Bengaluru lectures Arun Ram, version: December 1, 2023

1 Lecture 1: Examples of U-modules

What does a module look like? A module is a vector space with some (linear) operators. To work
with a vector space, specify a basis, and to work with linear operators, specify their matrices with
respect to that basis.

1.1 The module L(e;) for U = U;(sly)

Let E;j € Mzx7(C) denote the matrix with 1 in the (7, j) entry and 0 elsewhere.
Let

L(e1) be a vector space with basis {v; | i € Z}.
For ¢ € Z, define
E;=F;;1, F;=FE;i1,, Ki=1+{t—1D)E;+ '~ 1)Ei141.
EQ E1 E() E—l E—2 E—3

V3 V2 (% Vo V-1 V_9 V_3
P F Fpb F, F.o F.4

1.2 The module L(e;) for U = Uy(Lsl,)

Let n € Z~o.
Let Ej; € Mzx7(C) denote the matrix with 1 in the (7, j) entry and 0 elsewhere.
Let

L(e1) be a vector space with basis {v; | i € Z}.

For i € Z/nZ, define
E; = Z Bl e+, F; = Z Ert1 ks

keZ keZ
k=i mod n k=t mod n
and
Ki=1+ Z (t =1 Epk+ (" = 1) Epp1 ps1-

kEZL
k=i mod n

B, Ey En E, Ey Ena E, Ey Ena

il Un""},l . Fy ot Fy o Fo v F”'*'lv_l £y vi(nFiol) U_n,u,—lvi(n+1)
1.3 Coiling L(ey) for U;(Lsl,)
Let n € Z~s.
Let Eij € Mz /yzx7/nz(Cle, €71]) denote the matrix with 1 in the (i, j) entry and 0 elsewhere.
Let {vg,v1,...,vn—1} be a basis of C". Then the vector space

C'e,e ] = Cle, e ®c C™ has C-basis {‘v; | i € Z/nZ,t € T}.
Define C[e, ¢~ !]-linear endomorphisms of C"[e, e~!] by

Ei=F;;, F; =FEi1, Ki=1+({t—1)E;+ (" —1)Ei141, forie {1,...,n—1},
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and define Ey, Fy, Ko by
Ey = 6E071, Fy= E_IEL(), Ky=1+ (t — 1)E0’0 + (t_l — 1)E171,

Then .
n. —

¢ [ee, <] = L) is an isomorphism of U;(Lsl,)-modules.

€°V; = UVi—¢n

Pictorially,

is isomorphic to

evp En_1 v,y L 1
Iy

[, vy [ €vg

1.4 The module L™ (u; — a) for U(Lsl,)

Let a € C.
Let n € Z>1 and let Ejj € My n77,/n7(C) denote the matrix with 1 in the (4, j) entry and 0 elsewhere.
Let

C"™  be a vector space with basis {v; | i € Z/nZ}.

For i € {1,...,n}, define
Ei=FEiiv1, F=Ei1;, K=1+—-1)E;+ "= 1)Eit1i41, for i € {1,...,n—1},
and define Ey, Fy, Ko by
Ey=aEy1, Fy=a'Ey,  Koy=1+t-1)Eyo+ (t'—1)Ey,

Un Un—1 F‘2 V2 Fl V1

HW: Assume that ¢ is not a root of unity. Prove that L"(u; — a) is an irreducible Uy (Lsl,,)-module.
HW: Assume that ¢ is not a root of unity. Prove that if a1, as € C with a1 # as then

L8 (uy — aq) is not isomorphic to L (uy — ay).
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1.5 Skew shapes and column strict tableaux

A boz is an element of Z? (rows and columns are indexed as for matrices). The content of box = (i, j)
is the diagonal number of the box (i, j),

123 4
. 012345
D NN Y
NN .
-2
c(box) = j —i ; -3) O b= (2,4) has content c(b) = 2,
IR 4 4 b= (6,1) has content ¢(b) = —5.
N
5 -5
o [

A skew shape is a finite subset of Z? such that

If r € Zso and (4,5), (i +r,j+r) €v/uthen (i+a,j+b) € v/u for a,b e {0,1,...,7}.

=101 2 3 -
(_374>7(_274)7
:f (_171)7(_172)’(_1’3)7(_174)7
vim= =4 (0,1),(0,2),(0,3),(0,4),
1 (1,1),(1,2),(1,3),
(27 _2)7 (27 _1)7 (27 0)7

A column strict tableau of shape v/u filled from {1,...,n} is a function T: v/u — {1,...,n} such

that
(a) if (4,7), (i + 1,j) € v/p then T(i, j) > T(i + 1, j),
(b) if (¢,7),(i,7+ 1) € v/pu then T(i,5) < T(i,j + 1). [+] H

For example,

is a column strict tableau filled from {1,2,...,9}.

Let
B(v/u) = {column strict tableaux of shape v/u filled from {1,...,n}}.

The set B(v/u) is empty if v/u contains a column of length > n. If B(v/u) is nonempty then it
contains he column reading tableau T+ € B(v/u) determined by

(a) if (4,7) € v/pand (i —1,j)) € v/u then T (i, j) = 1,

(b) if (4,7),(i,j + 1) € v/ then TT(i,j +1) =T (4,5) + 1.
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1.6 The U-module L (v/p)
Let U’ = Uy(Lsl,) and let

L (/) be the vector space with basis {vr | T € B(v/n)}.
For T € B(v/p), define

1— uT(b)tQC(b)-i-T(b)—l

1— UT(b),thC(b)—i—T(b) )

yr(uo,un, .y un1,un) = [
bev/u

Forie {1,...,n—1}, let ’yrf,f)(u) be yr(uo, u1, ..., Un—1,uy) evaluated at u; = v and u; = 0 at j # 1,
fyrf,f)(u) =~7(0,...,0,u,0,...,0).

For i € {1,...,n} and u,w, z € C*, define operators qV)(u), x; (t*) and x; (t*) on L& (v/u) by

deg(’}’;i)) ’)/;Z) (t_lu) — deg(wéf)) ,)/;Z) (tu)

qsz) (U)UT =q () uT, and q(—Z) (U)UT =q (@) 1 uT,
Yy’ (tu) Y (1)
and
+ (1) (const)vg, ,7, if T has a box b with T'(b) = ¢ and ¢(b) = a,
X. v = >
! g 0, otherwise.
 (19) (const)vs p, if T has a box b with T'(b) = i + 1 and c(b) = a,
X v = i,a
‘ T 0, otherwise,
where

€i,o1" is T' except with ¢ changed to 7 4+ 1 in a box of content a,

fi’aT is T except with ¢ + 1 changed to ¢ in a box of content a,
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2 Lecture 2: The affine Weyl group

2.1 The finite Weyl group Wjs,

Before we start the game we wish to play we are given some symbols d, Ag and oy, ..., a, and some
integers denoted

ag,at, ..., 0n EZ>07

and Cii, fori,5€{1,...,nk.
ay,ay,...,a) € Z=o, KX JE{L..n}

Fix a C-vector space a and its dual a* so that

a has C-basis {ay,...,a) },

. ith aY) =6,
a* has C-basis {w1,...,wn wi (wiy o) = 0y

Let
h* be the vector space with basis {d,w1,...,wn, Ag}.

For j € {1,...,n} define
Oéj = C’ljwl + 4 anwn

and
sj: h* — b* by si(ad + X+ 0Ag) = ad + X — (N, o) Yoy + LA,

for a,f € C and A\ € a*. The finite Weyl group
Wan € GL(HY) is generated by s1,..., s,.

2.2 The affine Weyl group

Let
a3 = Z-span{ay,...,a)}.

For p" € a%d define t,v: h* — b* by
tuv(ad + X4 0Ag) = (a+ (A= €3 )(1W))6 + A+ € + (Ao,

where a,/ € C, A\ € a* and p" is viewed as an element of a* by the isomorphism

The affine Weyl group is
wad = Cl%d X Wen = {tuvw ‘ uv €ayg, weE Wﬁn}

with
tuvtyy = tyvayy and Wty = tyyvw, for ¥, vV € az and w € Whyy,.

10
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2.3 The Heisenberg group

The matrices of s; and ¢,v, with respect to the basis {0, wr, ... ,wn, Ao} of h*, are
110 --- 0 0 0o ---1lo0
1 - 0 —ai(hi) 0 -0
0[0 -+ 0 —aj(he) 0 --- 1|0
L 0jo --- 1 —Oéi(hz‘_ﬂ 0 - 0 .
si=| olo ... o 1 0 o | for i € {1,...,n}, and (2.1)
0j0 --- 0 _ai(hi+1) 1 0
00 0 —ai(hy) O
00 0 0 0 1
L]k k| =50, 1)
py p = kihy+ -+ knhy,
tw=1| o 1 , for = %Oﬂ +-+ kg%an (2.2)
Y = pYwi + - + pyw, in add,
: fir
ol--- 0o .- 1
so that —2(u, u) = —3(uy k1 -+ - - kn). The Heisenberg group is the subgroup of GL(h*) consisting
of transformations for which, with respect to the basis {J, w1, ..., wn, Ao} of h*, the matrices are
1la -+ an| 2z
!
0 1 : with a1,...,an, Y1,.---,7, 2inR.
Tn
0 0 1

2.4 Orbit representatives of the W2 action on (h*)iy

Let
b7 = Cd + Zspan{wi, . ..,wn, Ag}.

For ¢ € Z~, define

Ap={ad + A+ LAy € b | a€C, A(hg) < ¢, and Ahg,) >0 for i € {1,...

Ay={ad+Xreby | aecC,and A(hy,) >0forie{l,...,n}} and

i

Ay={ad+X+lAye by | aeC, AN(hg) > ¥, and A(hy,;) <0 forie{1,...

A set of representatives of the W24 orbits on b7 is

f)* o UA QUA_JUAgUATUAU - -+

int —

11

13},

i}
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Ag—axis
p— /\ pos. level
integrable modules L(A)
S — level zero
el Ll integrable modules L(\)
wi-axis
A W1 2wq 3wy 4w dwq
w1 1X(),
neg. level

ntegrable modules L(—A)

— .

2.5 Classifications of integrable modules
Let U = Uy(g) be the quantum group corresponding to the affine Kac-Moody algebra
g=Cdo gle,e ] @ CK.

Let U’ be U but without the generator D = t¢.
Let £ € Z~(. The sets A, provide index sets for classes of U-modules:

Ay <> {finite dimensional U;(g) modules}
Ay <+ {level £ irreducible integrable U;(g) modules}
A_y <> {level —¢ irreducible integrable U;(g) modules}

Ap <> {level 0 integrable extremal weight modules U;(g) modules}

Let

Clu]® = {a1(w)wr + - -+ + an(u)wy, | ai(u) € Clu] and a;(u) is monic}

Then

Clu]@™ <+ {irreducible finite dimensional U;(g)-modules}

12
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1
2.6 Type A§ )

For Type Agl) the initial data consists of the matrices B = DC' given by
2 =2 10 2 =2
(5 )00 D)=

(_22 _22> (1) = <8> then K= ag + 04\1/ and A; =wi + Ag.

Since

The matrices

1 —k —k2 1 0 0 1 1 1
thay =0 1 2k |, si=|0 -1 0], so=(0 -1 2], with k € Z,
0 0 1 0 0 1 0 0 1

generate the action of W24 on h*, with respect to the basis {4, w1, Ag} of h*, For example, if £ € R
then

the Wad-orbit of (2w; + £Ag) is contained in the parabola {yé + zwi + €Ay | y = 25 (2 — 4)}.
and if £ = 0 then
the Wad-orbit of (2w; + 0Ag) is contained in the two lines {yd + zw; | * = 2 or x = —2}.

These parabolas and lines are displayed in the following picture.

13
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3 Lecture 3: Extremal weight modules

Let
b7 = C + Z-span{Ag, ..., Ap}.

A set of representatives for the W2d-orbits on b3 is (§*)ine = (h*), U (h*)), U (h*);,, Where
(b*)fgt = Co + Z>p-span{Ag, ..., Ap},
(h*) . = C6 + 0Ag + Z>o-span{wy, . ..,wn}, (3.1)
(0")int = C6 + Z<p-span{Ag, ..., A, }.

For sly these sets are pictured (mod §) in @)

3.1 Extremal weight modules L(A)
Let A € b . The extremal weight module L(A) is the U-module

generated by {uy,p | w e W} with relations  Kj;(uyp) = q<wA’aiv>uwA,

\
Euu,pa =0, and F;wmai >uwA = Us;wA if (wA, a;/> S ZZO? (32)
—(wA, o)) . v
Fiuyn =0, and E, UA = Us;wA, if (wA, o)) € Z<o,
for i € {0,--- ,n}. Pictorially, if (wA, o) € Z>( then there is a chain of length (wA, o) from u, to
Us;wA
0
Us,wA E? E( El El
o b Fi F; F;

The module L(A) has a crystal, denoted B(A). The crystal is a labeling set for a (weight) basis of
L(A).

Some properties of the L(A) are:

o If A € (h*){", then L(A) is the simple U-module of highest weight A.
o If A & (h*)i, then L(A) is not a highest weight module.

o If A € (h*),, then L(A) is the simple U-module of lowest weight A.
o If A& (h*),, then L(A) is not a lowest weight module.

14
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PLATE B: Pictures of B(w; + Ag), B(w; 4+ 0Ag) and B(—w; — Ay) for sl
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Final portion of the crystal graph of B(—w; — Ag) for sly
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Middle portion of the crystal graph of B(w; 4+ 0Ag) for g = sly
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3.2 Bruhat orders

Let af, = R-span{ay, ..., a,}. An alcove is a fundamental region for the action of W24 on (RS + af;, +
Ag)/Ré. There is a bijection

wad {alcoves}

1 +— {z+Ag€ag+Ao|z(h;)>0forie{0,...,n}} (3.3)

An element w € W24 is dominant if
w(p+ Ag) € R>p-span{wi, ..., wn} + Ao, where p=wi+ -+ wp.

In the identification (3.3) of elements of W24 with alcoves, the dominant elements of W?2d are the
alcoves in the dominant Weyl chamber.
Let z,w € W2 and let w = si; -+ 85, be a reduced word for w in the generators s, ..., ;.

The positive level Bruhat order on W24 is defined by

xr < w if z has a reduced word which is a subword of w = s;, - - - 55,

The negative level Bruhat order on W24 is defined by = < w if z & w.

The level 0 Bruhat order on W24 is determined by
(a) =< for dominant elements: If z,w are dominant then x < w if and only if z < w,

(b) = translation invariance: If ¢V € a3d and x,w € W then z < w if and only if at,v <0 wt,v.

3.3 Demazure submodules

Let U™ be the subalgebra of U generated by Fy, ..., E,, Ky, ..., K,,C,D.
Let w € W24, The Demazure module L(A)} is the Ut-submodule of L(A) given by

w

L(A)g = Ul uga and  char(L(A))) = Z eVt ®),
PEB(A)

since L(A)} has a crystal B(A)7.

3.4 Demazure operators

The BGG-Demazure operator on C[h3] = C-span{X* | A € b3} is given by

D;,=(1+s) fori e {0,1,...,n}.

1
1— x—a
Let A € (h*)ing, w € W2 and i € {0,1,...,n}.

int w

If A€ (b*)F then Djchar(L(A)Y)) = {
int w

if Ae (h*)?  then Dychar(L(\)E) = {Char L /\;

int w

if A € (h*);, then Djchar(L(A)}) = {

16
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PLATE A: Bruhat orders on the affine Weyl group (partial relations)
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3.5 Crystals

Let b = R-span{d,w1,...,wn, Ag}. The universal crystal in mind is the set
. . .. « | p(0)=0,
B(univ) = { iecewise linear paths p: Rjg 11 — . }
( ) b b P Ro1) br p(1) € b,
with root operators €, . .., é, and fo, ..., fn defined by Littelmann (see [Ra06}, §5] for an exposition).

For A € by, the straight line path from 0 to A is

pa: Ry —br  givenby  pa(t) =tA, for ¢ € Rjo,1y-

Let w € Wad,

B(A) = {fi, - fipa | k € Zsg and i1,... i € {0,1,...,n}},
If A€ (h*)F then

int

B(A)f, = {p € B(A) | the initial direction of p is < w}.

B(A) =16, ---€éypr | k € Z>p and i1, ...,i, € {0,1,...,n}},
If A e (b*),,, then
B(A)5 = {p € B(A) | the initial direction of p is < w}.
3.6 Weyl character formula

The Weyl character formulas are formulas for the characters of the extremal weight modules L(A) for
the cases when A € (h*)F. or A € (h*);,

int"

Let p=wi + 4wy and b =af +aY + -+ +a) and
p=RAo+ A+ A =wi+- - +wn+ (a5 +af +---Fay)Ao = p+hY A,

Letting

the Weyl denominators are

a;‘ — PthV Ao H ((1 — )" H (1— qr—le—a)(l . qrea)>

r€Z>0 aceRt

and

ay =70 T (=g JT = a0 De)1 = g7e™))

r€Z>0 a€Rt

and the Weyl character formulas are
1
if A€ (h*), then char(L(A)) = — Z det(w)e? B+
ap weW

if A € (h*);, then  char(L(A)) = i_ Z det(w)e?A=r),
a

int
P wew

The Weyl denominator formula is equivalent to char(L(0)) = 1.

18
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4 Lecture 4: Level 0 representations

4.1 Extremal weight modules L(A)
Let A € b} . The extremal weight module L(A) is the U-module

int*

(wA Q)

generated by {uy,p | w e W} with relations  Kj;(uyp) = ¢ UwA,
Eiuwn =0, and Fi<wA’aiv>uwA = Us wA, if (wA, o)) € Z>o, (4.1)
Fuypa =0, and Ez-_<wA’a¢v>uwA = Us wA, if (wA, o)) € Z<o,
for i € {0,--- ,n}. This module has a crystal, denoted B(A).
4.2 Level 0 extremal weight modules L(\)
Let
A=mwi + - + MypWn, with mq,...,m, € Z>o.
Let
11y ey Tmg 1s T12s -y Timg 2, ce Tlny s T oms

be n sets of formal variables and define

RG)\:(C[_%%:&’ $:t1 ]Sml ®®C[xf'}z’ .TC:H ]Smn

»Yma,1 7 Mn,n

For i € {1,...,n}, define

e(j)(u) =(1—zu)(l —z9u) - (1 —zpm,u) and

eg) (uil) =(1- a:l_’lufl)(l — xi%uil) (l—x

i ;U

-1 -1
M, )
Let U’ be the subalgebra of U without the generator D.

Theorem 4.1. The extremal weight module L(X) is the (U @z RGy)-module generated by a single
vector my, with relations

X;‘,_rm)\ =0, Kimy = q™my, Cmy=my,
(@), 1 @, —1
€L \qg "u DN, _1 e ’(qu
q( )(u)mA =K, +(Z.() )mA and q(_)(u Dmy = K; 1(2,)()1mx,
ey’ (qu) e (g tut)

(@)

where q’ (u) and q@ (u™Y) are generating series for loop generators of U.

An alternative presentation of L(\) is as the (U’ ®z RG))-module generated by a single vector m

with relations
+

-
x; ,mx =0, Kimy = q"™my, Cmy=my,

and

(iLmA:O, forie{1,...,n} and s € Zs,,,

egi)m)\:O and e

19



Bengaluru lectures Arun Ram, version: December 1, 2023

4.3 Finite dimensional standard modules M (a(u))

A Drinfeld polynomial is an n-tuple of polynomials a(u) = (a™M(u),...,a™ (u)) with a®(u) € Clu],
represented as

a(u) = a® (Wwy + -+ + a™ (u)wn, with a® () =(u—a1;) - (u—am, ;)

so that ‘
the coefficient of v/ in (¥ (u) is egfl)ﬁj(au, ey Oy ),
the (m; — j)th elementary symmetric function evaluated at the values aj, ..., Gy, ;. Define
Mﬁn(a(u)) = L()‘) ®RG Ma(u)s
where

6](;) (xl,iv T2, -- ')ma(u) = eg) (al,i7 ce 7ami,i)ma(u)

specifies the RG y-action on m,,). In other words, the module M fin(q(u)) is L(\) except that variables
x;; have been specialised to the values a; ;.

4.4 Finite dimensional simple modules

Let U’ be the subalgebra of U without the generator D.

Theorem 4.2. The standard module
M (a(w))  has a unique simple quotient L5 (a(u))
and

{Drinfeld polynomials} —  {finite dimensional simple U’'-modules}
a(u) = aV(w)w + - + ™ (Ww, — L (a(u))

s a bijection.

4.5 Crystals for level 0 L()\) and M (a(u))

Let
A=miwi + - + Mpwn, with mq,...,my, € Z>o.

Let k=#{i € {l,...,n} | m; # 0} and
S = (k= (W, .. k™) | kD is a partition with £(x?) < m; for i € {1,...,n}}.
Given A there are uniquely determined
we W and j € Zso and v € Ay such that wv+ Ag) = —jo+ A+ Ap.
Then the crystal of L(A) is the set
B()\) = B(v + Ag), x ZF x S™.
and the crystal of M (a(u)) is the set

Bi()\) = B(v + Ag) .

20
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4.6 Character formulas

Let
-1

1
P g g Pt

0, = =
I 1—q+1—q—1

(although % = q_% = 1%1(1, it is important to note that 0, is not equal to 0, it is a doubly infinite
formal series in ¢ and ¢~ 1).
Conceptually, the set Z¥ x S is the crystal of RG,. Letting ¢ = e ?, its character is
y g

mn—1

et me g 1
char(RG,) = <qu1 H W) (quz H = q’f) <0qmn H = q’f)'

The character of the crystal B(v+Ag), is determined by the Demazure character formulas. A pleasant
way to express this character is as the evaluation of an electronic Macdonald polynomial,

char(B(v + Ag)})) = Ewgr(q,0).
Putting char(RG,) and char(B(v + Ag)};) together gives

char(B(\)) = char(B(v + Ag);,) char(RG)).
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5 Lecture 5: R-matrices

5.1 Braiding

A quasi-triangular Hopf algebra is a Hopf algebra U with an invertible element

R = Z Ri ® Ry in a completion of U @ U

R
which satisfies
ifa €U then  A%(a) =RA(a)R! (Rbraid)
and the cabling relations
(A &® ld) (R) = R13Ra3, and (ld (%9 A)(R) = R13R12. (Rcabling)

This is a structure that makes the category of U-modules into a braided monoidal category as
follows. The relation (Rbraid) implies that for U-modules M and N, the map

Ruv: M@N —  NaM ey
men +— ZR2n®R1m «
- NeM

is a U-module isomorphism. The cabling relations (Rcabling) give that if M, N and P are U-modules
then For U modules M, N, P

Mo (NoP) M®N®P Mo N) o P M®N®P
wgn ] v 73
(N®P) @ M Ve P®(M®N) VRN
NoP®M POM®N
Ry nop = (Run ®@idp)(idy © Rarp) Ryen,p = (idy ® Ryp)(Rup ®idy),

and, together, these imply the braid relation
ISR el
[
PaNe@M PoNM
(Ryn ®@idp)(idy ® Ryp)(Bnp ®idyr) = (idy ® Ryp)(Ryp ® idy)(idp @ Ran)-

5.2 Centralizer algebras

Let V be a U-module. Let k € Z~¢. Define

Ve ... &V ®V®/‘.f® Ve ... ®V
Ve 1 VeV Ve Ve - ®V
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for i € {1,...,k —1}. Then T; is an element of

T.T; = T;T; if j&{i+1,i—1}
_ ®k i1 jti J > ,
Zp =Endy(V®")  and Ty T = Ty TiTy1, forie{l,... k—1}.
(1) If U = Uy(Lsly,) and V = L(e1) with dim(V') = n then

(T, —t)(T;+t ) =0, foriec{l,....k—1}

and Z, is a (quotient of a) Iwahori-Hecke algebra (a t-deformation of the group algebra of the sym-
metric group CSg).

(2) f U = Uy(Lsog,41) and V = L(e1) with dim(V') = 2r + 1 then
(T; — ¢ @OV, — ) (T +t 1) =0, forie{l,....k—1}

and Z is a (quotient of a) BMW algebra (a t-deformation of the group algebra of the Brauer algebra).

5.3 Spectral parameters

Assume that there are automrophisms
™n:U—=U with AT = TAapu-
Remark 5.1. The notation A @ p is formal group law notation.

- For Yangians, A pu = A+ y;

For quantum affine algebras, A ® u = Ay;

For elliptic quantum groups, & comes from the group law on an elliptic curve;

- For cobordism quantum groups, @ is the universal formal group law.

The R-matriz with spectral parameter is
RA S p) = (ma @ 7)(R).
The spectral quantum Yang-Baxter equation (QYBE).
Ri12(A1 © A2)Ru3(A1 © A3)Raz(A2 © Az) = Raz(A2 © A3)Ri3(M1 © A3)Ri2(M1 © Ag).
The spectral unitarity condition.
Ri2(A1 © A2)Ra1(A2© A1) =1® 1.
If M is a U-module, define a new U-module
M) =M with a-m = T1y(a)m,

for a € U. Then

Ryn(Aep): MQA)@N(u) — N(p) ® M(p)

m®n — ZTH(RQ)?%@T,\(Rl)m
R

is a U-module morphism.
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5.4 Quantum affine algebras
Let U’ be the quantum affine algebra (without D).
The coproduct A: U’ — U’ ® U’ is given by
AE)=E®1+K'0E, AF)=FEK+18F, AK)=K K,

fori € {0,1,...,n}.
There are automorphisms 7,: U’ — U’ for z € C* given by

7.(Ep) = zEy, and 7.(E;) = E;,

_ fori e {l,...,n}.
(Fy) = =~ \F, ~(F) = F, { }

Let V be a finite dimensional simple U’-module.

V(Zl) ® V(Zz)

Compute RVV(Zl,ZQ): X ,

V(z2) ® V(21)
For U’ of classical type and V' = L(e;), Jimbo 1986 has formulas in the basis
{vi®uv;|i,je{l,...,N} }, where {v1,...,vn} is a (weight) basis of V.
5.5 To consider
(1) For generic 21, 20 € C*, the U'-modules V' (21) ® V(22) and V(22) ® V(21) are irreducible. So
Ryv (21,22) is unique up to multiplication by a constant.

(2) The quantum group U of the finite diemsnional Lie algebra is a subalgebra of U’ and so

Ry v is an element of 29 = Endﬁ(V®2).

For example, if U’ is type AW and V = L(e1) and, pictorially, V(z1) ® V(22) is

n—1

Z1 Z9
Un Un—1 V2 (o Un, Un—1 Vo V1

Then Ry v (21, z9) € Z9 is an element of the Iwahori-Hecke algebra. A computation gives

1

va(zl,zQ) =71 — (t — til)iil.
1— 202

(It happens that, in this case, this formula for Ry (21, 22) coincides with a formula for the intertwiner
in the representation theory of the double affine Hecke algebra and Macdonald polynomials).
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(3) The morphisms

V(z0) ® V(21) ® V(zi-1) @ V(zk)
/ /:/ / / ’
/
V(z1) @ V(z2) ® V(zk) ® V(20)

are monodromy matrices
and used to make
transfer matrices.

V(z0) ® V(2) ®@ V() @V(z)

)

V(iz) @ V ® V(z) ®V(20)

Write these as elements of the Iwahori-Hecke algebra (in type A) and the BMW algebra (in other
classical types).
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6 Conclusion

Let us return to the picture of the points indexing integrable U-modules where the height of the dot
is the level of the corresponding modules.

Aop-axis

/\ pos. level

integrable modules L(A)

o ] /\ level zero

/] integrable modules L(\)
w1-axis

W1 2wq 3wy 4w bwq

neg. level
ntegrable modules L(—A)

—-

If M and N are U-modules with
M of level k and N of level ¢ then M & N has level k + £.
This indicates that
if C = (category of level 0 modules with good conditions)

then C is a tensor category. Various choices for C (depending on which coniditions are in the “good
conditions”) are intricately fascinating. A good way to study C is by studying its actions on other
categories. If

D = (category of level k modules with some nice conditions)

then ® will give an action of C on D. There are many wonderful things to discover here.
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