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Abstract

This is a compendium of exam and assignment questions used for Arun Ram’s lectures of Vector
Calculus in Semester 2 of the years 2017 and 2018.
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2 Final Exam Semester 2 Year 2017

This is a 3 hour exam. No books, notes or calculators are allowed but a formula sheet was provided.

Problem 1. (15 marks) Prove that if f(z,y) is defined for all z,y, by

2zy

flzy) =4 2 +y*
0, if (z,y) = (0,0),

then
(a) for any fixed z, f(x,y) is a continuous function of y,

(b) f(z,y) is not continuous at (0,0),
of of

, =— exist at (0,0) but are not continuous there.

(c) oz dy

Problem 2. (8 marks) Using Lagrange Multipliers, find all the extremal points and the extremum
values of the function

f(z,y) =y

subject to the constraint
%x2+%y27120.

Justify that the points you have found give the maximum and minimum of f.
Problem 3. (10 marks) Consider the curve
c(t) = (2(—t +sint), V2(1 — cost), vV2(1 — cost)), with 0 < ¢ < 2.
(a) Find the length of the arc c.

(b) Prove that the unit tangent vector is given by

T(t) = (_ sin(t/2), V2 cos(t/2) cos(t/2)) ’

G

and therefore find the principal normal N(¢) and the binormal B(t), for 0 < ¢ < 27.

Problem 4. (10 marks) Let f, g and h be scalar functions of order C? on R3.
(a) Show that V(ef) = e/ V.
(b) Show that V2(ef) = e/ (V2f + Vf- V).

(c) Assume that g and h are such that V2g = 0 and V?h = 0 and Vg-Vh = 0. Obtain an expression
for V2(ge — he9) in the simplest possible form.
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Problem 5. (12 marks) Consider the smaller part of the sphere 22 + 42 + 22 = 4 cut by the plane

z=4/2.
(a) Find the volume.

(b) Find the surface area of this portion of the sphere.

Problem 6. (10 marks) Let D be the region bounded by the curves x = y? and = = 2y — y?. Sketch
D and find the moment of intertia about the z-axis of the region D if the density is p =y + 1.

Problem 7. (10 marks) Let C' be the portion of the curve in which the plane z = 2z + 3y cuts the
cylinder 22 + 32 = 12 with y > 0. Let F be the vector field given by

F(z,y,2) = y*2°i + 20y2°j + (3uy°2% + 2)k.
(a) Find f such that F = Vf.

(b) Calculate the work done by the vector field F along the curve C (counterclockwise as viewed
from the positive end of the z-axis looking toward the origin).

Problem 8. (15 marks) Let S be the closed surface that consists of the
upper hemisphere of radius 1, centred at (0,0,0), with base 22 +42 <1, z =0.
Let the vector field F be defined by
F(z,y,z) = 2xi+ 2yj + 2zk.

Verify Gauss’ Divergence theorem for the vector field F and the closed surface S.

Problem 9. (17 marks) Let S be that part of the cube centred at (0,0, 1) with side length 2v/2 that
lies above the x-y plane. Let F(z,y, z) = cos(z2)i + 23j + ye~**k. Evaluate

é/(vXF).ds,

using
1. an appropriate line integral;
2. the simplest surface.

Fully justify your answers.

Problem 10. (15 marks)

(a) State Green’s theorem and explain all the symbols used and all the required conditions.
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(b) Using Green’s theorem evaluate the line integral

/ yidr + 22dy |
C

where C' is the triangle bounded by x = 0, y = 0, and 2z + y = 1 traversed clockwise.

Problem 11. (15 marks) Define parabolic cylindrical coordinates (u,v, z) by

where v € R, v >0, z € R and u? +v? > 0.

1. Compute the scale factors hy, h, and h,.

2. Show that the coordinate system is orthogonal.

3. Write down an expression for the absolute value of the Jacobian.

4. Let f(u,v,z) = udv® + 567822 + 3456 and F(u,v,2) = u?e,. Find expressions for

Vf and V x F

in terms of u,v and z and e,, e, and e,.
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3 Final Exam Makeup Semester 2 Year 2017

Problem 1. (10 marks) Consider the function f given by

3y? — 23

fog) = 4 2rzp TV F0.0
0, if (l‘,y) = (0,0)

(a) Calculate % if (2,1) # (0,0).

(b) Calculate g—g if (xz,y) = (0,0), if it exists.

c¢) Find lim x,y), if it exists.
(©) Find lim f(x.y)

(d) Is f continuous at (0,0)7 Explain briefly.

Problem 2. (10 marks) Consider the two functions f : R? — R? and g : R® — R? given by
f(xay) = ($27 2y7 xr — y)
glu,v,w) = (u+w, v* +w?).

(a) Evaluate the derivative D(f o g) of the composite function f o g at (z,y,z) = (0,2, —1) using
the matrixz version of the chain rule.

(b) Write down an expression for h(u,v,w) = (f o g)(u,v,w).

(c) Using part (b), evaluate D(h), and check your answer to part (a) by direct substitution.

Problem 3. (12 marks) A rectangular box having no top and a prescribed volume of 60 m? is to be
constructed using two different materials. The material used for the bottom and the front of the box
is 5 times as costly (per m?) as the material used for the back and the other two sides.
Using the method of Lagrange Multipliers, find the dimensions of the box required to minimise the
cost of the materials.
Justify that the dimensions found correspond to the minimum cost, and calculate the minimum cost.
Problem 4. (8 marks)

(a) Find the two constants A, B € R so that the vector field

V(z,y,z) = Azsin(ny)i + (x2 cos(my) + Bye_z) j+y’e?k

is an irrotational vector field.

(b) Using the two constants found in part(a), find a scalar potential function ¢ for V.
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Problem 5. (10 marks)
(a) (i) Ifr = (2,9,2), 7 =|r|, r #0, and f(r) is a C* scalar function show that

V.-(fir)r) = r;l—{ + 3f(r).

. . . r
(ii) Using part (i), compute V - (74)

(b) Prove vector identity 11, that is, for a C? function f, show that V x (Vf) = 0.

Problem 6. (10 marks)
(a) Find the length of the curve ¢(t) = (sin(2t), cos(2t), 2t3/2) for 0 < ¢ < 2.

9 r3
/ / exp(z?) dz dy.
0 Jvy

Problem 7. (10 marks) Let R be the solid region bounded by the cylinder x? + y? = 4, the plane

2z =0, and the cone z = y/x2 + y2.

(a) Draw a sketch of the solid region R.

(b) Evaluate the integral

(b) Evaluate the integral

///R(xz + )3 2av.

Problem 8. (10 marks) Let S be the surface of the upper hemisphere 22 + y? + 22 = 16 for z > 0.

(a) By parameterizing S, find a normal vector to S.

//SF-dS,

where F(z,y,z) = —yi + xj — k, using the outward normal to S.

(b) Hence evaluate

Problem 9. (10 marks) Let S be the capped cylindrical surface given by the union of two surfaces
S1 and S, where Sy is 22 +y? =1, with —2 < 2 <0, and Sy is 2 = 1 — 22 — 3% with 0 < 2 < 1. Let
F be the vector field given by

F(z,y,2) = yzi+ zyz’j + 22k,

(a) Sketch the surface S, labelling clearly Si, S2, and 95S.

//S(VXF)-CZS,

where S is orientated using the outward unit normal.

(b) Evaluate
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Problem 10. (12 marks) The divergence theorem in the plane can be expressed as

/F~ﬁds = //V-Fdxdy,
C D

where D is a region in the z-y plane bounded by a simple closed curve C with positive orientation, F'
is a C'! vector field, and 7 is an outward pointing normal to C' in the z-y plane.
Verify the divergence theorem in the plane for the vector field F' given by F(z,y) = (4z,y), and the

region D = {(:):,y) ER|0<y<+V9 —:1:2}.
Include a sketch of C' and D clearly showing a unit normal vector fi and the orientation of C.

Problem 11. (12 marks) Using Gauss’ Divergence theorem, calculate the flux integral

//SF~dS,

where F(x,y,z) = 221 + yj + 22k, and S is the surface of the cone z = 2 — /22 + y? that lies above
the z-y plane. The surface is oriented so that the normal is pointing outwards.

Problem 12. (11 marks) Define elliptic cylindrical coordinates (u,v,w) by
x = acoshucosv, y = asinhusinwv, z = w, (a >0)
where u > 0, 0 < v < 27, and —oc0 < w < Q.
(a) Find the scale factors hy, hy, and hy,.
(b) Find the unit vectors e, e,, and e,,.

(c) If f(u,v,w) = u?, determine V2 f(u, v, w), expressing your answer in the simplest possible form.
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4 Final Exam Semester 2 Year 2018

Problem 1. (10 marks) Consider the following function:

(oy) = { v o (ay) with @ £ 0,
ey Y, for (z,y) with x = 0.

a) Calculate  lim r,y).
(a) (x,y)—>(0,0)g( Y)

(b) Determine where g is continuous. Justify your answer, referring to any theorems you use.

0 0
(c) Using the definition of the partial derivative, calculate 8—9 and 27 at (xz,y) = (0,0).

x oy
Problem 2. (10 marks)

(a) Use a Lagrange multiplier to find the point (z,y, z) closest to the origin on the graph of the
function z = x +y — 3. (Hint: to simplify work, take f(x,y,z) = %(:pQ + 12 + 22) as the function
to be minimised.)

(b) Consider the general problem of finding points (x,y, z) which minimise the distance from the
99
%a

origin on the graph of a function z = g(z,y). Give a system of equations in terms of z,y, g,
0
and a—g whose solutions will give such points.
Yy

Problem 3. (10 marks) A curve C has the parametric equations:
r=2t y=t>, z=logt, for 0<t<o0.
(a) Find the acceleration a(t) and the unit tangent vector T(t) to C.
(b) Find the curvature of C' at the point where t = 1.

(c) Let N(t) be the principal normal vector to C. The acceleration at the point t = 1 can be written
as

a(l) =arT(1) + anN(1). (You do not need to prove this fact.)

Show that |a(1)| = \/a% + a3,

(d) Calculate ar and ay.

Problem 4. (10 marks) Let f be a scalar function of order C? on R? and let F be a vector field of
order C? on R3.

(a) Just using the definitions (i.e. without using the identities on the formula sheet),
prove that curl(grad(f)) = 0.
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(b) Just using the definitions (i.e. without using the identities on the formula sheet),
prove that div(curl(F)) = 0.

Problem 5. (10 marks) A triangle has vertices (0,0,0), (0,1,—1) and (0,1,1). The plane of the
triangle is rotated about the z-axis, and the moving triangle forms a solid (which is a cylinder from
which two parts of a cone have been removed).

(a) Set up a multiple integral in spherical coordinates to calculate the volume of this solid.

(b) Find the volume.

Problem 6. (10 marks) Use multiple integration to find the moment of inertia about its axis of
symmetry for a cylinder of radius a, height h, constant density p and total mass M. Express your
answer in terms of a and M.

Problem 7. (10 marks) Let C' be the curve
c(t) = (2cost)i+ (2sint)j + tk, for 0<t<2n,

and let
F(z,y,2) = 2xi—4y2?j — (4y°2 — 1) k.
(a) Find f such that F = Vf.

(b) Calculate the work done by the vector field F to move a particle along the curve C' in the
direction of increasing t.

Problem 8. (10 marks) Evaluate // F - dS where S is the surface of the bell
S

z=(1-2%- y2)617127y2 for z >0,
and )
F(z,y,2) = (€Y cos z, (z° + 1)2 sin 2, 2% + y* + 3).

(Hint: Use the divergence theorem.)
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Problem 9. (10 marks) Let the surface S be the disk 2% + 3? < 9 in the plane z = 2. The normal to
S is directed upwards. Let F(x,y, z) = zi + zj + yk.

é/(VxF)-dS,

(b) Stokes’ theorem asserts that the value of this surface integral is equal to the value of a certain
line integral. Set up and evaluate the line integral.

(a) Evaluate

without using Stokes’ theorem.

Problem 10. (10 marks)
(a) Sketch the region enclosed by the curves 2 — 4?2 =1, 22 — 4?2 =9, y = 0 and 2y = z, if > 0.

(b) Use the change of variables

2

and v=2a%—y?

_ Y
u ==
xT

1 1 1 1
to find the area of the region. (Hint: Note that = 7< + ))
1—uw? 2\14u 1-wu

Problem 11. (10 marks) Use spherical coordinates for this question.

(a) Compute the scale factors h,, hg, and hy, for spherical coordinates.

(b) Show that the coordinate system is orthogonal.

(c¢) Find an expression for V@ in terms of r, 0, ¢ and r, 0,p.
)

(d) Find an expression for V - (sin @ 8) in terms of 7,0, ¢ and #,0, .

10
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5 Final Exam Makeup Semester 2 Year 2018

Problem 1. (12 marks) Consider the following function:

203 + o2
flz,y) = 3;:4—7332 (z,y) # (0,0),
0, (z,y) = (0,0).

1. Evaluate lim  f(z,y), if it exists.
(2,5)—(0,0)

2. Calculate % if (z,y) # (0,0).

of .
. lcul — if = .
3. Calculate B | (z,y) = (0,0)

4. Determine where f is continuous. Justify your answer.

Problem 2. (11 marks) Using Lagrange Multipliers, determine the critical points of the function

f(z,y,2) = zyz

subject to the constraint 2o + 3y + z = 6.

Problem 3. (10 marks)

1. Let T and B be the unit tangent and unit binormal vectors to a path. Prove that

dB

— - T =0.
dt

2. Consider the vector field
F(CL‘,y) = (—LE, 2y)

Derive the differential equation for the flow lines and solve the differential equation to obtain an
expression for the flow lines in the form y = f(x).

Problem 4. (15 marks)
1. Let F : R? = R3 be a C! vector field and f : R? — R be a C! scalar function. Prove that

Vx(fF)=fVxF+VfxF.

2. Let r = xi+yj + zk and r = |r|, r # 0. Calculate the following quantities, if they are defined:
1 1
DV - [ = ); i) V2 = ).

11
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Problem 5. (11 marks) Let R be the solid capped cylinder that is bounded by the plane z = 0, the
cylinder 22 + 32 = 1 and the hemisphere z = /9 — 22 — 32,

1. Sketch the region R.

2. Calculate the total mass of R if the mass per unit volume is p = 22.

Problem 6. (9 marks) Let S be the surface of the torus represented by
x= (44 cosp)cosl, y=(4+cosp)sinf, z=sing
where 0 < ¢ < 27 and 0 < 0 < 2.
1. Determine a normal vector to S.

2. Using part (a), determine the surface area of S.

Problem 7. (8 marks) Evaluate the line integral
/C(—2y3 + sinh? 22) dx 4 (223 + cosh? 3y) dy

around the triangle in the z-y plane with vertices at (0,0), (0,2) and (1,2), traversed in the clockwise
direction.
Problem 8. (18 marks)

1. State Gauss’ theorem. Explain all symbols used and any required conditions.

2. Let S be the hemisphere z = /2 — 22 — 2. Using Gauss’ theorem, evaluate the surface integral

//SF-dS

where F(z,y,2) = 3y3zi+ (z — ) j + (22 + 2) k and S has an outward pointing normal.

Problem 9. (23 marks)

1. Let D be the semi-circular region
0<y<V9—a?

with a positively oriented boundary curve C. Sketch C' and D, clearly showing an outward
normal vector i1 for C' in the x-y plane and the orientation of C.

2. The divergence theorem in the plane can be written as

/ F-ﬁds://V-Fdxdy.
C=0D D

Verify the divergence theorem in the plane for the vector field F(z,y) = (4z,%?) and the region
D specified in part (a).

12
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Problem 10. (8 marks) Define parabolic cylindrical coordinates (u, v, z) by

1
x:§(u2—v2), Y= uv, 2=z

where u € R, v >0, z € R and uv? +v% > 0.
1. Calculate the scale factors hy, hy, h.

2. Determine the unit vectors e,, e,, €.

3. Evaluate
V - (ude, +vPze,).

13
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6 Assignment 4 Semester 2 Year 2018
1. (a) Use

t —t ¢ —t .
e —e e'+e sinh ¢ 1

sinht = cosht = tanht = ——, and secht =
2 7 2 7 cosht’ cosht

to show that 1 — tanh? ¢ = sech?t,

d tanht
—— =35

ech? ¢, lim tanht =0 and lim tanht = 1.
dt t—0 t—00

(b) Use the change of variables x = rcos#, y = rsinf, z = ¢t — tanht to derive the formula

(Volume of V) = / / / rtanh? tdr df dt
\%

for any region V in R3.
(c) Let S be the parametrised surface (the pseudosphere) given by

cos@ sinf
cosht’ cosht’

o(t,0) = (

t—tanht), for 0<tand0<60 <27

Let V be the region in R? between the plane z = 0 and the surface S.

(ca) Graph the region V.
(cb) Compute the volume of the region V.

2. Let C be the directed curve forming the triangle (0,0,0) to (0,1,1) to (1,1,1) to (0,0,0).

(a) Let F = zi+ 2yj+ 2zk. Is the field F conservative? Find [, F - ds.
(b) Let F = yzi + x2zj + xyk. Is the field F conservative? Find [, F - ds.

3. Let F = 2%i4+-wxyj+2k and let S be the flat triangular surface with vertices (0,0, 0), (1, 1,0), (2,2, 2).
Assume S is oriented towards the postive z-axis. Find

//SF-dS.

4. Let C be the curve c¢(t) = (¢,sint), for 0 < t < 7. Use Green’s theorem to evaluate the line
integral

/ By dx + 2z dy).
c

14
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7 Assignment 3 Semester 2 Year 2018

1. Let R be the region enclosed between y = %m, y=0and x +y =1.
Using the new coordinates ©u = x + y, v = & — 2y evaluate the following double integral.

J| VaToa=zm)asay

Sketch R both before and after the change of coordinates.

2. (a) Use
t_ ot t —t
sinht = S and cosht = te
2 2
to show that cosh? ¢ — sinh?¢ = 1,
d sinht d ht
SIRE cosht, @ COSnt _ sinh¢, lim =1, and lim =0,
dt dt t—0 cosh t t—oo cosh ¢

(b) Let S be the parametrised surface (the pseudosphere) given by

B(1,0) = (cos@ sin 6

7,7,t—tanht), for 0<tand0<60 <27
cosht’ cosht

Calculate the surface area of S.

3. Let R be the region bounded by the planes t =0,y =0,z=0,x4+y=1and z =z + y.

(a) Find the volume of R by integration.

(b) Assume that the region is a solid of uniform density and use triple integration to find its
center of mass.

8 Assignment 2 Semester 2 Year 2018

1. For z = 22 +y3 — 6y, find the critical points and classify them by means of the second derivative
test.

2. Consider the curve (a cardioid)

c(t) = (8(1 — cost) cost,8(1 — cost)sint, 1), with 0 < t < 2.
(a) Graph the curve c.

(b) Find the length of the arc c.

3. Let n be an integer, let r = (22 4+ % + 22)1/2 and let r = zi + yj + zk.
(a) Assuming that (z,y,2) € R? — {(0,0,0)}, show that
V(r") = nr" " 2r.

(b) For which values of n is V2(r") = 0?

15
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4. Consider the curve
c(t) = (t,t%, 2%, with0<t<2.

(a) Find the unit tangent vector T(t), the principal normal N(¢) and the binormal B(t).
(b) Calculate the curvature k() and the torsion 7(t) of the curve c.

(c) Graph the curve c.

9 Assignment 1 Semester 2 Year 2018

1. Consider the function f: R? — R given by

322 —y2 -2

=72 = fora?+y?#£2,
flr,y) =9 22 +y* -2 v #

-1, for 22 + y2 = 2.

(a) Evaluate lim  f(z,y) if it exists or justify why the limit does not exist.
(z,y)—(0,0)

(b) Evaluate lim  f(x,y) if it exists or justify why the limit does not exist.

(z,y)—(1,1)

(c) Is f continuous at (1,1). Justify your answer.

2. Consider the following function:

~@* %) _ 5 for (z,y) # (0,0),
: for (z,y) = (

9(z,y) ={ i

(a) Graph the function g(z,y).

b) Calculate lim r,y).
(b) (W)H(O,O)g( Y)

(¢) Determine where g is continuous. Justify your answer, referring to any theorems you use.

(d) Find % and gZ for all (z,y) € R? — {(0,0)}.

(e) For which r is g(x,y) a C” function at (0,1)7 (justify your answer)

3. Consider the functions f: R? = R3, g: R? — R? and h: R? — R? given by

flu,v) = (2u?, 30,0 — ),
g(u,v,w) = (v+ w?, u? + w),
h(u,v) = (v? — u, 2u + v).

Evaluate the derivative D(h(g(f(u,v)))) at (u,v) = (0, 1) using the matrix version of the chain rule.

16
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10 Assignment 4 Semester 2 Year 2017

1. Consider the parametrised surface defined by

r=usin®v, y=ucosv, z=nu, where v > 0 and 0 < v < 27.

) Find a vector normal to the surface in terms of v and v.

b) For what values of u and v is the surface smooth?

(c) Find the equation of the tangent plane to the surface at (v/2, —v/2,4).
)

(d) Find the Cartesian equation of this surface.

(a
(

2. Find the area of the surface of that portion of the sphere 22 + % 4+ 22 = 4 that lies inside the
cylinder 22 + y? = 2.

3. Calculate the flux of each of the vector fields
F(z,y,2) = 2'k and G(z,y,2) = 29k

across the unit sphere oriented with the outward pointing normal.

11 Assignment 3 Semester 2 Year 2017

1. Consider the double integral below:

27 3
/ / sinh(z2)dzdy.
o Sy

(a) Sketch the region of integration, labelling all its vertices.

(b) Calculate the double integral by interchanging the order of integration.

2. Consider the solid V of unit density, where V is the region inside the sphere z?+y?+22 = 4-63522
and outside the cylinder 2% + y? = 63522

(a) Using spherical coordinates, set up and calculate the moment of inertia for V' about the
z-axis. Show all calculations.

(b) Now, using cylindrical coordinates, set up and calculate the moment of inertia of V' about
the z-axis. Show all calculations.

3. Let
F(z,y,2) = eV7*(i + xj + 2zk).

Find the work done by the force F from (0,0,0) to (1,1,1) along each of the following curves:

17
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(a) along the straight line x = y = z;
(b) along the curve x =t, y = 2, z = t*;

(c) along the z-axis to (1,0,0), then in a straight line to (1,1,0) and from there in a straight
line to (1,1,1).

Is the force F conservative?
12 Assignment 2 Semester 2 Year 2017

1. The cone 22 = 2% 4+ y? is cut by the plane z =1+ z + y in a curve C. Find the points on C that

are nearest to, and furthest from, the origin.

2. Consider the curve
c(t) = (2(—t +sint), vV3(1 — cost), 1 — cost), with 0 < t < 27.
(a) Find the length of the arc c.

(b) Prove that the unit tangent vector is given by

T(t) = (— sin(t/2), \/3‘3025(15/2)’ Cos(2t/2)> |

and therefore find the principal normal N(¢) and the binormal B(t), for 0 < ¢t < 2.

(c) Calculate the curvature x(t) and the torsion 7(t) of the curve c. What geometric conclusion can
you draw from your result?

3. Let
F = (e cosy + yz)i+ (zz — e*siny)j + (zy + 2)k.

Is F irrotational? If so, find a scalar function f such that F = V f.

13 Assignment 1 Semester 2 Year 2017

1. Consider the function f: {(x,y) € R? | z # y} — R given by

22 — 2

flz,y) =

23 — o3

(a) Evaluate lim  f(x,y) if it exists or justify why the limit does not exist.
(z,y)—(0,0)

(b) Evaluate lim  f(x,y) if it exists or justify why the limit does not exist.
(z,y)—=(1,1)

(c) Is f continuous at (1,1). Justify your answer.
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2. Consider the following function:

a) Calculate lim z,y).
(a) (x’y)ﬁ(oyo)g( y)

(b) Determine where ¢ is continuous. Justify your answer, referring to any theorems you use.

(¢) Find gz and gz for all (z,y) € R2.

(d) Determine where g is C!. Justify your answer, referring to any theorems you use.

3. Consider the function

h(z,y) = /35 — 622 — 2y2.

(a) What is an appropriate point (a,b), where a and b are integers, about which to approximate
h(2.02, —0.96) using a Taylor series?

(b) Using the (a,b) you found in Q3a, estimate h(2.02, —0.96) with a linear Taylor polynomial.
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