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1 Lecture 1: Examples of U-modules

What does a module look like? A module is a vector space with some (linear) operators. To work
with a vector space, specify a basis, and to work with linear operators, specify their matrices with
respect to that basis.

1.1 The module L("1) for U = Ut(sl1)

Let Eij 2MZ⇥Z(C) denote the matrix with 1 in the (i, j) entry and 0 elsewhere.
Let

L("1) be a vector space with basis {vi | i 2 Z}.

For i 2 Z, define

Ei = Ei,i+1, Fi = Ei+1,i, Ki = 1 + (t� 1)Eii + (t�1
� 1)Ei+1,i+1.
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1.2 The module L("1) for U = Ut(Lsln)

Let n 2 Z>2.
Let Eij 2MZ⇥Z(C) denote the matrix with 1 in the (i, j) entry and 0 elsewhere.
Let

L("1) be a vector space with basis {vi | i 2 Z}.

For i 2 Z/nZ, define
Ei =

X

k2Z
k=i mod n
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1.3 Coiling L("1) for Ut(Lsln)

Let n 2 Z>2.
Let Eij 2MZ/nZ⇥Z/nZ(C[✏, ✏�1]) denote the matrix with 1 in the (i, j) entry and 0 elsewhere.
Let {v0, v1, . . . , vn�1} be a basis of Cn. Then the vector space

Cn[✏, ✏�1] = C[✏, ✏�1]⌦C Cn has C-basis {✏`vi | i 2 Z/nZ, ` 2 Z}.

Define C[✏, ✏�1]-linear endomorphisms of Cn[✏, ✏�1] by

Ei = Ei,i+1, Fi = Ei+1,i, Ki = 1 + (t� 1)Eii + (t�1
� 1)Ei+1,i+1, for i 2 {1, . . . , n� 1},
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and define E0, F0,K0 by

E0 = ✏E0,1, F0 = ✏�1E1,0, K0 = 1 + (t� 1)E0,0 + (t�1
� 1)E1,1,

Then
Cn[✏, ✏�1] ! L("1)

✏`vi 7! vi�`n

is an isomorphism of Ut(Lsln)-modules.

Pictorially,
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1.4 The module Lfin(u1 � a) for Ut(Lsln)

Let a 2 C.
Let n 2 Z>1 and let Eij 2MZ/nZ⇥Z/nZ(C) denote the matrix with 1 in the (i, j) entry and 0 elsewhere.
Let

Cn be a vector space with basis {vi | i 2 Z/nZ}.
For i 2 {1, . . . , n}, define

Ei = Ei,i+1, Fi = Ei+1,i, Ki = 1 + (t� 1)Eii + (t�1
� 1)Ei+1,i+1, for i 2 {1, . . . , n� 1},

and define E0, F0,K0 by

E0 = aE0,1, F0 = a�1E1,0, K0 = 1 + (t� 1)E0,0 + (t�1
� 1)E1,1,

E0 F0

•
vn

En�1
•
vn�1

• • •

E2

F2

•

v2

E1

F1

•

v1

HW: Assume that t is not a root of unity. Prove that Lfin(u1 � a) is an irreducible Ut(Lsln)-module.

HW: Assume that t is not a root of unity. Prove that if a1, a2 2 C with a1 6= a2 then

Lfin(u1 � a1) is not isomorphic to Lfin(u1 � a2).
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1.5 Skew shapes and column strict tableaux

A box is an element of Z2 (rows and columns are indexed as for matrices). The content of box = (i, j)
is the diagonal number of the box (i, j),

c(box) = j � i.

0 1 2 3 4 5
-1
-2
-3
-4
-5

.

.

.

1
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5

6
.
.
.

· · · 1 2 3 4 · · ·

b = (2, 4) has content c(b) = 2,
b = (6, 1) has content c(b) = �5.

A skew shape is a finite subset of Z2 such that

If r 2 Z>0 and (i, j), (i+ r, j + r) 2 ⌫/µ then (i+ a, j + b) 2 ⌫/µ for a, b 2 {0, 1, . . . , r}.

⌫/µ =

.

.
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· · · �1 0 1 2 3 · · ·

=

8
>>>><

>>>>:

(�3, 4), (�2, 4),
(�1, 1), (�1, 2), (�1, 3), (�1, 4),
(0, 1), (0, 2), (0, 3), (0, 4),
(1, 1), (1, 2), (1, 3),
(2,�2), (2,�1), (2, 0),

9
>>>>=

>>>>;

A column strict tableau of shape ⌫/µ filled from {1, . . . , n} is a function T : ⌫/µ ! {1, . . . , n} such
that

(a) if (i, j), (i+ 1, j) 2 ⌫/µ then T (i, j) > T (i+ 1, j),
(b) if (i, j), (i, j + 1) 2 ⌫/µ then T (i, j)  T (i, j + 1).

 ^

For example,

T =

.
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1
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is a column strict tableau filled from {1, 2, . . . , 9}.

Let
B(⌫/µ) = {column strict tableaux of shape ⌫/µ filled from {1, . . . , n}}.

The set B(⌫/µ) is empty if ⌫/µ contains a column of length > n. If B(⌫/µ) is nonempty then it
contains he column reading tableau T+

2 B(⌫/µ) determined by

(a) if (i, j) 2 ⌫/µ and (i� 1, j)) 2 ⌫/µ then T+(i, j) = 1,

(b) if (i, j), (i, j + 1) 2 ⌫/µ then T+(i, j + 1) = T+(i, j) + 1.
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1.6 The U0-module Lfin(⌫/µ)

Let U0 = Ut(Lsln) and let

Lfin(⌫/µ) be the vector space with basis {vT | T 2 B(⌫/µ)}.

For T 2 B(⌫/µ), define

�T (u0, u1, . . . , un�1, un) =
Y

b2⌫/µ

1� uT (b)t
2c(b)+T (b)�1

1� uT (b)�1t2c(b)+T (b)
.

For i 2 {1, . . . , n� 1}, let �(i)
T
(u) be �T (u0, u1, . . . , un�1, un) evaluated at ui = u and uj = 0 at j 6= i,

�(i)
T
(u) = �T (0, . . . , 0, u, 0, . . . , 0).

For i 2 {1, . . . , n} and u,w, z 2 C⇥, define operators q(i)(u), x+
i
(ta) and x

�
i
(ta) on Lfin(⌫/µ) by

q
(i)
+ (u)vT = qdeg(�

(i)
T ) �

(i)
T
(t�1u)

�(i)
T
(tu)

vT , and q
(i)
� (u)vT = q� deg(�

(i)
T ) �(i)

T
(tu)

�(i)
T
(t�1u)

vT ,

and

x
+
i
(ta)vT =

(
(const)vẽi,aT , if T has a box b with T (b) = i and c(b) = a,

0, otherwise.

x
�
i
(ta)vT =

(
(const)v

f̃i,aT
, if T has a box b with T (b) = i+ 1 and c(b) = a,

0, otherwise,

where
ẽi,aT is T except with i changed to i+ 1 in a box of content a,

f̃i,aT is T except with i+ 1 changed to i in a box of content a,
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2 Lecture 2: The a�ne Weyl group

2.1 The finite Weyl group Wfin

Before we start the game we wish to play we are given some symbols �,⇤0 and ↵_
1 , . . . ,↵

_
n and some

integers denoted

a0, a1, . . . , an 2 Z>0,
a_0 , a

_
1 , . . . , a

_
n 2 Z>0,

and Cij , for i, j 2 {1, . . . , n}.

Fix a C-vector space a and its dual a⇤ so that

a has C-basis {↵_
1 , . . . ,↵

_
n},

a⇤ has C-basis {!1, . . . ,!n}
with h!i,↵

_
j i = �ij .

Let
h⇤ be the vector space with basis {�,!1, . . . ,!n,⇤0}.

For j 2 {1, . . . , n} define
↵j = C1j!1 + · · ·+ Cnj!n

and
sj : h

⇤
! h⇤ by si(a� + �+ `⇤0) = a� + �� h�,↵_

i i↵i + `⇤0,

for a, ` 2 C and � 2 a⇤. The finite Weyl group

Wfin ✓ GL(h⇤) is generated by s1, . . . , sn.

2.2 The a�ne Weyl group

Let
aadZ = Z-span{↵_

1 , . . . ,↵
_
n}.

For µ_
2 aadZ define tµ_ : h⇤ ! h⇤ by

tµ_(a� + �+ `⇤0) = (a+ (�� `12µ
_)(µ_))� + �+ `µ_ + `⇤0,

where a, ` 2 C, � 2 a⇤ and µ_ is viewed as an element of a⇤ by the isomorphism

a
⇠
! a⇤

a_
j
↵_
j
7! aj↵j

The a�ne Weyl group is

W ad = aadZ oWfin = {tµ_w | µ_
2 aZ, w 2Wfin}

with
tµ_t⌫_ = tµ_+⌫_ and wtµ_ = twµ_w, for µ_, ⌫_ 2 aZ and w 2Wfin.
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2.3 The Heisenberg group

The matrices of si and tµ_ , with respect to the basis {�,!1, . . . ,!n,⇤0} of h⇤, are

si =

0

BBBBBBBBBBBBBBBBB@

1 0 · · · 0 0 0 · · · 0
0 1 · · · 0 �↵i(h1) 0 · · · 0
0 0 · · · 0 �↵i(h2) 0 · · · 0
...

...
...

0 0 · · · 1 �↵i(hi�1) 0 · · · 0
0 0 · · · 0 �1 0 · · · 0
0 0 · · · 0 �↵i(hi+1) 1 · · · 0
...

...
...

0 0 · · · 0 �↵i(hn) 0 · · · 0
0 0 · · · 0 0 0 · · · 1

1

CCCCCCCCCCCCCCCCCA

, for i 2 {1, . . . , n}, and (2.1)

tµ_ =

0

BBBBBBB@

1 k1 · · · kn �
1
2hµ

_, µ_
i

... µ_
1

0 1
...

... µ_
n

0 · · · 0 · · · 1

1

CCCCCCCA

, for

µ_ = k1h1 + · · ·+ knhn
= k1a1

a
_
1
↵1 + · · ·+ knan

a_n
↵n

= µ_
1!1 + · · ·+ µ_

n!n in aadZ ,

(2.2)

so that �1
2hµ

_, µ_
i = �1

2(µ
_
1 k1+· · ·µ_

nkn). The Heisenberg group is the subgroup of GL(h⇤) consisting
of transformations for which, with respect to the basis {�,!1, . . . ,!n,⇤0} of h⇤, the matrices are

0

BBBBBBB@

1 a1 · · · an z
... �1

0 1
...

... �n
0 · · · 0 · · · 1

1

CCCCCCCA

with a1, . . . , an, �1, . . . , �n, z in R.

2.4 Orbit representatives of the W ad action on (h⇤)int

Let
h⇤Z = C� + Zspan{!1, . . . ,!n,⇤0}.

For ` 2 Z>0, define

A` = {a� + �+ `⇤0 2 h⇤Z | a 2 C, �(h✓)  `, and �(h↵i) � 0 for i 2 {1, . . . , n}},

A0 = {a� + � 2 h⇤Z | a 2 C, and �(h↵i) � 0 for i 2 {1, . . . , n}} and

A�` = {a� + �+ `⇤0 2 h⇤Z | a 2 C, �(h✓) � `, and �(h↵i)  0 for i 2 {1, . . . , n}}.

A set of representatives of the W ad orbits on h⇤Z is

h⇤int = · · · [A�2 [A�1 [A0 [A1 [A2 [ · · · .
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!1-axis

⇤0-axis

pos. level
integrable modules L(⇤)

level zero
integrable modules L(�)

neg. level
integrable modules L(�⇤)

!1 2!1 3!1 4!1 5!1

!1 + ⇤0

�!1 � ⇤0

2.5 Classifications of integrable modules

Let U = Ut(g) be the quantum group corresponding to the a�ne Kac-Moody algebra

g = Cd� g̊[✏, ✏�1]� CK.

Let U0 be U but without the generator D = td.

Let ` 2 Z>0. The sets A` provide index sets for classes of U-modules:

A0 $ {finite dimensional Ut(̊g) modules}

A` $ {level ` irreducible integrable Ut(g) modules}

A�` $ {level �` irreducible integrable Ut(g) modules}

A0 $ {level 0 integrable extremal weight modules Ut(g) modules}

Let
C[u]�n

mon = {a1(u)!1 + · · ·+ an(u)!n | ai(u) 2 C[u] and ai(u) is monic}

Then
C[u]�n

mon $ {irreducible finite dimensional Ut(g)-modules}

12



Bengaluru lectures Arun Ram, version: December 1, 2023

2.6 Type A(1)
1

For Type A(1)
1 the initial data consists of the matrices B = DC given by

B =

✓
2 �2
�2 2

◆
=

✓
1 0
0 1

◆✓
2 �2
�2 2

◆
= DC.

Since ✓
2 �2
�2 2

◆✓
1
1

◆
=

✓
0
0

◆
then K = ↵_

0 + ↵_
1 and ⇤1 = !1 + ⇤0.

The matrices

tk↵_
1
=

0

@
1 �k �k2

0 1 2k
0 0 1

1

A , s1 =

0

@
1 0 0
0 �1 0
0 0 1

1

A , s0 =

0

@
1 1 �1
0 �1 2
0 0 1

1

A , with k 2 Z,

generate the action of W ad on h⇤, with respect to the basis {�,!1,⇤0} of h⇤, For example, if ` 2 R 6=0

then

the W ad-orbit of (2!1 + `⇤0) is contained in the parabola {y� + x!1 + `⇤0 | y = 1
�4`(x

2
� 4)}.

and if ` = 0 then

the W ad-orbit of (2!1 + 0⇤0) is contained in the two lines {y� + x!1 | x = 2 or x = �2}.

These parabolas and lines are displayed in the following picture.
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3 Lecture 3: Extremal weight modules

Let
h⇤Z = C� + Z-span{⇤0, . . . ,⇤n}.

A set of representatives for the W ad-orbits on h⇤Z is (h⇤)int = (h⇤)+int [ (h⇤)0int [ (h⇤)�int, where

(h⇤)+int = C� + Z�0-span{⇤0, . . . ,⇤n},

(h⇤)0int = C� + 0⇤0 + Z�0-span{!1, . . . ,!n},

(h⇤)�int = C� + Z0-span{⇤0, . . . ,⇤n}.

(3.1)

For bsl2 these sets are pictured (mod �) in (6).

3.1 Extremal weight modules L(⇤)

Let ⇤ 2 h⇤int. The extremal weight module L(⇤) is the U-module

generated by {uw⇤ | w 2W} with relations Ki(uw⇤) = qhw⇤,↵_
i iuw⇤,

Eiuw⇤ = 0, and F
hw⇤,↵_

i i
i

uw⇤ = usiw⇤, if hw⇤,↵_
i
i 2 Z�0, (3.2)

Fiuw⇤ = 0, and E
�hw⇤,↵_

i i
i

uw⇤ = usiw⇤, if hw⇤,↵_
i
i 2 Z0,

for i 2 {0, · · · , n}. Pictorially, if hw⇤,↵_
i
i 2 Z�0 then there is a chain of length hw⇤,↵_

i
i from uw⇤ to

usiw⇤,

0

•

usiw⇤
Ei

Fi

•

Ei

Fi

• · · · •

Ei

Fi

•

Ei

Fi

•

uw⇤

0

The module L(⇤) has a crystal, denoted B(⇤). The crystal is a labeling set for a (weight) basis of
L(⇤).

Some properties of the L(⇤) are:

• If ⇤ 2 (h⇤)+int then L(⇤) is the simple U-module of highest weight ⇤.

• If ⇤ 62 (h⇤)+int then L(⇤) is not a highest weight module.

• If ⇤ 2 (h⇤)�int then L(⇤) is the simple U-module of lowest weight ⇤.

• If ⇤ 62 (h⇤)�int then L(⇤) is not a lowest weight module.
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PLATE B: Pictures of B(!1 + ⇤0), B(!1 + 0⇤0) and B(�!1 � ⇤0) for bsl2
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Initial portion of the crystal graph of B(!1 + ⇤0) for bsl2
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Final portion of the crystal graph of B(�!1 � ⇤0) for bsl2
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Middle portion of the crystal graph of B(!1 + 0⇤0) for g = bsl2
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3.2 Bruhat orders

Let a⇤R = R-span{↵1, . . . ,↵n}. An alcove is a fundamental region for the action of W ad on (R�+ a⇤R +
⇤0)/R�. There is a bijection

W ad
 ! {alcoves}

1 7�! {x+ ⇤0 2 a⇤R + ⇤0 | x(hi) > 0 for i 2 {0, . . . , n}}
(3.3)

An element w 2W ad is dominant if

w(⇢+ ⇤0) 2 R�0-span{!1, . . . ,!n}+ ⇤0, where ⇢ = !1 + · · ·+ !n.

In the identification (3.3) of elements of W ad with alcoves, the dominant elements of W ad are the
alcoves in the dominant Weyl chamber.

Let x,w 2W ad and let w = si1 · · · si` be a reduced word for w in the generators s0, . . . , sn.

The positive level Bruhat order on W ad is defined by

x w if x has a reduced word which is a subword of w = si1 · · · si`

The negative level Bruhat order on W ad is defined by x w if x w.

The level 0 Bruhat order on W ad is determined by

(a) for dominant elements: If x,w are dominant then x w if and only if x w,

(b) translation invariance: If µ_
2 aadZ and x,w 2W then x w if and only if xtµ_ wtµ_ .

3.3 Demazure submodules

Let U+ be the subalgebra of U generated by E0, . . . , En,K0, . . . ,Kn, C,D.
Let w 2W ad. The Demazure module L(⇤)+w is the U

+-submodule of L(⇤) given by

L(⇤)+w = U
+uw⇤ and char(L(⇤)+w) =

X

p2B(⇤)+w

ewt(p),

since L(⇤)+w has a crystal B(⇤)+w .

3.4 Demazure operators

The BGG-Demazure operator on C[h⇤Z] = C-span{X�
| � 2 h⇤Z} is given by

Di = (1 + si)
1

1�X�↵i
, for i 2 {0, 1, . . . , n}.

Let ⇤ 2 (h⇤)int, w 2W ad and i 2 {0, 1, . . . , n}.

If ⇤ 2 (h⇤)+int then Dichar(L(⇤)
+
w)) =

(
char(L(⇤)+siw), if siw w,

char(L(⇤)+w), if siw w;

if � 2 (h⇤)0int then Dichar(L(�)
+
w) =

(
char(L(�)+siw), if siw w,

char(L(�)+w), if siw w;

if ⇤ 2 (h⇤)�int then Dichar(L(⇤)
+
w) =

(
char(L(⇤)+siw), if siw w,

char(L(⇤)+w), if siw w;
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PLATE A: Bruhat orders on the a�ne Weyl group (partial relations)

1

s0

s0s1

s0s1s0

s1s0s1

s1s0

s1

1

s2s1

s1s2 s2s1

s1s2s1

s0s2

s0

s2s0

s2s0s2

s0s1

s1s0

s1s0s1

s0s1

s1s2s0

s1s2s0s2

s1s0s2

s0s2

s2s1s0

s2s1s0s1

s2s0s1

s1s2s1s0s2

s1s2s1s0 s2s1s0s2

s2s1s2s0s1

s1s2s0s1

postive level Bruhat order for bsl2
1 is minimal

postive level Bruhat order for bsl3
1 is minimal

1

s0

s0s1

s0s1s0

s1s0s1

s1s0

s1

1

s2s1

s1s2 s2s1

s1s2s1

s0s2

s0

s2s0

s2s0s2

s0s1

s1s0

s1s0s1

s0s1

s1s2s0

s1s2s0s2

s1s0s2

s0s2

s2s1s0

s2s1s0s1

s2s0s1

s1s2s1s0s2

s1s2s1s0 s2s1s0s2

s2s1s2s0s1

s1s2s0s1

level zero Bruhat order for bsl2
translation invariant

level zero Bruhat order for bsl3
translation invariant

1

s0

s0s1

s0s1s0

s1s0s1

s1s0

s1

1

s2s1

s1s2 s2s1

s1s2s1

s0s2

s0

s2s0

s2s0s2

s0s1

s1s0

s1s0s1

s0s1

s1s2s0

s1s2s0s2

s1s0s2

s0s2

s2s1s0

s2s1s0s1

s2s0s1

s1s2s1s0s2

s1s2s1s0 s2s1s0s2

s2s1s2s0s1

s1s2s0s1

negative level Bruhat order for bsl2
1 is maximal

negative level Bruhat order for bsl3
1 is maximal
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3.5 Crystals

Let h⇤R = R-span{�,!1, . . . ,!n,⇤0}. The universal crystal in mind is the set

B(univ) =
n
piecewise linear paths p : R[0,1] ! h⇤R

��� p(0) = 0,
p(1) 2 h⇤Z

o

with root operators ẽ0, . . . , ẽn and f̃0, . . . , f̃n defined by Littelmann (see [Ra06, §5] for an exposition).
For ⇤ 2 h⇤Z, the straight line path from 0 to ⇤ is

p⇤ : R[0,1] ! h⇤R given by p⇤(t) = t⇤, for t 2 R[0,1].

Let w 2W ad.

If ⇤ 2 (h⇤)+int then
B(⇤) = {f̃i1 · · · f̃ikp⇤ | k 2 Z�0 and i1, . . . , ik 2 {0, 1, . . . , n}},

B(⇤)+w = {p 2 B(⇤) | the initial direction of p is w}.

If ⇤ 2 (h⇤)�int then
B(⇤) = {ẽi1 · · · ẽikp⇤ | k 2 Z�0 and i1, . . . , ik 2 {0, 1, . . . , n}},

B(⇤)+w = {p 2 B(⇤) | the initial direction of p is w}.

3.6 Weyl character formula

The Weyl character formulas are formulas for the characters of the extremal weight modules L(⇤) for
the cases when ⇤ 2 (h⇤)+int or ⇤ 2 (h⇤)�int.

Let ⇢̊ = !1 + · · ·+ !n and h_ = a_0 + a_1 + · · ·+ a_n and

⇢ = ⇤0 + ⇤1 + · · ·+ ⇤n = !1 + · · ·+ !n + (a_0 + a_1 + · · ·+ a_n)⇤0 = ⇢̊+ h_⇤0.

Letting
q = e��,

the Weyl denominators are

a+⇢ = e⇢̊+h
_⇤0

Y

r2Z>0

⇣
(1� qr)n ·

Y

↵2R+

(1� qr�1e�↵)(1� qre↵)
⌘

and
a�⇢ = e�⇢̊�h

_⇤0
Y

r2Z>0

⇣
(1� q�r)n ·

Y

↵2R+

(1� q�(r�1)e↵)(1� q�re�↵)
⌘

and the Weyl character formulas are

if ⇤ 2 (h⇤)+int then char(L(⇤)) =
1

a+⇢

X

w2W
det(w)ew(⇤+⇢),

if ⇤ 2 (h⇤)�int then char(L(⇤)) =
1

a�⇢

X

w2W
det(w)ew(⇤�⇢).

The Weyl denominator formula is equivalent to char(L(0)) = 1.
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4 Lecture 4: Level 0 representations

4.1 Extremal weight modules L(⇤)

Let ⇤ 2 h⇤int. The extremal weight module L(⇤) is the U-module

generated by {uw⇤ | w 2W} with relations Ki(uw⇤) = qhw⇤,↵_
i iuw⇤,

Eiuw⇤ = 0, and F
hw⇤,↵_

i i
i

uw⇤ = usiw⇤, if hw⇤,↵_
i
i 2 Z�0, (4.1)

Fiuw⇤ = 0, and E
�hw⇤,↵_

i i
i

uw⇤ = usiw⇤, if hw⇤,↵_
i
i 2 Z0,

for i 2 {0, · · · , n}. This module has a crystal, denoted B(⇤).

4.2 Level 0 extremal weight modules L(�)

Let
� = m1!1 + · · ·+mn!n, with m1, . . . ,mn 2 Z�0.

Let
x1,1, . . . , xm1,1, x1,2, . . . , xm2,2, . . . , x1,n, . . . , xmn,n,

be n sets of formal variables and define

RG� = C[x±1
1,1, . . . , x

±1
m1,1]

Sm1 ⌦ · · ·⌦ C[x±1
1,n, . . . , x

±1
mn,n

]Smn

For i 2 {1, . . . , n}, define

e(i)+ (u) = (1� x1,iu)(1� x2,iu) · · · (1� xmi,iu) and

e(i)� (u�1) = (1� x�1
1,iu

�1)(1� x�1
2,iu

�1) · · · (1� x�1
mi,i

u�1).

Let U0 be the subalgebra of U without the generator D.

Theorem 4.1. The extremal weight module L(�) is the (U0
⌦Z RG�)-module generated by a single

vector m� with relations

x
+
i,r
m� = 0, Kim� = qmim�, Cm� = m�,

q
(i)
+ (u)m� = Ki

e(i)+ (q�1u)

e(i)+ (qu)
m� and q

(i)
� (u�1)m� = K�1

i

e(i)� (qu�1)

e(i)� (q�1u�1)
m�,

where q
(i)
+ (u) and q

(i)
� (u�1) are generating series for loop generators of U.

An alternative presentation of L(�) is as the (U0
⌦ZRG�)-module generated by a single vector m�

with relations
x
+
i,r
m� = 0, Kim� = qmim�, Cm� = m�,

and
e
(i)
s m� = 0 and e

(i)
�s

m� = 0, for i 2 {1, . . . , n} and s 2 Z>mi ,
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4.3 Finite dimensional standard modules Mfin(a(u))

A Drinfeld polynomial is an n-tuple of polynomials a(u) = (a(1)(u), . . . , a(n)(u)) with a(i)(u) 2 C[u],
represented as

a(u) = a(1)(u)!1 + · · ·+ a(n)(u)!n, with a(i)(u) = (u� a1,i) · · · (u� ami,i)

so that
the coe�cient of uj in a(i)(u) is e(i)

mi�j
(a1,i, . . . , ami,i),

the (mi � j)th elementary symmetric function evaluated at the values a1,i, . . . , ami,i. Define

Mfin(a(u)) = L(�)⌦RG� ma(u),

where
e(i)
k
(x1,i, x2,i, . . .)ma(u) = e(i)

k
(a1,i, . . . , ami,i)ma(u)

specifies the RG�-action on ma(u). In other words, the module Mfin(a(u)) is L(�) except that variables
xj,i have been specialised to the values aj,i.

4.4 Finite dimensional simple modules

Let U0 be the subalgebra of U without the generator D.

Theorem 4.2. The standard module

Mfin(a(u)) has a unique simple quotient Lfin(a(u))

and
{Drinfeld polynomials} �! {finite dimensional simple U

0-modules}
a(u) = a(1)(u)!1 + · · ·+ a(n)(u)!n 7�! Lfin(a(u))

is a bijection.

4.5 Crystals for level 0 L(�) and Mfin(a(u))

Let
� = m1!1 + · · ·+mn!n, with m1, . . . ,mn 2 Z�0.

Let k = #{i 2 {1, . . . , n} | mi 6= 0} and

S� = {~ = ((1), . . . ,(n)) | (i) is a partition with `((i)) < mi for i 2 {1, . . . , n}}.

Given � there are uniquely determined

w 2W ad and j 2 Z�0 and ⌫ 2 A1 such that w(⌫ + ⇤0) = �j� + �+ ⇤0.

Then the crystal of L(�) is the set

B(�) = B(⌫ + ⇤0)
+
w ⇥ Zk

⇥ S�.

and the crystal of Mfin(a(u)) is the set

Bfin(�) = B(⌫ + ⇤0)
+
w .
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4.6 Character formulas

Let

0q =
1

1� q
+

q�1

1� q�1
= · · ·+ q�3 + q�2 + q�1 + 1 + q + q2 + · · · ,

(although q
�1

1�q�1 = 1
q�1 = �1

1�q
, it is important to note that 0q is not equal to 0, it is a doubly infinite

formal series in q and q�1).
Conceptually, the set Zk

⇥ S� is the crystal of RG�. Letting q = e��, its character is

char(RG�) =
⇣
0qm1

m1�1Y

k=1

1

1� qk

⌘⇣
0qm2

m2�1Y

k=1

1

1� qk

⌘
· · ·

⇣
0qmn

mn�1Y

k=1

1

1� qk

⌘
.

The character of the crystal B(⌫+⇤0)+w is determined by the Demazure character formulas. A pleasant
way to express this character is as the evaluation of an electronic Macdonald polynomial,

char(B(⌫ + ⇤0)
+
w) = Ew0�(q, 0).

Putting char(RG�) and char(B(⌫ + ⇤0)+w) together gives

char(B(�)) = char(B(⌫ + ⇤0)
+
w) char(RG�).
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5 Lecture 5: R-matrices

5.1 Braiding

A quasi-triangular Hopf algebra is a Hopf algebra U with an invertible element

R =
X

R
R1 ⌦R2 in a completion of U ⌦ U

which satisfies
if a 2 U then �op(a) = R�(a)R�1 (Rbraid)

and the cabling relations

(�⌦ id)(R) = R13R23, and (id⌦�)(R) = R13R12. (Rcabling)

This is a structure that makes the category of U -modules into a braided monoidal category as
follows. The relation (Rbraid) implies that for U -modules M and N , the map

ŘMN : M ⌦N �! N ⌦M

m⌦ n 7�!

X

R
R2n⌦R1m

M ⌦N

N ⌦M

• •

• •.......
..........
...............

.................
.........
........................................................................................

is a U -module isomorphism. The cabling relations (Rcabling) give that if M,N and P are U -modules
then For U modules M,N,P

M ⌦ (N ⌦ P )

(N ⌦ P ) ⌦M

ŘM,N⌦P = (ŘMN ⌦ idP )(idN ⌦ ŘMP )

=
••

••

M ⌦N ⌦ P

N ⌦ P ⌦M

• • •

• • •

..............................................................................................

.......

..........
...............

..............
.........
....................................................................................

.......

.........
.............

.................
.........
....................................................................................

............

..............
..............

....................
..........
...................................................................................................

(M ⌦N) ⌦ P

P ⌦ (M ⌦N)

ŘM⌦N,P = (idM ⌦ ŘNP )(ŘMP ⌦ idN ),

=
••

••

M ⌦N ⌦ P

P ⌦M ⌦N

• • •

• • •

...............................................

...............................................

.......

..........
...............

..............
.........
....................................................................................

.......

.........
.............

.................
.........
....................................................................................

............

..............
..............

....................
..........
...................................................................................................

and, together, these imply the braid relation

M ⌦N ⌦ P

P ⌦N ⌦M

• • •

• • •

.............................................................................................. ...............................................

.......

..........
...............

..............
.........
....................................................................................

.......

.........
.............

.................
.........
....................................................................................

.......

..........
...............

..............
.........
....................................................................................

=

M ⌦N ⌦ P

P ⌦N ⌦M

• • •

• • •

............................................... ..............................................................................................

.......

.........
.............

.................
.........
....................................................................................

.......

..........
...............

..............
.........
....................................................................................

.......

.........
.............

.................
.........
....................................................................................

(ŘMN ⌦ idP )(idN ⌦ ŘMP )(ŘNP ⌦ idM ) = (idM ⌦ ŘNP )(ŘMP ⌦ idN )(idP ⌦ ŘMN ).

5.2 Centralizer algebras

Let V be a U -module. Let k 2 Z>0. Define

Ti =

V⌦ · · · ⌦V ⌦V⌦ V⌦ V⌦ · · · ⌦V

•

•

•

•

•

•

•

•

•

•

•

•

V⌦ · · ·

· · ·

⌦V ⌦V⌦ V⌦ V⌦ · · ·

· · ·

⌦V

,
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for i 2 {1, . . . , k � 1}. Then Ti is an element of

Zk = EndU (V
⌦k) and

TiTj = TjTi, if j 62 {i+ 1, i� 1},
TiTi+1Ti = Ti+1TiTi+1, for i 2 {1, . . . , k � 1}.

(1) If U = Ut(Lsln) and V = L("1) with dim(V ) = n then

(Ti � t)(Ti + t�1) = 0, for i 2 {1, . . . , k � 1}

and Zk is a (quotient of a) Iwahori-Hecke algebra (a t-deformation of the group algebra of the sym-
metric group CSk).

(2) If U = Ut(Lso2r+1) and V = L("1) with dim(V ) = 2r + 1 then

(Ti � q�(2r+1))(Ti � t)(Ti + t�1) = 0, for i 2 {1, . . . , k � 1}

and Zk is a (quotient of a) BMW algebra (a t-deformation of the group algebra of the Brauer algebra).

5.3 Spectral parameters

Assume that there are automrophisms

⌧� : U ! U with ⌧�⌧µ = ⌧��µ.

Remark 5.1. The notation �� µ is formal group law notation.

- For Yangians, �� µ = �+ µ;

- For quantum a�ne algebras, �� µ = �µ;

- For elliptic quantum groups, � comes from the group law on an elliptic curve;

- For cobordism quantum groups, � is the universal formal group law.

The R-matrix with spectral parameter is

R(� µ) = (⌧� ⌦ ⌧µ)(R).

The spectral quantum Yang-Baxter equation (QYBE).

R12(�1  �2)R13(�1  �3)R23(�2  �3) = R23(�2  �3)R13(�1  �3)R12(�1  �2).

The spectral unitarity condition.

R12(�1  �2)R21(�2  �1) = 1⌦ 1.

If M is a U -module, define a new U -module

M(�) = M with a ·m = ⌧�(a)m,

for a 2 U . Then

ŘMN (� µ) : M(�)⌦N(µ) ! N(µ)⌦M(µ)

m⌦ n 7!

X

R
⌧µ(R2)n⌦ ⌧�(R1)m

is a U -module morphism.
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5.4 Quantum a�ne algebras

Let U0 be the quantum a�ne algebra (without D).

The coproduct � : U0
! U

0
⌦U

0 is given by

�(Ei) = Ei ⌦ 1 +K�1
i
⌦ Ei, �(Fi) = Fi ⌦Ki + 1⌦ Fi, �(Ki) = Ki ⌦Ki,

for i 2 {0, 1, . . . , n}.

There are automorphisms ⌧z : U0
! U

0 for z 2 C⇥ given by

⌧z(E0) = zE0,
⌧z(F0) = z�1F0,

and
⌧z(Ei) = Ei,
⌧z(Fi) = Fi,

for i 2 {1, . . . , n}.

Let V be a finite dimensional simple U
0-module.

Compute ŘV V (z1, z2) =

V (z1)⌦ V (z2)

•

•

•

•

V (z2)⌦ V (z1)

,

For U0 of classical type and V = L("1), Jimbo 1986 has formulas in the basis

{vi ⌦ vj | i, j 2 {1, . . . , N} }, where {v1, . . . , vN} is a (weight) basis of V .

5.5 To consider

(1) For generic z1, z2 2 C⇥, the U
0-modules V (z1)⌦ V (z2) and V(z2)⌦ V (z1) are irreducible. So

ŘV V (z1, z2) is unique up to multiplication by a constant.

(2) The quantum group Ů of the finite diemsnional Lie algebra is a subalgebra of U0 and so

ŘV V is an element of Z2 = EndŮ(V ⌦2).

For example, if U0 is type A(1)
n�1 and V = L("1) and, pictorially, V (z1)⌦ V (z2) is

E0

z1

•
vn

En�1
•
vn�1

· · ·

E2
•

v2

E1
•

v1

⌦

E0

z2

•
vn

En�1
•
vn�1

· · ·

E2
•

v2

E1
•

v1

Then ŘV V (z1, z2) 2 Z2 is an element of the Iwahori-Hecke algebra. A computation gives

ŘV V (z1, z2) = T1 � (t� t�1)
1

1� z2z
�1
1

.

(It happens that, in this case, this formula for ŘV V (z1, z2) coincides with a formula for the intertwiner
in the representation theory of the double a�ne Hecke algebra and Macdonald polynomials).
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(3) The morphisms

V (z0)⌦ V (z1) · · · ⌦ V (zk�1) ⌦ V (zk)

•

•

•

•

V (z1)⌦ V (z2) · · · ⌦ V (zk)⌦ V (z0)

,

and

V (z0)⌦ V (z) · · · ⌦ V (z) ⌦ V (z)

•

•

•

•

V (z) ⌦ V (z) · · · ⌦ V (z) ⌦ V (z0)

,

are monodromy matrices
used to make

transfer matrices.

Write these as elements of the Iwahori-Hecke algebra (in type A) and the BMW algebra (in other
classical types).
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6 Conclusion

Let us return to the picture of the points indexing integrable U-modules where the height of the dot
is the level of the corresponding modules.

!1-axis

⇤0-axis

pos. level
integrable modules L(⇤)

level zero
integrable modules L(�)

neg. level
integrable modules L(�⇤)

!1 2!1 3!1 4!1 5!1

!1 + ⇤0

�!1 � ⇤0

If M and N are U-modules with

M of level k and N of level ` then M ⌦N has level k + `.

This indicates that

if C = (category of level 0 modules with good conditions)

then C is a tensor category. Various choices for C (depending on which coniditions are in the “good
conditions”) are intricately fascinating. A good way to study C is by studying its actions on other
categories. If

D = (category of level k modules with some nice conditions)

then ⌦ will give an action of C on D. There are many wonderful things to discover here.
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