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Equivalences

{connected compact Lie groups} SU(n)

l{
connected complex reductive

algebraic groups

}
SLn(C)

l{
complex semisimple

Lie algebras

}
sln

l

{root systems} {εi − εj} ⊆ Rn

where εi = (0, . . . , 0, 1, 0, . . . , 0), for 1 ≤ i ≤ n.



Equivalences

{connected compact Lie groups} SU(n)

l{
connected complex reductive

algebraic groups

}
SLn(C)

l{
complex semisimple

Lie algebras

}
sln

l

{root systems} {εi − εj} ⊆ Rn/〈ε1 + · · · + εn〉

where εi = (0, . . . , 0, 1, 0, . . . , 0), for 1 ≤ i ≤ n.



Equivalences

{connected compact Lie groups} U(n)

l{
connected complex semisimple

algebraic groups

}
GLn(C)

l{
complex reductive

Lie algebras

}
gln

l

{root systems} {εi − εj} ⊆ Rn

where εi = (0, . . . , 0, 1, 0, . . . , 0), for 1 ≤ i ≤ n.



Chevalley says:

{connected compact Lie groups} ←→ {Z-reflection groups}

G 7−→ (W0, h
∗
Z)

Anderson, Grodal, et al say:

{connected p-compact groups} ←→ {Zp-reflection groups}

G 7−→ (W0, h
∗
Zp)



Chevalley says:

{
classifying spaces of

connected compact Lie groups

}
←→ {Z-reflection groups}

BG 7−→ (W0, h
∗
Z)

Anderson, Grodal, et al say:

{
classifying spaces of

connected p-compact groups

}
←→ {Zp-reflection groups}

BG 7−→ (W0, h
∗
Zp)



Connected compact Lie groups

{connected compact Lie groups} ←→ {Z-reflection groups}

G 7−→ (W0, h
∗
Z)



Compact Lie group = (W0, h
∗
Z)
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Compact Lie group = (W0, h
∗
Z)
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h∗Z = Z-span{ε1, ε2}
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h∗Z = Z-span{ε1, ε2}
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h∗Z = Z-span{ε1, ε2}

s1 is reflection in hα
∨
1
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s2 is reflection in hα
∨
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Compact Lie group = (W0, h
∗
Z) = W0 n h∗Z

•••••

•••••

•••••

•••••

•••

......................................................................................................................................................................................................................

......................................................................................................................................................................................................................

......................................................................................................................................................................................................................

.................

.................

.................

.................

.................

.................

.................

.................

.................

.................

.................

.................

..........

.................

.................

.................

.................

.................

.................

.................

.................

.................

.................

.................

.................

..........

.................

.................

.................

.................

.................

.................

.................

.................

.................

.................

.................

.................

..........

........................
........................
........................
........................
........................
........................
........................
........................
........................
........................
........................
........................
............................................................................................................................................................................................................................................................................................................................

ε1

ε2

hα
∨
1

hα
∨
2

1

+−+

−
+

−

+
−

s1

s2

s2s1

s1s2

s1s2s1

s2s1s2

w0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

..........................................................................
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..................................................................................................

W = W0 n h∗Z

is the affine Weyl group
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Theorem (Ram-Yip)

Let λ ∈ P+ (i.e. λ is a partition).

Let pλ be a minimal length path to the λ-octagon.

The Macdonald polynomial Pλ is given by

Pλ =
∑
w∈W0

∑
foldings p

of wpλ

t
1
2
i1
· · · t

1
2
i`

 ∏
k∈F+(p)

f+
k

 ∏
k∈F−(p)

f−k

 Xwt(p) t
1
2
j1
· · · t

1
2
jr



Parsing the formula

Pλ =
∑
w∈W0

∑
foldings p

of wpλ
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1
2
i1
· · · t

1
2
i`

 ∏
k∈F+(p)

f+
k

 ∏
k∈F−(p)

f−k

 Xwt(p) t
1
2
j1
· · · t

1
2
jr

t
1
2
0 , t

1
2
1 , t

1
2
2 , u

1
2
0 , u

1
2
2 , q

1
2 , are variables (elements of my base ring)



Parsing the formula

Pλ =
∑
w∈W0

∑
foldings p

of wpλ

t
1
2
i1
· · · t

1
2
i`

 ∏
k∈F+(p)

f+
k

 ∏
k∈F−(p)

f−k

 Xwt(p) t
1
2
j1
· · · t

1
2
jr

t
1
2
0 , t

1
2
1 , t

1
2
2 , u

1
2
0 , u

1
2
2 , q

1
2 , are constants (invertible elements of my commutative base ring)



Parsing the formula

Pλ =
∑
w∈W0

∑
foldings p

of wpλ

t
1
2
i1
· · · t

1
2
i`

 ∏
k∈F+(p)

f+
k

 ∏
k∈F−(p)

f−k

 Xwt(p) t
1
2
j1
· · · t

1
2
jr

Xµ = Xµ1ε1+···+µnε = (Xε1)µ1 · · · (Xεn)µn = xµ1
1 · · · xµnn

for µ = µ1ε1 + · · · + µnεn ∈ h∗Z,

h∗Z = Z-span{ε1, . . . , εn}



Parsing the formula

Let λ ∈ P+ (i.e. λ is a partition).

Let pλ be a minimal length path to the λ-octagon.

The Macdonald polynomial Pλ is given by

Pλ =
∑
w∈W0

∑
foldings p

of wpλ

t
1
2
i1
· · · t

1
2
i`

 ∏
k∈F+(p)

f+
k

 ∏
k∈F−(p)

f−k

 Xwt(p) t
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2
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Partitions λ are elements of P+
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Let λ ∈ P+ (i.e. λ is a partition).

P+ = h∗Z ∩ C
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Partitions λ are elements of P+
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Let λ ∈ P+ (i.e. λ is a partition).

P+ = h∗Z ∩ C
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Partitions λ are elements of P+
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Let λ ∈ P+ (i.e. λ is a partition).

P+ = h∗Z ∩ C

λ = λ1ε1 + · · · + λnεn

λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0

n = 2 for this picture



Parsing the formula

Let λ ∈ P+ (i.e. λ is a partition).

Let pλ be a minimal length path to the λ-octagon.

The Macdonald polynomial Pλ is given by

Pλ =
∑
w∈W0

∑
foldings p

of wpλ

t
1
2
i1
· · · t

1
2
i`

 ∏
k∈F+(p)

f+
k

 ∏
k∈F−(p)

f−k

 Xwt(p) t
1
2
j1
· · · t

1
2
jr



The affine Weyl group: The µ-octagon
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Partitions λ are elements of P+
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Let λ ∈ P+ (i.e. λ is a partition).

P+ = h∗Z ∩ C
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Partitions λ are elements of P+
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P+ = h∗Z ∩ C
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Partitions λ are elements of P+
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Let λ ∈ P+ (i.e. λ is a partition).

Let pλ be a minimal length path

to the λ-octagon



The path pλ for λ = 2ε1 + ε2
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Let λ ∈ P+ (i.e. λ is a partition).

Let pλ be a minimal length path

to the λ-octagon

λ = 2ε1 + ε2, in this example



Parsing the formula

Let λ ∈ P+ (i.e. λ is a partition).

Let pλ be a minimal length path to the λ-octagon.

The Macdonald polynomial Pλ is given by

Pλ =
∑
w∈W0

∑
foldings p

of wpλ

t
1
2
i1
· · · t

1
2
i`

 ∏
k∈F+(p)

f+
k

 ∏
k∈F−(p)

f−k

 Xwt(p) t
1
2
j1
· · · t

1
2
jr



The path pλ for λ = 2ε1 + ε2
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Let λ ∈ P+ (i.e. λ is a partition).

Let pλ be a minimal length path

to the λ-octagon

λ = 2ε1 + ε2, in this example

Pλ =
∑
w∈W0

∑
foldings p

of wpλ
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The paths wpλ for λ = 2ε1 + ε2
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Parsing the formula

Let λ ∈ P+ (i.e. λ is a partition).

Let pλ be a minimal length path to the λ-octagon.

The Macdonald polynomial Pλ is given by

Pλ =
∑
w∈W0

∑
foldings p

of wpλ

t
1
2
i1
· · · t

1
2
i`

 ∏
k∈F+(p)

f+
k

 ∏
k∈F−(p)

f−k

 Xwt(p) t
1
2
j1
· · · t

1
2
jr
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Parsing the formula

Let λ ∈ P+ (i.e. λ is a partition).

Let pλ be a minimal length path to the λ-octagon.

The Macdonald polynomial Pλ is given by

Pλ =
∑
w∈W0

∑
foldings p

of wpλ

t
1
2
i1
· · · t

1
2
i`

 ∏
k∈F+(p)

f+
k

 ∏
k∈F−(p)

f−k

 Xwt(p) t
1
2
j1
· · · t

1
2
jr
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Parsing the formula

Let λ ∈ P+ (i.e. λ is a partition).

Let pλ be a minimal length path to the λ-octagon.

The Macdonald polynomial Pλ is given by

Pλ =
∑
w∈W0

∑
foldings p

of wpλ

t
1
2
i1
· · · t

1
2
i`

 ∏
k∈F+(p)

f+
k

 ∏
k∈F−(p)

f−k

 Xwt(p) t
1
2
j1
· · · t

1
2
jr

F+(p) = {k | the kth step of p is a positive fold}

F−(p) = {k | the kth step of p is a negative fold}
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F+(p) = {2, 5}

F−(p) = ∅

F+(p) =

{
k
∣∣∣ the kth step of p

is a positive fold

}

F−(p) =

{
k
∣∣∣ the kth step of p

is a negative fold

}
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Parsing the formula

Let λ ∈ P+ (i.e. λ is a partition).

Let pλ be a minimal length path to the λ-octagon.

The Macdonald polynomial Pλ is given by

Pλ =
∑
w∈W0

∑
foldings p

of wpλ

t
1
2
i1
· · · t

1
2
i`

 ∏
k∈F+(p)

f+
k

 ∏
k∈F−(p)

f−k

 Xwt(p) t
1
2
j1
· · · t

1
2
jr

p begins at si1 · · · si`

p ends at Xwt(p)sj1 · · · sjr
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Parsing the formula

Let λ ∈ P+ (i.e. λ is a partition).

Let pλ be a minimal length path to the λ-octagon.

The Macdonald polynomial Pλ is given by
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Theorem (Ram-Yip)

Let λ ∈ P+ (i.e. λ is a partition). Let pλ be a minimal length path to the λ-octagon.

The Macdonald polynomial Pλ is given by

Pλ =
∑
w∈W0

∑
foldings p

of wpλ

t
1
2
i1
· · · t

1
2
i`

 ∏
k∈F+(p)

f+
k

 ∏
k∈F−(p)

f−k

 Xwt(p) t
1
2
j1
· · · t

1
2
jr

F+(p) = {k | the kth step of p is a positive fold}

F−(p) = {k | the kth step of p is a negative fold}
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Macdonald polynomials

WHY?



Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)

The irreducible G-modules L(λ) are indexed by λ ∈ P+.



Partitions λ are elements of P+
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Theorem (Weyl)

The irreducible G0-modules L(λ)

are indexd by λ ∈ P+

P+ = h∗Z ∩ C

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
.
.
.
.
. .
. . .



Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)

The irreducible G-modules L(λ) are indexed by λ ∈ P+.

Nora would say:

EllG(pt) −→ KG(pt) and

KG(pt) = Rep(G) has basis {[L(λ)] | λ ∈ P+}.



Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)

The irreducible G-modules L(λ) are indexed by λ ∈ P+.

Borel-Weil-Bott say:

L(λ) = H0(G/B,Lλ), where

G/B is the flag variety and Lλ is the line bundle

G×B Cλy
G/B



Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)

The irreducible G-modules L(λ) are indexed by λ ∈ P+.

Borel-Weil-Bott say: L(λ) = H0(G/B,Lλ)

Alex says: H0(X(N),L⊗k) is the space of modular forms

of weight k and level Γ(N), where

E/X(N) is a universal (generalised) elliptic curve and

L is the Hodge bundle π∗Ω
1
E/X(N)

.



Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)

The irreducible G-modules L(λ) are indexed by λ ∈ P+.

Borel-Weil-Bott say:

L(λ) = H0(G/B,Lλ), where

G/B is the flag variety and Lλ is the line bundle

G×B Cλy
G/B



Representation Theory: Let G be a compact Lie group.

Lλ is the line bundle

G×B Cλy
G/B

Craig says:

Rep(G0) −→ KG0(pt)∧

L 7−→
EG0 ×G0 Ly

BG0



Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)

The irreducible G-modules L(λ) are indexed by λ ∈ P+.

Macdonald says: Put Xµ = 1, t
1
2
i = 0 and q

1
2 = 0 in Pλ.

Then Pλ specialises to dim(L(λ)).

More generally,

Pλ
∣∣
t=q=0

= char(L(λ))



Representation Theory: Let G be a compact Lie group.

Theorem (Weyl)

The irreducible G-modules L(λ) are indexed by λ ∈ P+.

char(L(λ)) is a specialisation of Pλ

So char(L(λ)) is a weighted sum of folded paths.

(previously known formula of Littelmann)



Harmonic Analysis: Let G0 = GLn be a compact Lie group.

G = G0(C((t)))

∪|

K = G0(C[[t]])
t=0−→ G0(C)

∪| ∪|

I = Φ−1(B) −→ B =


∗ . . . ∗. . . ...

0 ∗





Harmonic Analysis: Let G0 be a compact Lie group.



Harmonic Analysis: Let G0 be a simple algebraic group.



Harmonic Analysis: Let G0 be a reductive algebraic group.



Harmonic Analysis: Let G0 be a complex reductive algebraic group.



Harmonic Analysis: Let G0 = GLn



Harmonic Analysis: Let G0 = GLn be a compact Lie group.

G = G0(C((t)))

∪|

K = G0(C[[t]])



Harmonic Analysis: Let G0 = GLn be a compact Lie group.

G = G0(Qp)

∪|

K = G0(Zp)



Harmonic Analysis: Let G0 = GLn be a compact Lie group.

G = G0(Fq((t)))

∪|

K = G0(Fq[[t]])



Harmonic Analysis: Let G0 = GLn be a compact Lie group.

G = G0(C((t)))

∪|

K = G0(C[[t]])
t=0−→ G0(C)



Harmonic Analysis: Let G0 = GLn be a compact Lie group.

G = G0(Qp)

∪|

K = G0(Zp)
t=0−→ G0(Fp)



Harmonic Analysis: Let G0 = GLn be a compact Lie group.

G = G0(Fq((t)))

∪|

K = G0(Fq[[t]])
t=0−→ G0(Fq)



Harmonic Analysis: Let G0 = GLn be a compact Lie group.

G = G0(C((t)))

∪|

K = G0(C[[t]])
t=0−→ G0(C)

∪| ∪|

I = Φ−1(B) −→ B =


∗ . . . ∗. . . ...

0 ∗





Harmonic Analysis: Let G0 = GLn be a compact Lie group.

G = G0(C((t))) G0(C((t))) = Map(S1, G0)

∪| is the loop group

K = G0(C[[t]])
t=0−→ G0(C)

∪| ∪| G/K is the loop Grassmannian

I = Φ−1(B) −→ B
G/I is the affine flag variety



Harmonic Analysis: G = G0(C((t)))

The main problem in Geometric Langlands

is to really understand the isomorphism

Rep(G∨0 )
∼−→ C(K\G/K)

C(K\G/K) = {functions f : G→ C such that f (k1gk2) = f (g).}

Let χKtλK be the characteristic function of KtλK.



Harmonic Analysis: G = G0(C((t)))

Macdonald says

Rep(G∨0 )
∼−→ C(K\G/K)

Pλ
∣∣
q=0

7−→ χKtλK

χKtλK is the characteristic function of KtλK.

G =
⊔
λ∈P+

KtλK, where tλ =

tλ1

. . .

tλn





Harmonic Analysis: G = G0(C((t)))

Rep(G∨0 )
∼−→ C(K\G/K)

Pλ
∣∣
q=0

7−→ χKtλK

The spherical function is a specialisation of Pλ

So the spherical function is a weighted sum of folded paths

(previously known formula of Schwer)



Perhaps

Does Pλ have something to do with G0(C((s))((t)))??

Is G0(C((s))((t))) = Map(torus, G0) the elliptic group?


