A combinatorial formula for Macdonald polynomials

(joint work with Martha Yip)

Arun Ram
Department of Mathematics and Statistics
Unversity of Melbourne
A. Ram@ms.unimelb.edu.au



Equivalences

where ¢; = (0,. ..

{connected compact Lie groups}

!

connected complex reductive
algebraic groups

!

complex semisimple
Lie algebras

!

{root systems}

,0,1,0,...,0), forl<i<n.

SU(n)

SLy(C)

{€Z' — Ej} Q R™



Equivalences

{connected compact Lie groups}

!

connected complex reductive
algebraic groups

!

complex semisimple
Lie algebras

!

{root systems}

where €; = (0,...,0,1,0,...,0), for1<i<n.

SU(n)

SLy(C)

{2} CRY(e 4+

+ €n)



Equivalences

{connected compact Lie groups}

!

connected complex semisimple
algebraic groups

!

complex reductive
Lie algebras

!

{root systems}

where €; = (0,...,0,1,0,...,0), for1<i<n.

GLn(C)

{8@ — 8]'} Q R"



Chevalley says:

{connected compact Lie groups} «— {Z-reflection groups}

G = (W07 h%)

Anderson, Grodal, et al say:

{connected p-compact groups} «— {Z,-reflection groups}

G = (W()a h%p)



Chevalley says:

classifying spaces of
connected compact Lie groups

} «—— {Z-reflection groups}

BG — (Wo, b7)

Anderson, Grodal, et al say:

{ classifying spaces of

Z.,-reflecti
connected p-compact gmups} «—— {Z,reflection groups}

B@G — (W, h%p)



Connected compact Lie groups

{connected compact Lie groups} «— {Z-reflection groups}

G — (Wo, b7)



Compact Lie group = (W, b})
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Compact Lie group = (W, b})
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Compact Lie group = (Wy, b}) = W, x b3

Vv

b

W =W, x b},

is the affine Weyl group
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The affine Weyl group
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Theorem (Ram-Yip)
Let A € P™ (i.e. X\ is a partition).

Let py be a minimal length path to the A-octagon.

The Macdonald polynomial Py s given by

1

1 1 1
Po=2, Dt (H fk) ( 11 fk) XM ]

+
wEWO foldings p kel el
of wp),



Parsing the formula

1

Py = Z Z ti (H fk) ( 11 fk) X ¢ J1'”tj§'r

+
welWy  foldings p kel Rer™
of wp)

1 1 1 1 1
te, ti, 3, ug, us, q , are variables (elements of my base ring)



Parsing the formula

1

1 1 1
A=Y XAt (I ) (I ) X0t

+
welWy  foldings p kel Rer”
of wp)

1 1 1 1 1
te, ti, 3, ug, us, q , are constants  (invertible elements of my commutative base ring)



Parsing the formula
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Parsing the formula

Let A € P™ (i.e. Ais a partition).

Let p) be a minimal length path to the A-octagon.

The Macdonald polynomial P, is given by

1

1 1 1
P X et (I ) (I ) X0t

+
welWy  foldings p kel er™
of wp),



Partitions )\ are elements of P"

-
- oL N L o .

Let A € P* (i.e. Ais a partition).

Pr=p;nC



Partitions )\ are elements of P"
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Let A € PT (i.e. Ais a partition).

Pr=p;nC



Partitions )\ are elements of P"
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Let A € PT (i.e. A is a partition).

Pr=p,nC

n = 2 for this picture



Parsing the formula

Let A € P™ (i.e. Ais a partition).

Let py be a minimal length path to the A-octagon.

The Macdonald polynomial P, is given by

1

1 1 1
P/\:Z Zti21” (ka)<ka>Xt(p)t§1'”thr

+
wEWO foldings p el el
of wp),



The affine Weyl group: The p-octagon
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Partitions )\ are elements of P"

d * E2Q @ o

@ e [ I ®. .............. Y )
SR €1

[ ] [ ) . 9, [ ]
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Partitions )\ are elements of P"

AN A




Partitions )\ are elements of P"
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Let A € P* (i.e. Ais a partition).
Let py be a minimal length path
to the A\-octagon



The path p, for A =2¢; + &
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Let A € PT (i.e. Ais a partition).
Let py be a minimal length path
to the A\-octagon

A = 21 + &9, in this example



Parsing the formula

Let A € P (i.e. Ais a partition).

Let p) be a minimal length path to the A-octagon.

The Macdonald polynomial P is given by
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The path p, for A =2¢; + &
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The paths wp) for A\ = 2¢; + &
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The paths wp) for A\ = 2¢; + &
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The paths wp) for A\ = 2¢; + &
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The paths wp) for A\ = 2¢; + &
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Parsing the formula

Let A € P (i.e. Ais a partition).

Let p) be a minimal length path to the A-octagon.

The Macdonald polynomial P is given by

1 1 1
A=Y X At (I ) (I ) X0t

+
wGW() foldings p el her
of wp)



The path sys1p)

)(251+€

S281__

foldings p
of wpy

Here wp), = 5951 p)



- The path ss1p) folded at

step 2
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- The path s51p) folded at steps 2 and 5
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Parsing the formula

Let A € P (i.e. Ais a partition).

Let p) be a minimal length path to the A-octagon.

The Macdonald polynomial P is given by

1 1 1
A=Y X et (I ) (I ) X0t

+
wEWO foldings p el el
of wp)



The path sys1p) folded at steps 2 and 5
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Parsing the formula

Let A € P (i.e. Ais a partition).

Let p) be a minimal length path to the A-octagon.

The Macdonald polynomial P is given by

1 1 1
A=Y XAt (I ) (I ) X0 ]

+
wGW() foldings p REFT(p) el
of wp)

F*(p) = {k | the kth step of p is a positive fold}

F~(p) = {k | the kth step of p is a negative fold}
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Parsing the formula

Let A € P (i.e. Ais a partition).

Let p) be a minimal length path to the A-octagon.

The Macdonald polynomial P is given by
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Parsing the formula

Let A € P (i.e. Ais a partition).

Let p) be a minimal length path to the A-octagon.

The Macdonald polynomial P is given by
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The original path p,, before folding
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Theorem (Ram-Yip)

Let A € Pt (i.e. Ais a partition). Let p) be a minimal length path to the Ad-octagon.

The Macdonald polynomial P is given by

1

1 1 1
A=Y X ety () () X0t

+
wGW() foldings p el her
of wp)

F*(p) = {k | the kth step of p is a positive fold}

F~(p) = {k | the kth step of p is a negative fold}



The point:

1;(25—:1+5

The Macdonald polynomial

P, is given by a (weighted)

sum over folded paths
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Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)
The irreducible G-modules L()\) are indexed by A € PT.



Partitions )\ are elements of P"
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Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)
The irreducible G-modules L()\) are indexed by A € PT.

Nora would say:

Ellg(pt) — Kg(pt) and

Ka(pt) = Rep(G) has basis {[L(A)] | A € P}



Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)
The irreducible G-modules L()\) are indexed by A € PT.

Borel-Weil-Bott say:

L(\)=HG/B, L)), where

G X B C)\
G /B is the flag variety and L is the line bundle l
G/B



Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)
The irreducible G-modules L()\) are indexed by A € PT.

Borel-Weil-Bott say: L(\) = H'(G/B, L))

Alex says: HY(X(N), L) is the space of modular forms

of weight k and level I'(V), where

E/x(ny is a universal (generalised) elliptic curve  and

L is the Hodge bundle W*QlE/X(N).



Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)
The irreducible G-modules L()\) are indexed by A € PT.

Borel-Weil-Bott say:

L(\)=HG/B, L)), where

G X B C)\
G /B is the flag variety and L is the line bundle l
G/B



Representation Theory: Let G be a compact Lie group.

G X B (C)\
L 1s the line bundle l
G/B

Craig says:

Rep(Go) —  Kg,(pt)"

EGO X Gy L

BGy



Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)
The irreducible G-modules L()\) are indexed by A € PT.

1
Macdonald says: Put X# =1,¢7 =0 and q% = 0 in Pj.

Then P, specialises to dim(L(\)).
More generally,

P, = char(L()\))

t=q=0



Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)
The irreducible G-modules L()\) are indexed by A € PT.

char(L(\)) is a specialisation of P

So char(L(\)) is a weighted sum of folded paths.

(previously known formula of Littelmann)



Harmonic Analysis: Let Gy = GL,, be a compact Lie group.



Harmonic Analysis: Let GGy be a compact Lie group.



Harmonic Analysis: Let GGy be a simple algebraic group.



Harmonic Analysis: Let GGy be a reductive algebraic group.



Harmonic Analysis: Let GGy be a complex reductive algebraic group.



Harmonic Analysis: Let Gy = GL,,



Harmonic Analysis: Let Gy = GL,, be a compact Lie group.

G = Go(C((1)))

K = Go(C[[1]})



Harmonic Analysis: Let Gy = GL,, be a compact Lie group.

G = GO(Q}?)

K = G0<Zp>



Harmonic Analysis: Let Gy = GL,, be a compact Lie group.

G = Go(Fy((2)))

K = Go(IFy[[t]])



Harmonic Analysis: Let Gy = GL,, be a compact Lie group.

G = Go(C((1)))

t=0

K = Go(Clf]]) — Go(C)



Harmonic Analysis: Let Gy = GL,, be a compact Lie group.

G = GO(Q}?)

t

K = Go(Zy) = Go(F)



Harmonic Analysis: Let Gy = GL,, be a compact Lie group.

G = Go(Fy((2)))

K = Go(F,[[]) — Go(F,)



Harmonic Analysis: Let Gy = GL,, be a compact Lie group.



Harmonic Analysis: Let Gy = GL,, be a compact Lie group.

G = Go(C((1))) Go(C(())) = Map(S5*, Gi)

U is the loop group

U U G /K is the loop Grassmannian

G /1 is the affine flag variety



Harmonic Analysis: G = Gy(C((t)))

The main problem in Geometric Langlands

is to really understand the isomorphism

Rep(Gy) — C(K\G/K)

C(K\G/K) = {functions f: G — C such that f(kigks) = f(g9).}

Let X+, be the characteristic function of Kty K.



Harmonic Analysis: G = Gy(C((t)))

Macdonald says

Rep(GY) —= C(K\G/K)

PAL]:O I XKt\K

XKtk 18 the characteristic function of K¢, K.

t
G = |_| Kt K, where ¢, = ( )
the

\ePT



Harmonic Analysis: G = Gy(C((t)))

Rep(Gy) — C(K\G/K)

PA‘q:O — XKt K

The spherical function is a specialisation of Py

So the spherical function is a weighted sum of folded paths

(previously known formula of Schwer)



Perhaps

Does Py have something to do with Go(C((s))((¢)))??

Is Go(C((s))((t))) = Map(torus, Gy) the elliptic group?



