ with
coefficients in R are

equal if r; =s; for i € Z,.

e The zero polynomial is the polynomial 0 = 0 + 0z + 0z% + - - - .
e The degree deg (f(x)) of a polynomial f(z) = ro+rz+ra’+- - with coefficients
in R is
the smallest N € Z~q such that ry # 0 and r, =0 for k € Z- .
If f(x) =0+ 0z + 0z% + - -+ then define deg (f(a:)) =0.

e Let R be a commutative ring. The ring of polynomials with coefficients in R
is the set R[z] of polynomials with coefficients in R with the operations of addition

and multiplication defined as follows:
If f(z),9(x) € R[z] with

f(x) =rg+ 1z +ra®+--- and g(x) =50+ 512+ S9x% + -+,
then
f(I) +g(I) = (T0+50> + (7’1 +81)I+ (7’2 —1—52)1’2 +---, and

f(x)g(x) = co+ 1z + cox® +---, where ¢ = Z 1iS;.
i+j=k

Proposition C.3.1. — Let R be a commutative ring. Then R[x] is a commutative ring.
Proposition C.3.2. — Let R be an integral domain. Then R[z| is an integral domain.

Theorem C.3.3. — Let R be a unique factorization domain. Then Rlx] is a unique
factorization domain.

Theorem C.3.4. — Let F be a field. Then Flz| with size function

deg: Flx] — {0} — Lo
f(x) —  deg (f(x))

Corollary C.3.5. — Let IF be a field. Then F|x] is a principal ideal domain.

1s a Buclidean domain.

HW: Show that Z is a PID and Z[z] is not a PID.

The following Proposition says that the process of constructing the polynomial ring is
“functorial”.
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Proposition C.3.6. — Let R, S be commutative rings and let ¢: R — S be a ring
homomorphism. Then the function

v R[x] — Slx]
ro+ 1w+ rer? 4+ — o(re) + p(r)r + p(re)z? + - -

1 a ring homomorphism.

C.3.1. Adjoining elements to R, the rings R[a|. —

Definition C.3.2. — Let S be a commutative ring and let o € S.
e The evaluation homomorphism is the function
eve: Szl — S
f(x) = fla)
where if f(x) = so + 12 + s92% + -+ then f(a) = so + sy + s9a® + -+ - .

Proposition C.3.7. — Let S be a commutative ring and let « € S. Then the evaluation
homomorphism ev,: S[x] — S is a ring homomorphism.

Definition C.3.3. — Let S be a commutative ring.
Let R C S be a subring and let a € S.

e The ring R adjoined « is the subring R[a] of S given by
(THIS IS CLUMSY WITH THE DEPENDENCE ON §)

eve: Sl —» S

Rla] = eva(R[z]),  where fl@) = fla).

HW: Prove that R[a] = ev,(R[z]) is a subring of S.
HW: Let S be a commutative ring. Let R C S be a subring and let o € S. Show that

Rl ={ro+ra+ra*+---+ra® €S| deZsand r; € R}.
C.3.2. Executing the proof of Theorem C.3.3. —

Definition C.3.4. — Let R be a unique factorization domain.
e A polynomial f(z) = cg+ 17 + -+ + cxz® € R[z] is primitive if there does not
exist p € R such that ¢y, cq,...,c, € Rp.

Lemma C.3.8. — (Gauss’ Lemma) Let R be a unique factorization domain. Let
f(z),g(x) € R[zx] be primitive polynomials. Then f(x)g(z) is a primitive polynomial.

Proposition C.3.9. — Let R be a unique factorization domain. Let F be the field of

fractions of R and let f(x) € Flz]. Then
(a) There exists c € F and a primitive polynomial g(x) € R[z| such that

flx) = cg(x).
(b) The factors ¢ and g(x) are unique up to multiplication by a unit (A UNIT IN
WHAT?2?).
(c) f(x) is irreducible in F[z] if and only if g(x) is irreducible in R[x].

Theorem C.3.10. — Let R be a unique factorization domain. Then R[x] is a unique
factorization domain.
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C.4. Proofs: Polynomial Rings

Proposition C.4.1. — Let R be a commutative ring. Then R|x] is a commutative ring.
Proof. —
To show: (s) I /(2 (2) & RE) then 7(0) £ 9(2) = g(x) + /@),
(b) It f(x), g(x), h(z) € Rlx] then (£(x)+g(x)) +h(x) = f(z)+ (g9(z) +h(x)).
(c) 0 € R[z] such that if f(z) € R[z] then 0+ f(x) = f(x).
(d) If f(z) € R[x] then there exists — (a:) € R[z]s Ch that f(@)+(=f(z)) =0.
(0) It J(x),g(x), h(x) € Rle] then (J(@)g(w))h(x) = f(x)(g(x)h(a)).
(f) There exists 1 € R[x ] such that 1- f(z) = f(z) - 1= f(x).
(8) If f(x). g(x),h(x) € Rlx] then f(x)(glx) + h(x)) = fla)g(a) + f(x)h(z)
and (g(x) + h(x)) f(z) = g(2) f(z) + h(z) f(2).

(h) If f(2),9(x) € R[z] then f(z)g(x) = g(x)f(x).
(a) Let f(z),g(x) € R[z] such that f(z) =ro+riz+ra*+ -+ and g(z) = so+ s12+

f(x) +g(x) = (ro 4+ s0) + (r1 + s1)x + (ry + s9)2* +---  and
g(x) + f(z) = (s0 +70) + (81 +711)T + (89 + 1) 7% + -+ - .
Since addition in R is a commutative operation then

i+ S8 =8+ forz'EZ>0.

So f(x) + g(x) = g(x) + f(x).

(b) Let f(z),g(x),h(x) € R[z] and let f(x )—r0+r1x+r2x2—l—---,g(x):so+slx+
$9x% + -+ and h(z) = to + t1x + tax? + -
Then

(f(z)+g(z)) +h(z) = ((ro+s0) + to) + ((r1 +s1) + t1)z + ((ra + s2) + t2)2” + -+ and
f(x) + ( ( )+ h(x)) = (ro + (so +to)) + (r1 + (s1+t1))x + (ro + (52 + t2))a” + -+ - .
Since addition in R is an associative operation then
(ri+s;)+t;=ri+(s;+t;) forie€ Zs.

So (f(z) +g(x)) + h(z) = f(2) + (9(x) + h(z)).
(c) Let 0 denote the polynomial

0=0+0x +0x*+---.
Let f(z) € R[z] and let
f(x) =ro+riz+roa®+---
Then
0+ f(z)=(0+7) + (0+7)z+ (0+7r9)® + -+
If i € Z>o then 0+ r; = r;, and so
0+ f(z) = f(x).
Since addition of polynomials is commutative by (a) then f(z)+0 = 0+ f(x) = f(z).
(d) Let f(z) € R[x] such that f(x) = ro+ riz +rex? + -

Then let —f(x) = —rg + (—r1)z + (—ry)a® + - - -.
If i € Zso then r; € R and so —r; € R and — f(x) € R[z].



188

CHAPTER C. COMMUTATIVE RINGS

Then

f@)+ (= f(x) =(ro—ro) + (r1 —ri)z + (ra — ra)z” + - --
So

f@)+ (= f(x)) =0+02+0z>+--- =0.

Since addition of polynomials is commutative by (a), f(z) + (— f(z)) = —f(z) +
f(z) =0.
Let f(z),g9(x),h(z) € Rlz] and f(x) = 1o + rix + rox® + -+, g(x) = so + s12 +
$9x? + -+ and h(z) = to + tyx + tox® + -+ - .

Then
f(z)g(x) = co+crx +cox® +---, where ¢ = Z ris;, and
i+j=k
(f(@)g(x)) (h(z)) = do + dix + dpa® + -+, where d, = Z ety
k+l=n
So, by the distributive law in R,
dn = Z < Z T’Z'Sj)tl = Z TiSjtl,
ktl=n i+j=k i+j+l=n
Also
g(x)h(z) = eg + e1wv + egx® +---,  where eq = Z Sqty, and
a+b=q
(f(2) (9(x)h(z)) = dy + djx + dya® + -+,  where d, = Z T'peq-
pt+g=n

Then, by the distributive law in R,
d, = Z Tp< Z satb> = Z T'pSatbs
p+g=n a+b=q p+a+b=n

So, if n € Z+( then d,, = d,.

So ((x)a(x)) (h(x)) = (£(x)) (g9(x)h(x)).

Let f(x),g(z) € Rlz] and let f(z) = ro + raz + rea® + -+ and g(z) = so + s12 +

Y e S
Then
f(z)g(x) = co+crz +cox® +---, where ¢ = Z ris;, and
it+j=k
g(@)f(z) =cy + cjx + cha*+---, where ¢, = Z ;T
it+j=k

Since R is a commutative ring then
cp = g is; = E sjr; = ¢, for k € Zsy.
itj=k i+j=k

So f(x)g(x) = g(x) f(x).
Let 1 € R[x] be the polynomial given by

1=14+0z+0z2+---.
Let f(z) € R[z] and f(z) = ro + rix + rox? + - - -.
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Then
1-f(x)=co+crx+cex®+---, where ¢ = Z a;rj, and
i+j=k
ap = 1 and a; = 0 forze Z>1.

Socy=agry+04+0+---+0=r for k € Z-o.

So 1 f(x) = f(x).
Since multiplication in R|x] is commutative by (h) then 1- f(x) = f(z) -1 = f(2).

() Let f(2).g(o),hle) € Rlal and suppose fia) = 1o+ rio -+ raa’ + -, glz) =
S0+ 811 + sex? + - -+ and h(z) = tg + tyw + tox? + - - -
Then
f(@)(g9(z)h(z)) = co+ c1z + x> + -+ where ¢, = Z ri(s; + ;).
i+j=k

By the distributive law in R, ¢, = Ziﬂ.:k i85 + 1it;.
Also f(z)g(x) + f(x)h(z) = ¢ + dyx + cha® + - - -, where

Z TmSn + Z Tmln = Z TmSn + Tmtn

m+n=k m+n=k m+n=k
So ¢, = ¢}, for k € Z~y.

Thus
f(@)(g(x)h(x)) = f(x)g(x) + fl)h(z).

(
Since multiplication in R[x] is commutative by (h),
h

]
(2)) f(x) = f(z)(g(z) + h(z))

(9(z) +
= f(x)g(x) + f(z)h(z)
= g(x)f(x) + h(x) f(x).
So R|x] is a commutative ring. O
Proposition C.4.2. — Let R be an integral domain. Then R[z] is an integral domain.

Proof. —

To show: If a(x),b(x) € R[x] and a(x)b(z) = 0 then either a(x) = 0 or b(z) = 0.
Let a(x) = ag + a1x + agx® + - -+ and let b(x) = by + bz + boa® + -+

Let c(z) = a(z)b(z) = co + 12 + cgz® + -+ -

Assume a(z) # 0.

Then there exists ¢ € Z~q such that a; # 0.

Let k be the smallest k € Z-, such that a;, # 0.

To show: b(z) = 0.

To show: if n € Z( then by = 0.

Proof by induction on N.

Base case: N = 0.
Since ¢(x) = a(z)b(z) = 0 then ¢, = 0 for k € Z.

So
Z aibj =0.

it+j=k
Ifi € {0,...,k — 1} then a; = 0 so that

0= Z aib]’ = akbo.

i+i=k
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Since R is an integral domain and ay, by € R and a; # 0, then by = 0.

Induction assumption: Assume if n € Zjy ) then b, = 0.
Since ¢(x) = a(z)b(z) = 0 then ¢y =0,

So
Z aib]‘ = 0.

i+j=k+N
Since a; =0 for ¢ € {0,...,k} and b, = 0 for n € {0,..., N} then

0= Z aibj = a,kb]v.
i+j=k+N
Since R is an integral domain and ay, by € R and ay # 0, then by = 0.
So by =0 for N € Zs,.
So b(x) = 0.
So R|x] is an integral domain. O

Theorem C.4.3. — Let F be a field. The ring Flz| is a Euclidean domain with size
function
deg: Flx] — {0} — Lo
fa) e deg (f(x).

Proof. — To show: If a(x),b(z) € F[z] and a(x) # 0 then there exist ¢(z),r(x) € Flz]
such that
b(x) = a(z)q(x) +r(z)
where either 7(z) = 0 or deg (r(z)) < deg (a(z)).
Assume a(z),b(z) € Flz] and a(z) # 0.

Case 1: b(x) = 0.
Then b(z) = a(x) -0+ 0.
So q(z) = 0 and r(z) = 0 satisfies the condition.
Case 2: deg (b(x)) < deg (a(x)).
Then, since
b(z) = a(x) -0+ b(z) and deg (b(z)) < deg (a(z))
then g(z) = 0 and r(z) = b(x) satisfies the condition.
Case 3: deg (b(z)) > deg (a(z)).
Let a(z) = ag + a17 + aax® + - - - + a,x® and let b(z) = by + by + box® + - - - + byx?,
where ag, b, € F, as # 0 and by # 0.
Proof by induction on deg (b(z)).
Base case: deg (b(x)) = 0.
Then deg (a(z)) = 0, since deg (a(z)) < deg (b(z)).
So b(z) = by € F and a(z) = ap.
So b(x) = (Z—g) -a(z) + 0.
So q(x) = bpay ' and r(x) = 0 satisfies the condition.

Induction assumption: Assume that if b;(z) € F[z] and deg (bi(z)) < ¢
then there exist ¢;(z),r1(z) € Flx] such that

bi(z) = q1(x)a(z) 4+ ri(z)
where either 71(z) = 0 or deg (r1(z)) < deg (a(z)).
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(a) Assume that deg (b(z)) = t
Let by(z) = b(z) — (bia; 'zt =%)a(x).
Then deg (bl( )) < deg ( (:1:))
Note that the coefficient of x* in by(x) is —b, + b; = 0.
)

So deg (b1 (z)) < t = deg (b(x)).
Thus, by the induction assumption, there exist ¢, (), (z) € F[z] such that

bi(z) = q(@)a(z) + ri(z)
where either 71 (z) = 0 or deg (r1(z)) < deg (a(z)).
Then

b(x) = bi(x) — (brag 2" ")a(z)
= qi(z)a(z) + ri(z) — (ba; 2" )a(z)
= (q1(z) — ba; 2" ") a(z) + ri(z).
So, if ¢(z) = qi(z) — bra;*x*~" and r(x) = ri(x) then

b(z) = gq(x)a(x) +r(z)
and either r(z) = 0 or deg (r(z)) < deg (a(z)).
So F[z] with size function given by deg is a Euclidean domain. O

Proposition C.4.4. — Let R, S be commutative rings and let ¢: R — S be a ring
homomorphism. Then the map

b Rlz] — Slx]
ro + 1+ rex? 4o = @(ro) +p(r)z 4+ p(ra)a® 4 -

18 a ring homomorphism.

Proof. —
To show: (a) If f(z), g(x) € Rlz] then v(£(z) + g(x)) = ¥ (F(z)) + ¥ (9(x)).
(b) If f(x), g(x) € Rlz] then ¢ (f(x)g(x)) = (f(x))¥(g(x))-
(c) ¥(1g) = 1g where 1 and 1g are the identities in R and S respectively.
(a) Let f(z),g(z) € Rlx] and let f(z) = ro 4+ rixz + rex* + --+ and g(x) = r{ + rix +
rha? 4+ -
Then

U (f(x) +g(2)) = ((ro +10) + (m + 1))z + (ra +15)2” + )
= (o + 1) + o(r +711)x + (2 +715)2* + -
Since ¢ is a homomorphism,
U(f(x)+g(x)) = (@(ro) + (1)) + (p(r1) + @(rh))x + (@(r2) + (1)) + - --
= (p(ro) + o(r)z + p(r2)z® + - ) + (p(r)) + @(r)x + e(ry)z® + -+ )

=(f(2)) +(g(x)).
(b) Let f(z),g(x) € Rlz] and let f(z) = 1o+ rz +rex? + -+ and g(x) = ry + riz +
rhr? 4.
Then
U(f(x)g(x)) = ¥(co + 1z + co2® +--+), where ¢, = Z ror’

i+j=k

So 9 (f(x)g(x)) = ¢(co) + pler)x + p(ea)a® + -
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Since ¢ is a homomorphism,
ele) = o( D0 mrh) = D wlrrh) = 3 wlre(r)).
i+j=k i+j=k i+j=k

So
w(f(x)g(:c)) =do+dix+dpa® + -+, where dp = Z W(Tz‘)<ﬁ(7"})-

it+j=k

So, by the distributive law in S,
O(f(@)9(@)) = (0(ro) +9(r)z +p(r2)a® + ) (o(r) + o)z +p(ry)a® + - )
= o(f(@)elg(x)).
(c) Let 1g be the identity in R.
Y(1g) = Y(1gp + Oz + 0ga® + -+ +)
= ¢(1r) + ¢(0r)z + (0p)z* + -+ .
Since ¢ is a homomorphism then (1) = 1g and ¢(0g) = 0.
So ¢(1g) = 1 + 0gz + Ogx® + -+ - = 1g.
So v is a homomorphism. O

Proposition C.4.5. — Let R be a commutative ring and let « € R. Then the evaluation
homomorphism ev,: Rlx] — R is a ring homomorphism.

Proof. —
To show: (a) If f(z),g(z) € R[z] then evy (f(z) + g(z)) = evq (j)’(x)) +eva(g(z)).

(b) If f(x), 9(x) € R[] then eva(f(x)g(z)) = eva(f(z))eva(g(x)).
(c) eva(lgr) = 1R, where 1g is the identity in R.

(a) Let f(a:) ( ) € Rlz] and let f(z) = ro+ rz +rya® + -+ and g(z) = so + s12 +
SQiE + -
Then

eva(f(z) + g(x)) = eva((ro + so) + (r1 + s1)x + (12 + s2)2° + -+
= (ro + 80) + (r1 + s1)a + (r2 + 52)a2 + -
By the distributive law in R,
eva(f(x) +9($)) =19+ S0 + o+ spa 4 o0 + 59’ + - -
= (rg +ria+rea® + ) + (80 + 510 + 550° 4 - +)

=eva(f(z)) +eva(g(z)).
(b) Let f(z),g(x) € Rlx] and let f(z) =19+ rx +rex® + -+ and g(z) = so + 17 +
Sox 4 -+
Then
Vq (f(x)g(x)) = eva(co + 1T + cox® + - ) where ¢ = Z 1iSj.

i+j=k

So eve (f(2)g(z)) = co+ cra+ 0 + -+ .
Now compute ev, (f(z))eva(g9(z)).

eva(f(x))eva<g(a:)) = (ro + i+ 1902 + ) (50 + s+ 307 + -+ -).
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By the distributive law in R,
eve (f(x))eva (g(x)) = 7050 + S0 4 Tos1 + ToS20® + 18102 + rosea’ 4 - - -

= roSo + (r180 + 1081) + (rose + 1151 + 7"250)042 4+ ...

=g+ cia+ e’ + -+ where
Cr = E TiS;j.
i+j=k

So
eva(f(x)g(x)) = eva(f(x))eva(g(2)).
(c) Let 1k be the identity in R and let Og be the zero in R.

Then
eva(lR) = eva(lR + ORI + ORZE2 + - ) =1r+ OROé + OROC2 +---=1p.
So ev,, is a ring homomorphism. O

Lemma C.4.6. — (Gauss’ Lemma) Let R be a UFD. Let f(x),g(x) € R[x] be primitive
polynomials. Then f(x)g(x) is a primitive polynomial.

Proof. — Assume f(z) = 1o+ rx + roa? + --+ and g(z) = so + s10 + spx> + - are
primitive polynomials in R[z].

Proof by contradiction.

Assume f(x)g(x) is not primitive.

Then there exists an irreducible element p € R that divides all the coefficients of
F(@)g(x)

Since f(z) is primitive there must be at least one coefficient of f(z) which is not divisible
by p.

Since g(x) is primitive there must be at least one coefficient of g(x) which is not divisible
by p.

Let m be the smallest m such that r,, is not divisible by p.

Let n be the smallest n such that s, is not divisible by p.

Suppose that f(z)g(z) = co + 1@ + cgz? + - - -.

Then, since p divides 7;, for all # < m, and p divides s;, for all j < m,

Cmitn = "mSn T T"m—1Sn4+1 + Tmi1Sn—1 + - + T0Sm+tn + "m+nSo
= rmSn + PC,
where ¢ is some element of R.

Since ¢,y is divisible by p it follows that r,,s, = ¢ — pc is divisible by p.
Suppose that d € R such that r,,s, = pd.

Let
Tm =Q1---Qg, Sp=>b1---b, and d=di---dy,
be factorizations of 7,,,, s, and d into irreducible elements ay, ..., ag, b1,...,b;,d1,...,d, €
R.
Then

al"'akbl"'bl :pdldq
By uniqueness of factorizations,

either p is associate to a; for some 1 < i < k,
or p is associate to b; for some 1 < j <.
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So either p; = up or ¢; = up for some unit u € R.
Then, either a = uppy -+ -p; -+ - pm, or b =upqy - - - qj - - - G,
where * denotes omitting the factor p; or g;.

Thus,

either r,, or s, is divisible by p.

Contradiction.
So f(x)g(z) is a primitive polynomial.
THIS IS A REALLY BAD PROOF [l

Proposition C.4.7. — Let R be a UFD. Let F be the field of fractions of R and let
f(x) € Flx]. Then

(a) There exists an element ¢ € F and a primitive polynomial g(x) € Rlx] such that

f(@) = cg(x).

(b) The factors ¢ and g(z) are unique up to multiplication by a unit IN WHERE??7?2?.
(c) f(x) is irreducible in F[z] if and only if g(x) is irreducible in R[x].

Proof. —

(a)

Let f(z) = & + o+ - + ghab € Fla].
Then f(x) = m(co + e+ -+ opr®)

where ¢; = a;by - - - b; - - - by, where the IA)Z denotes omission of the factor b;.
Let d = ged(co, c1, - - -, k).

Then

flz) = ﬁ(c{) + i+ + )
where ¢; = %.
Note that ¢} € R since d divides ¢;.
Furthermore ¢ + ¢z + - - - + c},a* = g(z) is primitive since ged(c), c}, ..., c}) = 1.
So

f(z) = cy(x)

where ¢ = m € F and g(x) = ¢y + cjz + -+ + ¢ja¥ € R[z] is a primitive
polynomial.

Suppose f(z) = cg(z) and f(z) = CG(z) where ¢,C € F and g(x),G(x) € R[x] are
primitive polynomials.

Let g(7) = ap + a17 + apa® + - - - + apz® and let G(z) = by + byw + bpw? + - - - + bt
Suppose ¢ = ¢ and C' = % where a,b, A, B € R.

Since f(x) = %g(x) = éG(at:) then

B
aBg(z) = bAG(x).

So aBa; = bAb; for i € {1,... ,k}.

Since g(x) is primitive then ged(aBag, aBay, . ..,aBag) = aB.
Since G(z) is primitive then ged(bAbg, bAby, ..., bAb;) = bA.
Thus, by Proposition 3.2.107777,

aB = ubA for some unit v € R.

a A
So ¢ = uC where u € R is a unit.

So CG(z) = cg(x) = uCg(x).
By the cancellation law, G(z) = ug(z).
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So ¢ = uC and G(x) = ug(x).

So ¢ and g(x) are unique up to multiplication by a unit.
(¢) =

Assume that f(x) is irreducible in F[z].

Assume ¢(z) is not irreducible in R[z].
Then there are g;(x) and go(x) in R[z] such that g(z) = g1(z)g2(x).
So (z) = cg(z) = cg1(2)gnlx).
Since R[z] C F[z] then ¢i(x), g2(x) € F|x].
So f(x) is not irreducible in F[z].
Contradiction.
So g(x) is irreducible in R|x].
(c) «=:
Assume g(z) is irreducible in R[z].

Assume f(z) is not irreducible in F|x].
Then there are fi(x) and fo(z) in F[z] such that f(z) = fi(z)f2(z).
So, by (a), there exist ¢;, ¢y € F and primitive polynomials ¢, (z), g2(z) € R|x] such
that
filz) =cgi(x) and fa(x) = caga(x).
Let ¢ = ¢;es.
Then f(z) = cg1(x)g2(x).
By Gauss’ lemma ¢ (x)g2(x) is a primitive polynomial in R[x].
So, by (b), g(x) = ugi(x)go(z), where u € R. IS THIS RIGHT?7?
So g(x) is not irreducible in R[z].
Contradiction. FIX THIS
So f(x) is irreducible in F[x].
0

Theorem C.4.8. — Let R be a unique factorization domain. Then R[z] is a unique
factorization domain.

Proof. — Assume g(z) € R[x] and let g(z) = ag + a1z + - - - apa*.

To show: (a) g(x) has a factorization into irreducible factors in R[z].
(b) The factorization of g(z) is unique up to multiplication by units in R[x] and
rearrangement of the factors.

(a) By Theorems 3.3.5, 3.2.2, and 3.2.6, F[x] is a UFD and so g(z) has a factorization
in Flz],
g(x) = fi(x)fo(z) - fr(x), where f;j(x) € F[z] are irreducible in F[z].

Then, by Proposition 3.3.12(a), there exist elements c;,...c, € F and primitive
polynomials
g1(2), ..., 9,(z) € R[x] such that

fi(x) = ¢igi(x), forie{l,... k}.

Since the factors f;(z) are irreducible in F[z] then it follows from Proposition
3.3.12(c) that
the polynomials g;(x) are irreducible in R|x].
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Since the g;(z) are primitive, by Gauss’ lemma, the product g (z) - - g-(x) is prim-
itive.

So

9(x) = cg1(x)g2(x) - -~ gr(x), where c=cicp--- ¢, €F.
We also know that g(z) = ged(ao, - . ., ax)g'(z), where ¢'(x) is a primitive polynomial
in R[z].

Thus, by Proposition 3.3.12(b), ¢ = ugecd(ao, .. ., a;) where u € R is a unit. USE

It follows that ¢ € R.
Since R is a UFD then ¢ has a factorization

c=di--d,
where the elements d; are irreducible elements in R.
So
g(x) =dy---ds- g1 (2) - g, (2),
is a factorization of g(z) into irreducibles in R[z].
Suppose that g(z) = didy - - - djg}(x)gh(x) - - - g}, (x) is another factorization of g(x)

into irreducible factors in R[z].
By Proposition 3.3.12(c), each of the factors g.(z) is irreducible in F|z].

So glx) = didy - g (£)g4(x) -+ gl () and g(x) = dy - dogy () - - (), are both
factorizations of g(x) in F|x].

By Theorems 3.3.5, 3.2.2, and 3.2.6, F[z] is a UFD, and so r = m and there is a
permutation o such that and «; € F* such that

92(1) () = aigi(x).
Proposition 3.3.12(b), gives that each a; € R*.

Let u = aqag - - - .
Then

gla) =dy--ds---gi(x) - go(w) = dydy - - dig ()95 () - - - g, (@)

= udydy - - dig1 ()92() - - - g ().

Then Proposition 3.3.12(b) implies that there is a unit v € R such that
dy--ds =vudy - d.
Since R[z] is a UFD, s = [ and there is a permutation 7 such that
dry = u;d;,

where the u; are units in R.
So there is a rearrangement of the factors d; and g} (z) such that, up to multiplication

by units in R, they are the same as the factors d; and g;(x).
So the factorization of ¢g(x) in R|x] is unique.

So R[z] is a UFD. O
THESE NEXT TWO RESULTS ARE NOT IN THE ORIGINAL VERSION??

Lemma C.4.9. — Let R be a UFD. For each irreducible element p € R let m,: R —
R/pR be the quotient surjection (Part 1, Ex. 2.1.57977). Let 7,: Rlzx] — %[x] be the
corresponding homomorphism between polynomial rings (Prop 3.1.62797). Let f(x) €

Rlz].

Then f(x) is not primitive if and only if there exists an irreducible element p € R

such that 7, (f(x)) = 0.



C.5. PROOFS: FIELDS, INTEGRAL DOMAINS, FIELDS OF FRACTIONS 197

Proof. —

=: Assume f(z) = ¢y + c1x + -+ + c,a¥ is not primitive.

Then there exists p € R irreducible such that p divides c¢q, p divides ¢4, ..., p divides ¢.
So ¢y, 1, ..., € pR.

So mp(co) = mp(c1) = -+ - = mp(cx) = 0.

So 1, (f(2)) = myleo) + myler)a + - + myle)a® = 0.

<: Assume that f(x) = ¢ clx + -+ -+ cpx¥ and that there exists an irreducible element
p € R such that 7, (f(z ) =

Then 7m,(co) = mp(c1) =+ =7 (ck) = 0.

So cg,C1, ..., Cr € PR.

So p divides ¢, p divides ¢y, ..., and p divides c.

So f(z) is not primitive. O

Lemma C.4.10. — (Gauss’ Lemma) Let R be a UFD. Let f(x), g(z) € R[x| be primitive
polynomials. Then f(x)g(x) is a primitive polynomial.

Proof. — We shall prove the contrapositive:

To show: If f(z)g(z) is not primitive then either f(z) is not primitive or g(x) is not
primitive.

Assume f(x)g(x) is not primitive.

Then, by Lemma ?7?777X.X, there exists an irreducible element p € R such that

o (f(2)g(2)) =0,

where 7,: R[z] — -%[r] is the homomorphism between polynomial rings induced by the
p
quotient surjection m,: R — R/pR.

Since 7, is a homomorphism,

o (f(2)g(x)) = 7 (f(2)) 7p (g(2)) = 0.
By Lemma X.X7?777 pR is a prime ideal.
Thus, by Proposition X. X777, R/pR is an integral domain.
So either
Tp(f(2)) =0 or ,(g(x)) =0.
Thus, by Lemma X.X,

either f(z) is not primitive or g¢(z) is not primitive.

C.5. Proofs: Fields, Integral Domains, Fields of Fractions

Lemma C.5.1. — Let F be a commutative ring. Then F is a field if and only if the
only ideals of F' are (0) and F.

Proof. —

=: Assume F' is a field.

To show: The only ideals of F" are (0) and F.

Let I be an ideal of F.

Suppose I # (0).

Then there is an element x € I with z #£ 0.

Since F is a field, there is an element 27! € F such that zz=! = 1.
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Sol=z"'z el

So,ifye F,theny=y-1¢€ I.
SoFCJICF.

Sol=F.

So the only ideals of F' are (0) and F'.

<: Assume that the only ideals of F' are (0) and F.

To show: F'is a field.

Let x € F, x # 0.

Since (z) # (0) then (z) = F.

So there exists y € F such that xy = 1.

So F'is a field. O

Theorem C.5.2. — Let R be a commutative ring and let M be an ideal of R. Then
R/M is a field if and only if M is a mazimal ideal.

Proof. —

=: Assume R/M is a field.

Then, by Lemma 3.1.2, the only ideals of R/M are (0) and R/M.

By the correspondence theorem, Ex. 2.1.5(c), there is a one-to-one correspondence
between

ideals of R/M and ideals of R containing M.

Thus the only ideals of R containing M are M and R.

So M is a maximal ideal.

<: Assume M is a maximal ideal.

Then the only ideals of R containing M are M and R.

By the correspondence theorem, Ex. 2.1.5(c), there is a one-to-one correspondence be-
tween ideals of R/M and ideals of R containing M.

Thus the only ideals of R/M are (0) and R/M.

So, by Lemma 3.1.2, R/M is a field. a

Proposition C.5.3. — (Cancellation Law) Let R be an integral domain. If a,b,c € R
and ¢ # 0 and ac = bc then a = b.

Proof. — Assume a,b,c € R and ¢ # 0 and ac = bc.

Then 0 = ac — be = (a — b)c.

Since R is an integral domain and ¢ # 0 then a — b = 0.

So a =b. O

Theorem C.5.4. — Let R be a commutative ring and let P be an ideal of R. Then R/P
1s an integral domain if and only if P is a prime ideal.

Proof. —

=: Assume R/P is an integral domain.

To show: P is a prime ideal.

Let a,b € R and suppose ab € P.

To show: Either a € P or b € P.

Since ab € P then (a + P)(b+ P) =ab+ P =0+ P in R/P.

Since R/P is an integral domain then either a+ P =0+ P or b+ P =0+ P.
Thus either a € P or b € P.
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So P is a prime ideal.

<: Assume P is a prime ideal.

To show: R/P is an integral domain.

Let a,b € R such that (a + P)(b+ P) =0+ P.

To show: Eithera+ P =0+ Porb+ P =0+ P.

Then ab+ P =0+ P.

So ab € P.

Since P is prime then either a € P or b € P.

So eithera+P=0+Porb+ P =0+ P.

So R/P is an integral domain. [

Proposition C.5.5. — Let R be an integral domain. Let Fr = {% | a,be R, b# O} be

the set of fractions. Then equality of fractions is an equivalence relation.

Proof. —
To show: (a) a/b=a/b.
(b) If a/b = ¢/d then ¢/d = a/b.
(¢c) fa/b=c/d and ¢/d =e/f then a/b=¢/f.
(a) Since ab = ba then a/b = a/b.
(b) Assume a/b = c/d.
Then ad = be.
Since R is commutative then c¢b = da.
So ¢/d = a/b.
(¢) Assume a/b=c/d and c/d=¢/f.
Then ad = be and cf = de.
To show: af = be.
Since ad = bc and cf = de then adcf = bede.
Thus, by commutativity, afcd = becd.
Then, by the cancellation law for an integral domain, Proposition 3.1.5, af = be.
Soa/b=ce/f.
O

Proposition C.5.6. — Let R be an integral domain. Let Fr = {% | a,b € R, b+# O} be

its set of fractions. Let equality of fractions be as defined in Proposition 3.1.82927. Then
the operations +: Fr X Fr — F and X : Fr X Fr — Fgr given by

g_'_f_ad—i—bc and a.c_ e
b d  bd b d bd
are well defined.
! /
Proof. —Assume%—%an(/igg
a ¢ d ¢
To show: (a)g—i—c_i:/b_’—t_’
a ¢ d ¢
by - —=—.—
<)b d v d
d b /d/ b//
(a)Toshow:a the _a /+/C_

To show: (ad + be)t/d = (a'd’ + ' )bd.
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We know that ab/ = ba’ and cd’' = dc'.

So
adb' d +beb'd = a'bdd + bdb' ¢ = (a'd' + ' )bd.
a ¢ ad
oyttt T

ac a'd
b) To show: — = —.
(b) To show »

! !
To show: acb'd = a'c'bd.
We know that ab’ = ba’ and ed’ = dc'.

So
ac/d = bad'cd = ba'dd = a'cbd.
ac a'd

Theorem C.5.7. — Let R be an integral domain and let Fr = {% |lae R,be R— {0}}

be the set of fractions. Let equality of fractions be as defined in Proposition 3.1.8777%
and let operations +: Fr X Fr — Fr and x: Fr X Fr — Fgr be as given in Proposition
3.1.99222. Then Fg s a field.

Proof. —
To show: (a) Fg is a ring.
(b) Fg is commutative.
(c) If # € Fr and = # 0 then there exists x7! € Fg such that zz~! = 1.

(a) To show: (aa) +: Fr x Fg is well defined.
(ab) x: Fgr x Fg is well defined.
(ac) If p/q,m/n,r/s € Fg then (p/q+m/n) +r/s=p/q+ (m/n+1/s).
(ad) If p/q,m/n € Fg then p/q +m/n =m/n+ p/q.
(ae) There is an element 0 € Fr such that 0 +m/n = m/n for all m/n.
(af) If # € Fg then there is an element —x € F such that x + (—z) = 0.
(ag) If p/q,m/n,r/s € F then p/q- (m/n-r/s) = (p/q-m/n) -r/s.
(ah) There is an element 1 € Fg such that 1 -z = x for all z € Fg.
(ai) If m/n,p/q,r/s € Fr then m/n(p/q+r/s) =m/n-p/q+m/n-r/s

and (p/q +7/s)m/n=p/q-m/n+r/s-m/n.
(aa) and
(ab) are proved in Proposition 3.1.977777.
(ac) Assume p/q,m/n,r/s € Fg.

To show: (p/q+m/n)+r/s=p/q+ (m/n+1/s).

By the definition of the operation +: Fr x Fr — Fpg,

r
+_
S qn S

CERA PR il
q n
(pn +mq)s + qnr
qns
_ pns+mgs +qnr

qns




(ag)
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By the definition of the operation +: Fr x Fgr — Fpg,
p m T p ms + nr
5+(;+g> :§+<T>
_ pns+q(ms +nr)

B qns
_ pns+gqms +gnr
B qns '

Since R is commutative (R is an integral domain),
pns +mgs +qnr _ pns +gms + qnr

qns qns

So m T m T
(E+D)+i=24+(2+1).

qg n 5 q n s

Assume p/q,m/n € Fpg.
To show: p/q+m/n =m/n+ p/q.
By the definition of +: Fr x Fr — Ffg,
p m pn—+qm
T
By the definition of 4+: Fr X Fr — FRk,
m p  mqg-+np
w e g
Since R is commutative,
pn+qm _ mgq-+np

an ngq

So

To show: There is an element 0 € F such that if m/n € Fg then 0+m/n =
m/n.

Let 0= 0/1 € Fp.

To show: If m/n € Fg then 0/1 +m/n = m/n.

Assume m/n € Ff.

Then

0O m On+m O04+m m
1 n  1-n n n

If m/n € Fg then 0/1+ m/n =m/n for all m/n € Fkg.

So 0/1 is an identity for +: Fr X Fr — Fg.

Assume m/n € Fg.

Then
m  (—=m) mn+(—mn) 0
— 4+ — 2 = —,
n n n n

To show: 0/n* = 0/1.

Since 0 =0-1=0-n*=0 then 0/n* = 0/1.

50

m (—=m) 0

J— + —

n n 1
Assume p/q,m/n,r/s € Fg.
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To show: p/q-(m/n-r/s)=(p/q-m/n)-r/s=pmr/qns.
By the definition of the operation x: Fr x Fr — Fjg,

P (m r)ip (mr)ipmr
g \n s/ q \ns/ qns’

By the definition of the operation x: Fg x Fgr — FRg,

(p m) r_r_(pm) T pmr
g n/ s s \gn/ s qns’

p(mr)_(pm)r
g \n s/ \qg n/ s

(ah) To show: There is an element 1 € F such that if m/n € Fg then 1-m/n =
m/n.
Let 1 = 1/1 S FR.
To show: If m/n € Fg then 1/1-m/n =m/n.
Assume m/n € Fg.
Then

So

1 m_l'm_m

1 n 1-n n’
So 1/1 is an identity element for x: Fr x Fr — Fg.
(ai) Assume m/n,p/q,r/s € Fg.
To show: (aia) m/n(p/q+1r/s)=m/n-p/q+m/n-r/s.
(aib) (p/q+r/s)m/n=p/q-m/n+r/s-m/n.
(aia) By the definitions of the operations
mo(pyryom st
n qs

q S

n
m(ps + qr)
ngs
mps + mgqr
ngs

and

m mr
mp _mr

m
— S+
n

Q3

m r
n s nq ns
mpns + ngmr

nqgns

mps +mqr — mpns + ngmr
To show: = .

ngs ngns

To show: (mps + mqr)ngns = ngs(mpns + ngmr).

By commutativity of R and the distributive property in R,
(mps + mqr)ngns = ngsn(mps + mqr)

= ngs(mpns + ngmr).

S0 mps +mqr _ mpns + ngmr
ngs N ngns '

50 m /p T m p m r
E'Q+;):ﬁ“g+;’;
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(aib) By the definitions of the operations

(p+r> m_ps+qr m
q S n qs n

(ps + qr)m
qsn
_ psm+qrm

qsn

and

rom pm rm
—_—_— = — + _

n qn sn
_ pmsn +gnrm
N qnsn '

psm +grm  pmsn + qnrm
To show: = .

qsn qnsn

To show: (psm + grm)qnsn = gsn(pmsn + gnrm).

By commutativity of R and the distributive property in R,
(psm + grm)gnsn = gsnn(psm + qrm)

= gsn(pmsn + gnrm).

S0 psm+qrm  pmsn + qnrm
qsn B qnsn '

S0 p ry m p m _r m
(g*ﬁ'ﬁza'z*;';

(b) To show: Fg is commutative.

To show: If m/n,p/q € Fr then m/n-p/q=p/q-m/n.
Assume m/n,p/q € Fg.
By the definition of x: Fr X Fr — Fkg.

m p __ mp

p m __pm
and - — ="—
no.q ngq q n pq
By commutativity in R,
mp  pm
ng  qn
So
mp_prm
n g q n

So I'p is commutative.

To show: If # € Fr and = # 0 then there exists 27! € F such that za=* = 1.

Assume © = m/n € Fr and m/n # 0/1.
Then, by equality of fractions, m -1 # 0 - n.
So m # 0.
Let z=! = n/m. Note: n/m € F since m # 0.
To show: m/n-n/m=1/1.
By the definition of x: Fr X Fr — Fg,

m n mn

n - m nm

203
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mn 1
To show: — = —.

nm 1 o
But mn = nm, by commutativity in R.

So, by the definition of equality of fractions,

mn 1
nm 1
1
So, if z =m/n and m/n # 0 then 27! =n/m € Fr and m:’lzﬂ-ﬁzi.
n om
So Ff is a field. O

Proposition C.5.8. — Let R be an integral domain with identity 1 and let Fr be its
field of fractions. Then the map ¢: R — Fg given by

p: R — Fpg
ro— 7

s an injective ring homomorphism.

Proof. — To show: (a) ¢ is a ring homomorphism. (b) ¢ is injective.
(a) To show: (aa) If r;s € R then o(r + s) = ¢o(r) + ¢(s).
(ab) If r,s € R then ¢(rs) = o(r)e(s).

1
(20) (1) = 1.
(aa) Assume 7, s € R.
Then
r+s ros
orts)="T2 and e tels) =T+l

By the definition of 4+: Fr x Fr — IR,
ros r-l+l-s r+s

1+1 1-1 1

So

p(r+s) = o(r) +p(s).
(ab) Assume r, s € R.
Then, by the definition of x: Fr X Fr — Ffg,
rs r s
p(rs) = 111" e(r)e(s).

(ac) By the definition of ¢: Fr — R,

So ¢ is a ring homomorphism.
(b) To show: If r,s € R and ¢(r) = ¢(s) then r = s.
Assume 7, s € R and (1) = ¢(s).
Then r/1 = s/1.
Thus, by the definition of equality of fractions, 1-r=1"-s.
So r =s.
So ¢ is injective.

So ¢ is an injective ring homomorphism. O
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C.6. Proofs: Euclidean Domains, PIDs and UFDs
Theorem C.6.1. — A FEuclidean domain is a principal ideal domain.

Proof. — Assume R is a Euclidean domain with size function o: (R — {0}) — Zo.
Let I be an ideal of R.
To show: There exists an element a € R such that [ = aR.
Case 1: I = {0}.
Case 2: I # {0}.
Let a € I, a # 0, such that o(a) is as small as possible.
To show: I = aR.
To show: (a) I C aR.
(b) aR C I.
(a) Let b e 1.
To show: b € (a).
Then there exist ¢, € R such that b = aq + r where either r = 0 or o(r) <
o(a).
Since r =b—aqgand b€ [ and a € [ then r € I.
Since a € [ is such that o(a) is as small as possible we cannot have o(r) <
o(a).
So r = 0.
So b = aq.
So b € aR.
So I CaR.
(b) To show: aR C I.
But a € I.
So aR C 1.
So I =aR.
So every ideal I of R is a principal ideal.

So R is a principal ideal domain. O

Proposition C.6.2. — Let p,q € R. Then

(a) p is a unit <= pR = R.

(b) p divides ¢ <= qR C pR.

(¢) p is a proper divisor of ¢ <= qR C pR C R.

(d) p is an associate of ¢ <= pR = qR.

p is irreducible <= pR # 0 and pR # R and

(¢) If ¢ € R and qR O pR then either gR = pR or qR = R.

Proof. —

(a) =: Assume p is a unit.
Let u € R such that up = 1.
Then 1 = up € pR.
So,if r € Rthen r-1 € pR.
So R C (p) C R.
So (p) = R.

«<: Assume pR = R.
Then 1 € pR.
So there exists ¢ € R such that pu = 1.
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So p is a unit.
(b) =: Assume p divides q.
So there exists a € R such that pa = q.
So q € pR.
So qR C pR.

«<: Assume qR C pR.

Then q € pR.

So there exists a € R such that ¢ = ap.
So p divides q.

(¢) =: Assume p is a proper divisor of g.
Let a € R such that ¢ = ap and such that a is not a unit.
To show: (ca) ¢R C pR. (cb) qR # pR. (cc) pR # R.
(ca) Since ¢ = pa then ¢ € pR,
So qR C pR.

Assume (q) = (p).
Then there exists b € R such that p = bq.
So ¢ = pa = bag.
Thus, since R is an integral domain then the cancellation law gives that
ba = 1.
So a is a unit.
Contradiction, a is not a unit.
So qR # pR.
(cc) By part (a), since p is not a unit then pR # R.

(¢) <: Assume ¢R C pR C R.
To show: p is a proper divisor of gq.
To show: (ca) There exists a € R such that ¢ = ap.
(cb) a is not a unit.
(cc) p is not a unit.
(ca) By part (a), since ¢R C pR then p divides gq.
So there exists a € R such that ¢ = ap.
(cb) Proof by contradiction. YIKES?77?7
Assume a is a unit.
Then there is a v € R such that ua = 1.
So p = uap = uq.
So p € qR.
So pR C ¢R.
So pR = qR.
This is a contradiction to the assumption g C pR.
So a is not a unit.
(cc) By part (a), since pR # R then p is not a unit.

(d) =: Assume p is an associate of g.
To show: (da) pR C gqR.
(db) ¢R C pR.
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(da) Then there exists a unit a € R such that p = aq.
So p € qR.
So pR C qR.
(db) Since p = aq and a is a unit then ¢ = ap.
So q € pR.
So qR C pR.
So qR = pR.

(d) <=: Assume gR = pR.
To show: (da) There exists a € R such that p = agq.
(db) a is a unit.
(da) Since pR C gR then p € ¢R.
So there exists a € R such that p = aq.
(db) Since gR C pR then ¢ € pR.
So there exists b € R such that ¢ = bp.
So p = aq = abp.
Then, by the cancellation law, 1 = ab.
So a is a unit.
(e) =: Assume p is irreducible.
To show: (ea) pR # {0}.
(eb) pR # R.
(ec) If ¢ € R and ¢R C pR then either ¢R = pR or ¢R = R.
(ea) Since p # Othen pR # {0}.
(eb) Since p is not a unit tnen, by part (a), pR # R.
(ec) Assume g € R and ¢R 2D pR.

Assume ¢R # pR and qR # R.

Then R D qR 2 pR.

So, by part (c), ¢ is a proper divisor of p.
This is a contradiction to p being irreducible.
So either ¢R = pR or ¢R = R.

(e) <=: Assume pR # 0 and pR # R and if ¢ € R and ¢R D pR then either ¢R = pR
or qR = R.
To show: (ea) p # 0.
(eb) p is not a unit.
(ec) p has no proper divisor.
(ea) Since pR # {0} then p # 0.
(eb) Since pR # R then, by part (a), p is not a unit.
(ec) Assume p has a proper divisor ¢ € R.
Then, by part (¢), pR C qR C R.
But this is a contradiction to the assumption that if ¢ € R and ¢R 2O pR then
either gR = pR or ¢R = R.
So p has no proper divisor.

[]

Lemma C.6.3. — If R is a principal ideal domain and p € R is an irreducible element
of R then pR is a prime ideal.
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Proof. — Let p € R be an irreducible element.

Let a,b € R and suppose ab € pR.

To show: If a ¢ pR then b € pR.

Assume a ¢ pR. Then let d € R such that dR = (a, p), the ideal generated by a and p.
Since p € (a,p) then pR C (a,p) = dR.

Since a ¢ pR then dR = (a,p) # pR.

Thus, since p is irreducible then (a,p) =dR=1-R = R.

So there exist r,s € R such that ra + sp = 1.

So b = rab + spb.

Thus, since ab € pR and pb € pR then b € pR.

So pR is a prime ideal. O

Lemma C.6.4. — Let R be a principal ideal domain. There does not exist an infinite
sequence of elements ay,as, ... € R such that (0) € (a1) € (a2) € .. ..

Proof. — Proof by contradiction. FIX THIS BY SHOWING CONTRAPOSITIVE
Suppose aq, as, ... € R is an infinite sequence of elements such that (0) C (a;) € (a2) €
First we show that
I= U (a;) is an ideal.
1€2L31
To show: (a) If a € I and r € R then ra € I.
(b) If ay,as € I then a; + as € 1.

(a) Let a € [ and r € R.
Then there exists n € Z; such that a € (a,).
So ra € (ay).
Sora € 1.
(b) Let ay,a5 € I.
Then there exists m,n € Z-; such that a; € (a,,) and as € (ay).
Since (ay,) C (aman) and (a,) C (aman) then ag,as € (aman)-
So ay + ag € (Gpmn)-
So a; +aq € 1.
So [ is an ideal.

Since R is a principal ideal domain then there exists a € R such that I = (a).
Since a € I then there exists n € Z-; such that a € (a,).

So T = (a) € () C (ans1) € 1.

So (an) = (ant1)-

But this is a contradiction to the assumption that (a,) C (a,41).

=

So R does not contain an infinite sequence of elements aq,as,... € R such that (0) C
(al) g (CLQ) g_ e ]
Theorem C.6.5. — A principal ideal domain is a unique factorization domain.

Proof. — Let R be a principal ideal domain.
To show: (a) If x € R then there exist irreducible elements p;, ..., p, € R such that
T=Dp; D

(b)Ifz € Rand x = py -+ -py, and x = uqy - - - g, where p1, ..., P, q1, - - -, @y are
irreducible and u is a unit then m = n and there exists a permutation o: {1,2,...,m} —
{1,2,...,m} and units uy, ..., u, € R such that ¢; = u;p,q) for i € {1,...,n}.
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Suppose * € R and x cannot be written as * = p;---p,, with pi,...,p,, are
irreducible.
Then z = x is not irreducible.
So & = a;b; for some b; € R and some a; which is not irreducible and
which is a proper divisor of x.
So & = asbyby where a; = asby for some by € R and some a, which is not irreducible
and
which is a proper divisor of a;.
We can continue this process and obtain a sequence of elements ay, as, ... € R such
that
each a;, is a proper divisor of a;.
So, by Proposition 3.2.4 (c), 0 C (a1) € (a2) € ....
But this is a contradiction to Lemma 3.2.8.7777
So x can be written as x = p; - - - p,, where all pq, ..., p,, are irreducible.
Suppose x € Rand x =py---p, = uqy - - - ¢, Where u € R is a unit and pq, ..., p,,
q1,---,qm € R are irreducible.
To show: m = n and there is a bijective map o: {1,2,...,n} — {1,2,...,n} such
that
¢ = U;iPy(;) for some u; € R.
The proof is by induction on n.
Case n = 1.
Suppose * € R and * = p; = uqi---qn, where u € R is a unit and
P11, qm € R
are irreducible.
Suppose m > 1.
Then using Proposition 3.2.4 d), (¢1 - ¢m) = (uq1 -+ gm) = (p1)-
So 1+ qm € (p1).
Since p; is irreducible, by Lemma 3.2.7, (p1) is a prime ideal.
So g; € (p1) for some 1 < j < m.
So (¢5) C (pa).
Since g; is irreducible, (g;) = (p1)-
S0 ¢; = uip; for some unit u; € R.
Soqy - Qj—l(ulpl)Qj+1 o gm = P1-
By the cancellation law, u1q; - - qj—1¢j41- - ¢m = 1.
So ¢ is a unit.
This is a contradiction to g; being irreducible.
Som = 1.
So x = p; = ugq; where u € R is a unit.
Induc tion assumption: Assume that if &k <n and y = ajas - - ap = u'by - - - by where
u ER
is a unit and ay,...,ag, by,...,0 € R are irreducible then [ = k£ and there is
a bijective
map o': {1,2,...,k} — {1,2,...,k} such that for each i, b; = w;a,(; for
some unit u; € R.

Assume that  =p; -+ p, = uqy - - - ¢, where u € R is a unit and py, ..., pn,
qi,---,qm € R are all irreducible.
We know py - p, =uq1 - -
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So (ugr -+ qm) = (@1~ @m) S (pn)-

So 1" qm € (pn)

By Lemma 3.2.7, (p,) is a prime ideal.

So g; € (pn) for some j.

So () € (pn)-

So (g;) = (pn) since g; is irreducible.

So ¢; and p, are associates.

S0 uppn, = q; for some unit u, € R.

Then py - pp = uq1 - -~ @1 (UnPn)@jt1 G-

By cancellation, p; - - pp—1 = (W)@ -+ - G5 - - Gm,

where the hat over the ¢; denotes that the ¢; is omitted from the product.
By the induction hypothesis, m — 1 =n — 1 and there exists a bijective map
o' {1,2,...,5-1}U{j+1,....,n} = {1,2,...,n— 1} such that w;p,;) = ¢

where
u; € R is a unit.
Som =n.

Define o: {1,2,...,n} — {1,2,...,n} by
LN ey
U@:{U(ZL if i # j;
n, ifi=7.

Then ¢; = u;p,(;) for each 1 < i < n.

So R is a unique factorization domain. n
Proposition C.6.6. — Let R be a unique factorization domain and let ag,ay,...,a, €
R. Then
(a) ged(ag, ay, ..., ay,) erists.
(b) ged(ag, ai, ..., ay,) is unique up to multiplication by a unit.
Proof. — (a) Let P = {p1,p2,...,pr} be a maximal set of irreducible elements such
that

(1) Every p; € P divides some a;, 0 <1 < n.
(2) No two of the elements of P are associate.

Let a; = ¢q1 - - - ¢, be a factorization of a; into irreducible elements.

Each factor ¢,, 1 < r < m, is associate to some p;, € P, otherwise P' = P U {¢.}
is a larger set satisfying (1) and (2).

So for each factor ¢,, 1 <r < m, ¢, = u,p;, for some unit u, € R and some p; € P.

So

A; = U1Pj U2Pjy * = Ur Py,
— up‘iilpgﬂ . pZik
where v € R is a unit and e;; are integers e;; > 0.
Let €; = mln,{ew}
Define d = p{*p5? - - - piF.
To show: (aa) d divides a; for all 1 < i < n. (ab) If d' divides a; for all
1 €7 < n then d divides d.
(aa) Let i be such that 1 <i < n.
Since e; < ¢;; for all 1 < j <&,

€ik
pkf .

€il €42

d = p{'ps? - - - prdivides a; = upi™p;
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So d divides a; for all 1 <7 < n.
(ab) Assume d’ divides a; for all 1 <7 < n.
Let d = q1 - - ¢ be a factorization of d’ into irreducible elements.
Since d’ divides a; for all 1 < i < n, each factor ¢, of d' divides a; for all
1<i<n.
So each g, is associate to some pj, , otherwise P' = P U {¢.}
is a larger set satisfying (1) and (2).
So, for each factor ¢, of d', ¢, = u,p;, for some unit u, € R and some p, € P.

So

d = uipj uapj, - - wp;, = upl'pf -+ plF,
where v € R is a unit and the f; are integers f; > 0.
Since d’ divides a; for all 1 < i < n, then for each f;,

fi Sejforall 1 <i<n.

So, for each f;, f; < min;{e;;}.
So, for each f;, f; <e;.
So d = up{lpgz = ~p£’“ divides d = p{'p5* - - - pi*.
So d is a greatest common divisor of ay, as, ..., a,.
(b) Assume d and d' are both greatest common divisors of aq, ..., a,.
Then d divides d’ and d' divides d.
So d = ad' for some a € R and d’ = bd for some b € R.
So d = abd.
By the cancellation law, ab = 1.
So a,b are units in R.

C.7. Extensions: Euclidean Domains, PIDs and UFDs

Example 1.

Proposition C.7.1. — Let R be a commutative ring and let x € R. Let xR denote the
set

xR ={axr | r € R}.

Then (z) = Rzx.
Proof. —
To show: (a) (z) C Rux. (b) Rz C ().

(a) To show: (aa) z € Rz.
(ab) Rx is an ideal.
(aa) x = 1z € Ruz.
(ab) If ryz,rox € Ra then mx + rox = (r1 + m)x € Ru.
If ro € Rr and s € R then s(rz) = (sr)x € Rx.
So Rx is an ideal.
So (z) C Rux.
(b) Let rz € Rx.
Then, since z € (z) and (z) is an ideal then rz € (x).
So (z) = Ru.
So Rx C (z).
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]

Example 2. Let R be a factorial ring. Let ag,aq,...,a, € R. A greatest common
divisor, ged(ag, aq, . .., a,), of ag,ay, ..., a, is an element d € R such that

(a) d divides a; for all i =0,1,...,n.
(b) If &' divides a; for all i =0, 1,...,n then d' divides d.

Let R be a factorial ring and let ag, aq,...,a, € R. Then show that
(a) ged(ag, aq, ..., a,) exists.
(b) ged(ag, aq, - .., ay,) is unique up to multiplication by a unit.

Example 3. Let R be a factorial ring and let p € R be an irreducible element. Show
that (p) is a prime ideal of R. Example 4. Show that the ring of integers Z with size

function given by
o: Z—{0} — Zs
a = al.
is a FEucilidean domain.
Example 5. F[z] is a Euclidean domain with
o: Flz]-{0} — Z>o
p(x) = deg(p(2))

Example 6. Z[i| = {a+bi | a,b € Z} is a Euclidean domain with

o: Z[i|—{0} —  Z
a+bi = a+b%

Example 7. Z[z] is a factorial ring not a principal ideal domain.

So is Z[v/—5].

(x,2) C Z[z] is not principal.

Example 8. R = {a+ b(1 4+ /19i)/2 | a,b € Z} is a principal ideal domain that is not
a Fuclidean domain.

Example 8. Eisenstein criterion.
Let f(z) = apx™ + ap_12" ' + -+ 4+ ag € Z[x] and let p € Z+( be a prime integer.

(a) p does not divide a,,
(b) p divides each of a,_1,a, 2, ..., ao,
(c) p? does not divide ay,

then f(x) is irreducible in Q[x].

Proof. — (sketch)

Let m,: Z — Z/pZ denote the quotient map a — a.

Let 7,: Z[x] — Z/pZ|x] be the extension of 7, to polynomial rings.

By (a) and (b), 7, (f(2)) = @,2™ where @, = m,(a,).

Assume f(x) is not irreducible.

Then f(x) = g(x)h(z) for some g(z) = gra® + -+ + go and h(x) = hyz' + - - + he.
Since 7, is a homomorphism, 7,(f(z)) = @ua™ = (Gpa® + -+ - + 7o) (luz' + - + ho).
The only way to factor @,z" is (g,2%) (') = @,z™.

S0Gy 1 ="=Ggo=h-1=-=ho=
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So p divides gy and p divides hg.

Since f(z) = (g(x)) (h(z)) then ag = goho.

So p? divides ay.

This contradicts assumption (c).

So f(x) is irreducible. O

Example 9. Let f(x) = a,2™ + -+ + a¢ € Z[z] and let p be a prime integer such that
p does not divide a,,. Let 7,: Z[z] — Z/pZ[x] be the canonical homomorphism (see Ex.
X). If @, (f(x)) is irreducible in Z/pZ[z] then f(z) is irreducible in Q[x].

Example 9. If f(z) € Z[z], deg (f(x)) > 0, and f() is irreducible in Z[z] then f(z) is
irreducible in Q[z].

Example 10. Let f(z) € Z[z]. f(x) is irreducible in Z[z] if and only if

either f(x) = £p, where p is a prime integer,
or f(z) is a primitive polynomial and f(x) is irreducible in Q[z].






CHAPTER D

TOWARDS CLASSIFYING GROUPS

D.1. Products and semidirect products of Groups

Direct products and semidirect products will be our main tools for classifying groups.

D.1.1. Direct Products. — Suppose H and K are groups. The idea is to make H x K
into a group.

Definition D.1.1. —
e The direct product, H x K, of two groups H and K is the set H x K with the operation
given by
(h1, k1) (ha, ko) = (hiha, kiks)
for hl,hz € H and k’l,k'g c K.

e More generally, given groups Gi,...,G,, the direct product G = [[,G; is the set
G =[], G; with the operation given by

(,hz,)(,k“> - (,hlkz,),
where h;, k; € G; and h;k; is given by the operation in the group G;.

HW: Show that these are good definitions, i.e., that, as defined above, H x K and [], G;
are groups with identities given by (1g,1x) and (..., 1g,,...) respectively (15, denotes
the identity in the group Gj).

The main theorem is the following:

Theorem D.1.1. — Let H, K be subgroups of a group G and let 1o denote the identity
i G. Suppose

(a) G=HK,

(b) Both H and K are normal in G, and

(C) HNK= {1(;}

Then

HxK — G 1s an tsomorphism

(hk) +— hk phsim.
D.1.2. Automorphisms. — Automorphisms are needed to define semidirect products.
Definition D.1.2. — An automorphism is an isomorphism between a group and it-

self.
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Note: There can be many different automorphisms of a group G.

HW: Give a concrete example of a group with more than one automorphism.

Definition D.1.3. — Let G be a group.
e The automorphisms of G, Aut(G), is the set of automorphisms of G.
e Let g € G. Conjugation by g is the map ¢, given by
cg: G = G
h + ghg™!
e Inn(G) is the set Inn(G) = {¢, | g € G}.

Theorem D.1.2. — Let G be a group.
(a) Aut(G) with the operation of composition of functions is a group.
(b) The map
c: G — Aut(G)
g — Cq
1s a well defined homomorphism. Furthermore,
im ¢ = Inn(G) and ker ¢ = Z(G), the center of G.

(c) Inn(G) is a subgroup of Aut(G).

HW: Give an example of a group G such that Inn(G) # Aut(G).
HW: Prove that G/Z(G) ~ Inn(G).

D.1.3. Semidirect Products. — The motivation for semidirect products comes from
the fact that if G is a group and if H and K are subgroups of G with K normal in G
then HK is a subgroup of G. Suppose that HK = (. That raises the question: Can
G somehow be expressed nicely as a combination of the two groups H and K7 In the
case when both subgroups were normal, and H N K was {1} then G ~ H x K (Theorem
D.1.1). Semidirect products treat the case when only one of H and K are normal.

Definition D.1.4. — Let H and K be groups and let

0: H — Aut(K)

ho s 0, be a homomorphism.

The semidirect product of H and K via 0, H xy K, is the group given by the Cartesian
product H x K with the operation given by

(h1, k1) (P2, ko) = (Paha, On, (k1)ks)
for hl,hz € H and k’l,k'g e K.

Proposition D.1.3. — Let H and K be groups and let 6: H — Aut(K) be a homomor-
phism. Then H Xy K is a group.

Theorem D.1.4. — Suppose H and K are subgroups of a group G with K normal in G
such that

(a) G =HK,

(b) K is normal in G, and

(¢c) HN K = (1), where 1 is the identity in G.



D.1. PRODUCTS AND SEMIDIRECT PRODUCTS OF GROUPS

Let 0 be given by

: H — Aut(K)
h +— Ch,

c,: K K
k

where

Then 6 is a function, 0 is a group homomorphism and

HX@K ;> G
(h,k) +— hk

1S an isomorphism.

HW: Prove that if ker = K, then H xy K = H x K.
HW: Prove that if im 6 = (1), then H xo K = H x K.

ﬁ
—  hkh™L.

217
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D.2. p-groups and Sylow p-subgroups
D.2.1. p-Groups. —
Definition D.2.1. — Let p € Z~ be a prime.
e A p-group is a group of order p* with a € Z~,.
Proposition D.2.1. — If G is a p-group then G contains an element of order p.
Proposition D.2.2. — If G is a p-group and Card(G) # 1 then the center of G is not

{1},
Card(Z(G)) # 1.

Proposition D.2.3. — Let p € Zwo be a prime and let G be a group of cardinality p*.
Then G is abelian.

Theorem D.2.4. — If G is a p-group of order p®, then there exists a chain, of normal
subgroups of G,

(1) SN, SN, C...C N,y CG,
such that Card(N;) = p'.

D.2.2. The Sylow Theorems. —

Definition D.2.2. — Let p € Z~q be prime, let a,b € Z~o such that p does not divide
b and let G be a finite group of cardinality p®b.

e A p-Sylow subgroup of G is a subgroup of G of cardinality p“.

Theorem D.2.5. — First Sylow theorem. Let p € Z~y be prime, let a,b € Z~q such
that p does not divide b and let G be a finite group of cardinality pb.

G has a subgroup of order p®.

Theorem D.2.6. — Second Sylow theorem. Let p € Z~q be prime, let a,b € Z~q such
that p does not divide b and let G be a finite group of cardinality pb.

All the p-Sylow subgroups of G are conjugates of each other.

Theorem D.2.7. — Third Sylow theorem. Let p € Z~y be prime, let a,b € Z~y such
that p does not divide b and let G be a finite group of cardinality p®b.

The number of p-Sylow subgroups of G is 1 mod p.
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D.3. Solvable and nilpotent Groups
Definition D.3.1. — Let G be a group. Let g,h € G.

e The commutator of g and h is

9. h] = g~"h~ gh.

Definition D.3.2. — Let G be a group.

e The derived group [G,G] of G is the group generated by all commutators of

elements of G,
(G, G = ([9.h] | 9,h € G).

Definition D.3.3. — Let G be a group.

e The derived series of GG is the sequence

G =D°G)2>DY(G)DD*(G)D -, where D'(G) = [Di_l(G), Di_l(G)].
e The lower central series of (G is the sequence
G=CYG)DC*(G)D2C*G)D -, where C*(G) = [G,Ci_l(G)].

e The upper central series of GG is the sequence
(1)=2%G)c Zz/(G)c Z2*(G) S -+,
where Z/(G) is the subgroup of G such that Z(G/Z"71(G)) = Z/(G)/Z"7(G).

Definition D.3.4. —
e A group G is nilpotent if there exists n € Z~¢ such that C"™(G) = {1}.
e The nilpotency class of a nilpotent group G is the least integer n € Z~ such that
™ (G) = {1}
Proposition D.3.1. —

(a) A group G is nilpotent if there exists n € Z~q such that Z"(G) = G.
(b) The least integer n such that Z"(G) = G is the nilpotency class of G.

Definition D.3.5. —

e A group G is solvable if there exists n € Z~ such that D"(g) = {1}.
e If G is a solvable group the least integer n € Z~o such that D"(G) = {1} is the
solvability class of G.

Proposition D.3.2. — Fvery nilpotent group is solvable.

(1) 6.12 CRD Theorem G is a finite nilpotent group.

(a) Each Sylow subgroup is normal in G.

(b) G is the direct product of its Sylow subgroups.
(2) p-group = nilpotent = solvable = supersolvable.

Proposition D.3.3. — A finite group is solvable if and only if it has a composition
series whose factors are cyclic of prime order.

Definition D.3.6. — A finite group G is supersolvable if GG is solvable and G has a
composition series

GDGI D DG = {1}

such that G; is a normal subgroup of G for all 7.
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Definition D.3.7. — A composition series of a group G is a chain of subgroups
G:G12G222G52Gs+1:<1)
such that G;/G;11 # (1) are simple.

Solvable and Nilpotent Groups

(1) A, is solvable if n < 4 and A, is not solvable if n > 5.
(2) S, is solvable if n < 4 and not solvable if n > 5.

(3) abelian = solvable

(4) Burnside Theorem If |G| = p®q® then G is solvable.
(5) S5 is solvable not nilpotent.

Theorem D.3.4. — A finite group G is solvable if and only if & composition series with
cyclic factors of prime order.
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D.3.1. Proofs for Group products. —

Theorem D.3.5. — Let H, K be subgroups of a group G and let 1o denote the identity
mn G. Suppose

(a) G =HK,

(b) Both H and K are normal in G, and

(C) HNK= (1@)
Then G ~ H x K.

Proof. —
To show: G is isomorphic to H x K.
To show: There exists an isomorphism f: G — H x K.
Define
a: HxK — G
(h,k) — hk

To show: (a) a is a homomorphism.
(b) « is injective.
(c) a is surjective.

(a) Let (b1, k1), (ha, ko) € H x K.
To show: a((hl, kl)(hg, kz)) = Oé((hl, k’l))a((hz, k’g))

Oé((hl, kl)(hg, kg)) = Od((hlhg, ]{1]{2))
= hihokiks

- hlklkflhgklhglhgkg
= hlkl(kflhgklhgl)hgkg
== Oé(hl, kl)(kflhgklhgl)a(hz, k‘g)

Since H is normal in G, kflhzkl € H.
So (ki 'hek )byt € H.
Since K is normal in G then hyk hy' € K.
So ki (hokihy') € K.
Since H N K = (1¢) then k; 'hok byt = 1¢.
So Oé((hl, k'l)(hQ, kg)) = Oé(hl, kl)Oé(hQ, kg)
So « is a homomorphism.
(b) By Proposition XXX, we need to show: kera = {(1¢, 1¢)}, where 14 is the identity
in G.
Let (h,k) € ker . Then

a((h,k)) = hk = 1¢.

Soh=ktandhe HNK. So h = 1¢.
Alsok=h'and ke HNK. So k = 1.
So (h, k) = (1¢, 1¢).
So ker av = {(10, 10)}
So « is injective.
(¢) To show: If g € G then there exists h € H and k € K such that g = a((h, k)).
Let g € G.
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Since G = HK then there exists h € H and k € K such that ¢ = hk. So
g =hk = a(h,k).
So « is surjective.
So « is an isomorphism. O

Theorem D.3.6. — Let G be a group.

(a) Aut(G) with the operation of composition of functions is a group.

(1) (b)] The map
c: G — Aut(G)
g Cyq
1s a well defined homomorphism. Furthermore,
im ¢ = Inn(G) and kerc = Z(G), the center of G.
(c) Inn(G) is a subgroup of Aut(G).

Proof. —  (a) To show: (aa) The operation is well defined.
(ab) There is an element ¢ € Aut(G) such that if for @ € Aut(G) then
GO =0 =qo0.lg.
(ac) If & € Aut(G) then there exists an element a~! € Aut(G) such that
Qo :LG:a’IOOz.
(aa) To show: (aaa) If a, f € Aut(G) then oo € Aut(G).
(aab) If ay,aq, f1, 02 € Aut(G) and ay = a and B; = [y then
ay 0By = azo B
(aaa) Assume «, f € Aut(G).
To show: a o ff € Aut(G).
To show: (aaaa) avo [ is bijective.
(aaab) a o § is a homomorphism.
(aaaa) By § XXX Ex. XXX «a o f3 is a bijective map from G to G.

(aaab) Assume g1, g € G. Then, since both a and  are homomorphisms,

(a0 B)(g192) = a(5(9192))
= 04(5(91)5(92))
= a(ﬁ(gl))a(ﬁ(gz))
= (a0 B)(g1) - (o B)(g2).

So « o is a homomorphism.
So ao f € Aut(G).
(aab) Assume a1, ag, B, B2 € Aut(G) and oy = ay and B; = fs.
This, if g € G then
(10 B1)(g) = 041(51(9))
= Q2 (52(9))
= (a2 0 2)(9)-

1

So aq 0 B1 = arp 0 Ps.
So the operation on Aut(G) is well defined.
(ab) Let tg: G — G be the identity map on G.
To show: (aba) tc € Aut(G).
(abb) If @ € Aut(G) then tgoa=a =ao .
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(aba) To show: (abaa) (g is a bijection.
(abab) tg is a homomorphism.
(abaa) This is very easy. You prove it.
(abab) Assume gy, g2 € G. Then

ta(g192) = 192
= LG(gl)LG(Qﬂ-

So 1 is a homomorphism.
So vg € RmathrmAut(G).
(abb) Assume a € Aut(G). Then, if g € G then

(ta 0 a)(g) = c(alg))
= a(g)
= a(e(9))
= (o 15)(9)

Solgoa=a=ao.q.
Thus, if @ € Aut(G) then (goa =a = aoig.
So i is an identity in Aut(G).
(ac) Assume o € Aut(G).
To show: There exists ™! € Aut(G) such that coca™! =g =a " oa.
Since o € Aut(G) then « is bijective.
Therefore, by Theorem XXX, there exists an inverse function to o, a~
that coa™ ' =g =a"toa.
To show: a~! € Aut(G).
To show: (aca) a~! is bijective.
(acb) a~! is a homomorphism.
(aca) Since aoa™! =15 = a~! o« then « is an inverse function to a~!.
Therefore, by Proposition XXX, a~! is bijective.
(acb) Let g1, 92 € G.
Since « is bijective there exist hy,hy € G such that a(h;) = ¢ and
a(hs) = go.
Since o and o~ ! are inverse functions and « is a homomorphism then

a '(g192) = a_l(a(hl)a(hQ))
= Oéil (Ck(hlhg))
== hlhg
=a (a(h))a " (a(hs))

=a '(g1)a"(g2)-

! such

So a~! is a homomorphism.
So a™t € Aut(G).
So there exists o' € Aut(G) such that aoa™ =g =a"loa.
So Aut(G) is a group.
(b) Let ¢ be given by
c: G — Aut(G)
g = c

To show: (ba) ¢ is well defined.
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(bb) ¢ is a homomorphism.
(bc) ime = In(G).
(bd) kerc = Z(G), the center of G.
(ba) To show: c is well defined.
To show: (baa)f g € G then ¢, € Aut(G).
(bab) If g1, 92 € G and g; = go then ¢, = c,,.
(baa) To show: ¢, € Aut(G).
To show: (baaa) ¢, is injective.
(baab) ¢, is surjective.
(baac) ¢, is a homomorphism.
(baaa) To show: If hy, hy € G and cy4(hy) = c4(hs) then hy = ho.
Assume hy, hy € G and ¢,(hy) = c4(hs).
Then

ghig™" = ¢g(ln) = cg(ha) = ghag™.
Multiplying both sides on the left by ¢! and on the right by ¢ gives
hi = ho.
S0 ¢4 is injective.
(baab) To show: If h € G then there exists some k € G such that
cy(k) = h.
Assume h € G. Let k = g thg. Then

cg(k) = gkg™" = g9 "hgg™" = h.

S0 ¢4 is surjective.
(baac) Assume hy, hy € G.
To show: cg4(hihg) = c4(h1)cy(ha).

cg(h1hy) = ghihag™!

= ghig ' ghag™
= cy(h1)cg(ha).

S0 ¢4 is a homomorphism.
So ¢, € Aut(G).
(bab) Assume g1, g2 € G and g1 = go.
To show: ¢4, = c,.

If h € G then

1

Cgl(h> = glhgfl
= gahg; !
= Cgy (h)

S0 ¢g, = Cq,-
So ¢ is well defined.
(bb) Assume g1, g2 € G.
To show: ¢4, © ¢y = Cgygs-
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If h € G then

(cgy 0 Cgy)(R) = cq, (ng (h))
= g, (92095 ")
= q192hg; 91"
= 9192h(g192) "
= Cgig: (1)

S0 g, 0 Cgy = Cgg,-
So ¢ is a homomorphism.
(bc) To show: ime = In(G).
This follows from the definitions.
(bd) To show: kerc = Z(G).
To show: (bda) kerc C Z(G).
(bdb) Z(G) C kerec.
(bda) Let g € kerc. Then ¢, = ¢6.
So, if h € GG then

h = cy(h) = ghg™".

So if h € G then gh = hg.
So g € Z(G).
So kerc C Z(G).
(bdb) Let g € Z(G).
Then, if h € G then gh = hg.
So, if h € G then

cg(h) = ghg™ = h = 1a(h),

S0 ¢4 = L.
So g € kerec.
So Z(G) C kere.
So kerc = Z(G).
So ¢ is a well defined homomorphism.
(c) Let ¢ be as in part (b).
Since ¢ is a group homomorphism and im ¢ = Inn(G) then Inn(G) is a subgroup of
Aut(G) by Proposition XXX.
[l

Proposition D.3.7. — Let H and K be groups and let 0: H — Aut(K) be a homomor-
phism. Then H x¢ K is a group.

Proof. —
To show: (a) If (hhkl); (hQ,kQ) € H x4y K then (hl,/ﬁ) . (hg,kg) € H xy K.
(b) There is an identity in H x4 K.
(c) If (h1,k1) € H %y K then there is an inverse for (hy, k1) in H x4 K.
(a) Assume (hy, k1), (he, ko) € H x¢ K.
By deﬁnition, (hl, ]{]1) . (hg, kg) = (hlhg, 9h2 (k’l)kg)
Since 0,: K — K is a map from K to K then 0),(k) € K.
So
(hl, ]{?1) . (hg, k’g) = (hlhg,ehQ(kl)kQ) € H X9 K.
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(b) Let 1y, 1k be the identities on H and K respectively.
To show: (ba) If (h,k) € H x¢ K then (1y,1x)(h, k) = (h,
(bb) If (h, k) eH X9 K then (h, k)(lH, 1K) = (
(ba) Let(h, k) € H xg K. Then (1y,1x)(h, k) = (h,0,(1x)k).
Since 0, is an automorphism then 0, (1x) = 1.
So
(Lu, 1k)(h, k) = (h,04(1k)k) = (h, 1xk) = (h, k).
(bb) Let (h,k) € H x¢ K.
Then (h, l{?)(lH7 1K) = (h, QIH(k)lK)

Since 6 is a homomorphism then 6, = ¢k is the identity map on K.

So 6y, (k) = vx(k) = k.
So
(h,k)(1p, 1x) = (h, 61, (k) = (h, k).
So (1g, 1) is an identity in H xy K.
(c) Assume (h, k) € H x¢ K.
To show: (ca) (A7, 04-1(k7Y))(h, k) = (1, 1k).
(cb) (h, k) (h™",0h-1 (k1)) = (L 1x).

(ca) We have (h~", 0,1 (k1)) (h, k) = (h—lh,eh(ehq(k—l))k).

Since 6 is a homomorphism, #;,-1 = 9,:1.

So
(™! 01 (7Y)) (h, k) = (h—lh eh(ehfl(k—l))k)
= (1H>9h ))k/’>
~ (L. k8)
= (L L)

(cb) We have (h, &) (A", 01 (k1)) = (hh", -1 (k)0 (k1)).
Since 6),-1 is an automorphism, 0j,-1 (k™) = 0),-1 (k).
So

(h, k) (h_1,0h71(/{:_1)) = (hh_l,ﬁhq(/f)gh&(k_l))
= (1H,9h—1(k)¢9h—1(/{})71)

So (h7Y,6,-1(k™Y)) € H x¢ K is an inverse for (h, k).
So H x4 K is a group.

]

Theorem D.3.8. — Suppose H and K are subgroups of a group G with K normal in G

such that
(a) G=HK,
(b) K is normal in G, and
(c) HN K = (1), where 1 is the identity in G.
Let 0 be given by
0: H — Aut(K)
h cn

Then 6 is a well defined homomorphism and G ~ H x4 K.

K
hkh™!.

where Ch- [k(

-
—
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Proof. —
To show: (a) 6 is well defined.
b) 6 is a homomorphism.
(¢c) G~ H %y K.
(a) To show: (aa) If h € H then ¢, € Aut(K).
(ab) If hy, ho € H and hy = hy then ¢, = cp,.
(aa) Assume h € H.
To show: (aaa) ¢, is well defined.
(aab) ¢, is a homomorphism.
(aac) ¢y, is injective.
(aad) ¢y, is surjective.
(aaa) To show: (1) ¢,(k) € K.
(2) If k?l, k?g € K, and ]{Zl = ]{?2 then Ch(kl) = Ch<k2).
(1) cp(k) = hkh™! € K since K is normal.
(2) This is clear.
So ¢, is well defined.
(aab) Let k1, ko € K.
Then

Ch(k1>ch<k2) = hklh_lhkgh_l = hk)lkgh_l = Ch(klkig).

So ¢p, is a homomorphism.

(aac) To show: If ki, ke € K and ¢, (k1) = cp(ke) then ky = k.
Assume kq, ko € K and cp (k) = cp(k2).
Then

hkih™' = cp (k1) = cn(ke) = hkoh ™"
Multiplying both sides on the left by A~ and on the right by h gives
kl - k’g.

So ¢y, is injective.
(aad) To show: If k; € K then there exists ky € K such that

Ch(kg) = /{1.

Assume ky; € K. Let ks = h= 'k, h.
Then

Ch(k'g) = h/{?thl = hhilk‘lhhil = k‘l.

So ¢y, is surjective.
So 0 is well defined.
(b) To show: 6 is a homomorphism.

Let hl, hg € H.
To show: ¢p, © chy = Chyihy-
If £ € K then
(Chy © cny) (k) = cn, (cny (K))
= cp, (hokhyt)
- hlhgkhglhfl

- hlhgk’(hth)il
= Ch1h2(k)>
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SO Cpy O Chy = Chyhy-
So 6 is a homomorphism.
(¢) To show: H x4 K is isomorphic to G = HK.

Define
a: Hxp K — HK

(hk) >  hk.
To show: (ca) « is a homomorphism.
(cb) « is injective.
(ce) « is surjective.

(ca) Assume (hy, ky), (he, ke) € H x¢ K.

Then
Oé((hh k’1)(h2, k2)) = a((h1h27 0h2(k1)7€2)>
= hihoOn, (k1)k2
= hlhghglklhgkg
= hikihaks,
and

O./((hl, kl))a((hg, ]{32)) = hlk’lhgk’g.
SO Oz((hlk’l)(hg, kg)) = Oj((hl, kl))CY((hg, kg))

So « is a homomorphism.

(cb) To show: kera = {(1¢, 1) }-
Assume (h, k) € ker a.
Then a(h, k) = hk = 1.
Soh=k‘tandh=k'eHand h=Fk"'e K.
Since HN K = (1g) then h = k™! = 1.
So (h, ]{3) = (1G7 10)
So kerav = {(1¢, 1¢) }-
So « is injective.

(cc) Let g € G.
Since G = HK then g = hk for some h € H and k € K.
Then
alh, k) = hk = g.

So « is surjective.

So « is an isomorphism.

SOGZHXQK.
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D.3.2. Proofs for p-groups and p-Sylow subgroups. —
Proposition D.3.9. — If G is a p-group then G contains an element of order p.

Proof. — To show: There exists g € G such that o(g) = p.
Since Card(G) > 1 there exists © € G with x # 1.
Then o(x) # 1.
Since o(z) divides Card(G) = p® then o(x) = p® with 0 < b < a.
Let g = 22",
Since o(z) = p® then
g= 2 #1, and ¢P= (prﬂ)p — PP =P = 1
So o(g) = p. O

Proposition D.3.10. — If G is a p-group and Card(G) > 1 then the center of G is not
{1},
Card(Z(G)) # 1.
Proof. — To show: ’Z(G)’ # 1.
(a) Since Card(G) = p® then p divides Card(G).
(b) Let C, be a conjugacy class in G.
By Theorem xxx, C, is an orbit under the action of G on itself by conjugation.
By Theorem 777, Card(C,) divides Card(G) = p“.
Thus, if Card(Cy) # 1 then p divides Card(C,).
(¢) The Class equation is

Card(G) = Card(Z(G))+ Y Card(C,),
Card(Cg)#1

where the sum is over all distinct conjugacy classes such that Card(C,) # 1.

Since p divides Card(G) and p divides every term in the sum we cannot have
Card(Z(G)) = 1.
So Card(Z(G)) # 1. O

Proposition D.8.11. — Let p be a prime and let G be a group of order p*. Then G is
abelian.

Proof. — To show: The cardinality of the center of G is p?, Card(Z(G)) = p?.
By Proposition xxx, Card(Z(G)) divides Card(G) = p*.
To show: (a) Card(Z(G)) # 1.
(b) Card(Z(G)) # p.
(a) By Proposition xxx, Card(Z(G)) # 1.
(b) We will assume Card(Z(G)) = p and derive a contradiction.
Let x € G with = € Z(G).
Since Z(G) is a normal subgroup of G then G/Z(G) is a group and

Card(G) _ p*
Card(Z(G)) p
So, by Proposition xxx, G/Z(G) is cyclic.

Since x ¢ Z(G) then Z(G) # xZ(G).

So ©Z(G) generates G/Z(G), i.e.

G/Z(G)=1{2(G), zZ(Q), 2*Z(Q), ..., 271 Z(G)}.

Card(G/Z(G)) =
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Let g € G. Then there exists k € Zyg,,_1) such that ¢Z(G) = 2*Z(G).
So there exists z € Z(G) such that g = x*z.
Then
rg = xa¥z = 2¥rz = 2¥2x = g
So x € Z(G). This is a contradiction.

So Card(Z(Q)) # p.
So Card(Z(G)) = p* = Card(G).
So G is abelian. N

Theorem D.3.12. — If G is a p-group of order p®, then there exists a chain, of normal
subgroups of G
(1)gngN2g---gNa—lgGa

such that Card(N;) = p'.

Proof. — We know that Z(G) of G is a normal subgroup of G of order at least p.

Z (@) contains a subgroup of order p by proposition x.x.

This subgroup is a normal subgroup of GG of order p.

Let N; be this subgroup.

Doing the same argument on G/N; gives a normal subgroup Ny/N; of G/N; of order p
in G/Nl

Then by the correspondence theorem this corresponds to a normal subgroup N, of G of
order p? that contains NV;.

In general, since G/N; is a p-group of order p®~* it contains a normal subgroup of order
p in G/N; which corresponds to a normal subgroup N;;; of G which contains NV;.

a—1

O
Theorem D.3.13. — First Sylow theorem. G has a subgroup of order p®.

Proof. — To show: There exists a subgroup of G of order p®.
Let S be the set of subsets of G with p® elements.
Let G act on S by left multiplication

GxS = S
(9.8) = g5

To show: (a) p does not divide Card(S).

(b) There exists S € S such that p does not divide the order Card(GS) of the
orbit GS.

(c) Let S be as in (b). Then Card(Stabg(S)) > p*.

(d) Let S be as in (b). Card(Stabg(S) < p®.
This will show that Stabg(S) is a subgroup of G of order p*.

(a) Card(S) is the number of subsets of G with p* elements.
Card(G)> _ (p“b> (b —1) - (b — ) - (pb—p* + 1)
pa pa pa(p(l_l)...(pa_j>...1
Suppose p* divides p%b — j.
Then there exists k € Z+( such that p'k = p% — j.
So j = p*b — p'k and
pr—=p" = p'b+pk=p'(p" = p* b+ k).

So p* divides p* — j.

where ¢S = {gs | s € S}.

Card(S) = (
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p?b

Thus, any factors of p in the numerator of Card(S) = (pa) are canceled by factors

of p in the denominator.
So p does not divide Card(S).
(b) It follows from Proposition xxx that

Card(S) = Z Card(GS),
distinct orbits
where the sum is over the distinct orbits GS of G acting on S.
Since p does not divide Card(S) then there exists S € S such that p does not divide
Card(GYS).
(c) Fix S € § such that p does not divide Card(GS).
By Proposition xxx,

p*b = Card(G) = Card(Stabg(S))Card(GS),

where Stabg(S) is the stabilizer of S.
Since p does not divide Card(GS) then there exists k& € Zs; such that
Card(Stabg(S)) = p“k.
So Card(Stabg(S)) = p®.
(d) Let s € S C G and let Gg = Stabg(S).
Then Ggs C S, since GgS = S.
Since all cosets of Gg are the same size (Proposition xxx) then
Card(Ggs) = Card(Gyg).

Since Ggs C S then Card(Ggs) < Card(S) = p*.
So Card(Gs) < p”.

So Card(Gy) = p*.

So GG contains a subgroup of order p®. n

Theorem D.3.14. — Second Sylow theorem. All the p-Sylow subgroups of G are con-
jugates of each other.

Proof. —

Let P be a p-Sylow subgroup of G.

Let H be another p-Sylow subgroup of GG

To show: There exists ¢ € G such that H C gPg~.

(a) First we find the right g € G.
H acts on G/P by left multiplication,

HxG/P — GJP
(h,1P) + hgP.

The orbits are Hg, P for ¢, € G.
By Proposition xxx,

Card(Hg, P) divides Card(H) = p“.
So either Card(Hg, P) = 1 or p divides Card(H g, P).

By Proposition xxx,
_ p*  Card(G) G

b=—=——"-+==~Card(—=) = Card(Hg, P).
pa Card(P) (P) distirgzorbits ( 1 )

Since p does not divide b, there is an orbit HgP such that Card(HgP) = 1.
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(b) Now show H C gPg~'.
Let h € H. Since Card(HgP) =1,

HgP = gP,

So there exists p € P such that hg = gp.
So h =gpg~' € gPg~'.
So H C gPg~ L.
(c) Since H C gPg~! and Card(H) = Card(gPg™') is finite then H = gPg~".
So H is a conjugate of P. O]

Theorem D.3.15. — Third Sylow theorem. The number of p-Sylow subgroups of G s
1 mod p.

Proof. — Let S be the set of all p-Sylow subgroups of G.
Let P be a p-Sylow subgroup of G.
The group P acts on S by conjugation.

PxS§ — S
(p.Q) = pQp~".
For each ) € S let P % () denote the orbit of () under this action.
To show: (a) Card(S) = Z Card(P x Q).
(b) Either Cardd(lslgm;tér)bn:s 0 mod p or Card(P * Q) = 1.
(c) If Card(PxQ) = 1 then Q = P, so there is only one orbit with Card(PxQ) =

(a) This follows from Proposition xxx.
(b) By Proposition xxx, Card(P * Q) divides Card(P) =
So either Card(P x Q) = 1 or p divides Card(P * Q).
(¢) Assume Card(P * Q) = 1.
To show: P = Q.
If Card(P * Q) = 1 then pQp~' = Q for p € P.
So, if p € P then p € Ng, where N is the normalizer of Q.
So P Q NQ.
We know () € Ng also. So P and @ are both p-Sylow subgroups of Ng.
So, by Theorem xxx, P and () are conjugates in Ng.
So there exists n € N such that nQn=' = P.
But, by Proposition xxx, @ is normal in Ng, so nQn™! = Q.
So P =Q.
Then (a), (b), and (c) give that Card(S) = 1 mod p. O

P
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D.4. Exercises for the “products of groups” section

Exercise 7.7.1 An extension of a group H by a group N is a group G such that there
exist homomorphisms i: N — G and p: G — H such that

1) = NSG5 H- (1)

is an exact sequence. See §1 FEx. XX.
A section of p is a homomorphism s: H — G such that p o s = idg, the identity on G.
A retraction is a homomorphism r: G — N such that 7 o7 = idy, the identity on V.

(1) > N =L G =L H — (1).

Exercise 7.7.2 Equivalence classes of extensions which respect G module structure of A
~ H?(G, A).

Equivalence classes of split extensions + 1.

See Rotman 79, Theorem 10.24 and Curtis and Reiner p. 183.

Exercise ?7.7.3 Classes of automorphisms of A x G which are identity in both A and G ~
derivations on G ~ H'(G, A).

See Curtis and Reiner p. 181.

HW: The dihedral group of order 8 Dg is a split extension of Z/27 and Z/47.
HW: The quaternion group @ is a nonsplit extension of Z/27Z and Z/4Z.
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D.5. Examples for p-groups and Sylow theorems

Exercise 7.7.1 p-Sylow Subgroups

The second Sylow theorem implies that the number of p-Sylow subgroups of GG divides the
order of GG. This is because if we consider the action of G on the p-Sylow subgroups by
conjugation, the only orbit consists of a p-Sylow subgroup and all its conjugates, which
by the second Sylow theorem is all the p-Sylow subgroups of G. Since the cardinality of
the orbit must divide the order of G, the number of p-Sylow subgroups of GG divides the
order of G.

Exercise 7.7.2 Classifying the groups of order 21

By the third Sylow theorem, 1,8,15,22,... are the possibilities for the number of 7-
Sylow subgroups, and 1,4,7,10,13, 16, ... are the possibilities for the number of 3-Sylow
subgroups.

The second Sylow theorem forces that there be exactly one 7-Sylow subgroup and either
one or seven 3-Sylow subgroups since the number of Sylow subgroups must divide 21, the
order of the group.

Since there is only 1 7-Sylow subgroup of G, call it K, and all conjugates K equal K, K
is normal in . Since K has order 7, K ~ Z;.

Case 1. One 3-Sylow subgroup.

If there is only 1 3-Sylow subgroup, call it H, then H is also normal in G and is isomorphic
to Zs3. Now the KNH = (1) since any element in the intersection must have order dividing
both 3 and 7, the only possibility being 1, the only element of order 1. Now, HK is a
subgroup of G since K in normal in G, and since HNK = (1), |HK| = |H||K| =3-7=
21 = |G|. So G = HK. Then theorem x.x gives that G ~ H x K ~ Z; X Zj.

Case 2. Four 3-Sylow subgroups.

Let H be one of the 3-Sylow subgroups of G. Once again, H ~ Z3. H is normal in G.
But by the same reasoning as before, H N K = (1) and HK = G. Theorem x.x states
that this is enough to write G as a semidirect product of H and K. The number of ways
to do this depends on how many different homomorphisms 6: H — Aut(K) there are.
Suppose that x is a generator of H and y is a generator of K. Then 6 is completely
determined by where z goes i.e. what z7lyx is. We know that it is of the form v
since it is an element of K. Suppose that 2 'yz = y*. Then y = z 3yz® = y” forcing
i3 = 1 mod 7. The possibilities for i are 2and4. The semidirect products obtained by
these two possibilities are isomorphic since if 7 'yz = y?, then 2 2y2? = y*, and since x
and 22 are both generators of H the map sending z + 22,y — y will be an isomorphism
of the two semidirect products. So in this case G' ~ Z3 Xy Z7 and any two such semidirect
products are isomorphic.
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Exercise 7.7.3 Groups of order < 10.

Order 1
Order 2
Order 3
Order 4
Order 5
Order 6
Order 7
Order 8

Order 9
Order 10

{1}

7/27

7/37

Z]A7,7]27 X Z.]27

7/57

7)67 =727 x 7.)3Z, Ss3= Ds
7]77

7)87, 7)27 X LJAZ, Z.J27. x 7.]27.,7.]27
The dihedral group, Dy

The quaternion group, Qg
7)97,7)37 x 7] 37

Z/10Z,

Z7./57 % ¢ Z./27 where 6 =7
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R* 48
action, 50
addition, 17, 19, 43, 50
additive identity, 17, 43, 50
additive inverse, 17, 19, 43, 50
annihilator, 59
basis, 22
center, 47
characteristic, 47
commutative ring, 47
complex numbers C, 18
coset, 20, 45, 51
cosets partition, 51
dimension, 22
direct sum, 47, 53
distributive law, 43
field, 17
addition, 17
additive inverse, 17
field homomorphism, 18, 28
identity, 17
multiplication, 17
multiplicative identity, 17
multiplicative inverse, 17
subfield, 17
zero, 17
finite fields F,, 18
generated by, 53
homomorphism, 51
field homomorphism, 18, 28
image, 52
kernel, 52
linear transformation, 19
ring homomorphism, 44
ideal, 45
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left ideal, 59
identity, 43
addititive identity, 17
multiplicative identity, 17
image, 21, 46, 52
inclusion, 26
integers Z, 44
inverse, 17, 48
additive inverse, 17, 19
inverse, 48
left inverse, 48
multiplicative inverse, 17
right inverse, 48
two sided inverse, 48
isomorphic, 20, 44, 51
isomorphism, 20, 51
ring isomorphism, 44
kernel, 21, 46, 52
Lagrange’s theorem, 96
left ideal, 59
linear combination, 24
linear transformation, 19, 36
linearly independent, 22
module, 19, 50
R-action, 50
addition, 50
additive identity, 50
additive inverse, 50
coset, 51
direct sum, 53
generated by, 53
homomorphism, 51
image, 52
isomorphic, 51
isomorphism, 51
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kernel, 52 zero, 43

maximal proper submodule, 53 zero ring, 44

proper submodule, 53 ring homomorphism, 44
quotient, 52 scalar multiplication, 19, 50
right R-module, 63 subgroup, 20, 45, 51
scalar multiplication, 50 submodule, 50

simple module, 53 subring, 43

subgroup, 51 unit, 48

submodule, 50 vector space, 19

zero, 50 addition, 19

zero module, 50

. additive inverse, 19
multiplication, 17 basis. 92

multiplicative identity, 17, 43
multiplicative inverse, 17
null space, 21
quotient, 21, 46, 52
quotient map, 26
rational numbers Q, 18
real numbers R, 18
ring, 18, 43
addition, 43
additive identity, 43
center, 47
characteristic, 47
commutative ring, 18, 47

cosets partition, 20
dimension, 22

direct sum, 22

image, 21

inclusion, 26
isomorphism, 20

kernel, 21

linear combination, 24
linear transformation, 19, 36
linearly independent, 22
quotient map, 26
quotient space, 21

coset, 45 scalar multiplication, 19
direct sum, 47 span, 22, 24

ideal, 45 subgroup, 20

identity, 43 subspace, 19, 24
isomorphic, 44 zero, 19

isomorphism, 44 zero space, 19
multiplicative identity, 43 vector space F*, 19, 25
quotient, 46 zero, 17, 19, 43, 50
subgroup, 45 zero module, 50
subring, 43 zero ideal, 45

unit, 48 zero ring, 44
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