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0. INTRODUCTION

The purpose of this note is to give an insertion scheme proof of the formula, [Mac]
Ch. I (7.8),

pu=Y_x (s, (0.1)

ARE

where p,, is the power sum symmetric function, sy is the Schur function and X (1) is the
irreducible character of the symmetric group Sy indexed by the partition A and evaluated
at a permutation of cycle type u = (u1, ..., pe). The proof of this formula will be by direct
application of the Robinson-Schensted-Knuth insertion scheme and the following beautiful
formula of Roichman [Ro],

M) =) 1w (Q), (0.2)

Q

where the sum is over all standard tableauz () of shape A and the u-weight of a standard
tableau is given by

rwh(Q) = [[ u(, @), where B(u) = {p1+---+p, [1<r<t},and  (0.3)

1<5<k
i€B(n)
—1, if 7+ 1 is southwest of j in @,
. 0, if 7+ 1 is northeast of 7 in ), j + 1 & B(u),
£, Q) = j jin@,j+1¢B(u) (0.4)

and 7 + 2 is southwest of 7 + 1 in @,
q, otherwise.
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The notation rw/ (Q) denotes the weight rw#(Q) when ¢ = 1. The notations and direction
for partitions and their Ferrers diagrams are as in [Mac|, and “north” means in the same
row or in a higher row.

Alternatively, one may assume the Frobenius formula in (0.1) and interpret this note
as an elementary proof of Roichman’s formula. One should note that Roichman’s formula
is actually more general than what I have stated above, I am considering only the Type A
case, and I have stated it above only in the ¢ = 1 case. D. White [Wh] has also analyzed
the characters of the symmetric group by an analogue of the RSK insertion scheme. His
methods are different from those used in this paper.

1. SYMMETRIC FUNCTIONS

Fix a positive integer n, let z1,...,x, be commuting variables and let ¢ be an inde-
terminate. If X is a partition let sy = sx(z1,...,x,) denote the Schur function associated
to A [Mac]. Define

qT :qr($17m27.'.,$n;q) —_ Z ‘/E’L.l .'.‘/B’irq(# of ’LJ:l]+1)(q_1)(# of ’LJ<’LJ+1)7 (1-1)
1< <---<ip<n

and for a partition g = (p1,..., ) define g, = qu(1,...,2n;q¢) = Quiqus *** qu,- The
following are well known facts:

(1.2) If p F k then
Pu = ZXA(M)SA

AFE

where x* (1) is the character of the symmetric group Sy, associated to the partition
A evaluated at an element of cycle type p.

(1.3) [Ra] If u F k then
qdu = ZX()I\(N)S)\

AFE

where X()} (u) is the character of the Iwahori-Hecke algebra of type A associated
to the partition A evaluated at the element T), ~where vy, = v,, X --- X 7, €
Spy X ---x Sy, and v, = (1,2,...,7) € S, (in cycle notation).

(1.4) x*Mp) = Xé(u)‘qzl and ¢, (z1,...,2,;1) = pu(x1,...,xy,), where p, is the power
sum symmetric function.

Lemma 1.5. If (iy,...,i,) is a sequence 1 < iy,...,i,. < n, define

(—1)%¢"~17%, if there exists an s, 0 < s <7,

Wt (i1,...,0) = such that 11 < -+ <ig < 1lsp1 >+ > iy,
0, otherwise.
Then Gr (X1, .. Ty q) = Z Ty Ty, Whe (1, .00y 0y).

137:1,...,7:7-STL



INSERTION AND CHARACTERS 3

Proof. Let 1 < j; < j3 <--- < 7. <n be an increasing sequence and let us show that

Z Tiy - @i, Wha (i, .o yip)| ” = ¢ tg-1)T

. . Tjy Ty
1<21,..,i-<n

where £ is the number of ji < jx4+1 in the sequence j; < jo < ... < g,
Let D be the set of distinct elements in the sequence j; < --- < j,., let m be the
maximal element of D and let D' = D\{m}. For each subset S of D’ let

s = Card(S),
11 <ty < -+ < 1gs be the elements of S in increasing order,
is+1 = m, and let

ts+2 > tg+3 > --- > 1, be the remainder of the elements of the sequence ji,... 7,
arranged in decreasing order.
Then z;, -+ @i, = x4, -+ xj, and wt(iy,..., %) = (=1)5¢" 175,
We have z;, -+ - z;, = xj, - -x;, and wtg(i1,...,4,) # 0 if and only if

(1) there exists a permutation o € S, such that (i1,...,%) = (Jo(1),---»Jo@)) and
(2) there exists an s such that 0 < s < r and

Jo1) < <Jo@) < <Jo(s) <Jo(s+1) = Jo(s4+2) = " 2 Jo(r)-

It follows from this that every sequence 1 <iy,...,4, < nsuch that z; ---x; ==z, ---x;
and wtg(%1,...,% ) # 0 is of the form given in the previous paragraph for a unique subset
S of D'. Thus
Z xil"'xiTWtq(il,---,ir — _ Z q" |S]— 1 )|S|
1<iy,...,ir<n SCD’
-1

M

-1 et _
( ) sqr 1:q K(q_l)ﬁ 1

where £ = Card(D) = (# of ji < jrs1inj1 < - <74.). 1

s=0

Corollary 1.6. Let u = (p1,- .., pe) be a partition of k and let B(p) = {1+ +pr | 1 <
r < /¢}. Then

E Ty oo Ty, WEE (i1, - ooy i)
7/17 ﬁk

where the sum is over all 1 < iy,...1; <n,

thqL(Zl,,Zk): | | ¢u(]a7’1772k)7 and
1<j<k
JEB (1)

-1, ifij <ij+1,
Gu(giit, -y ix) = {0, ifi; >ij41 <ijy2 and j+ 1 ¢ B(p),
q, otherwise.
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Proof. The result follows immediately from the previous lemma once we note that
with wty(i1,...,,) defined as in Lemma 1.5 we have

.
wtq(in, ... i) = [ [ #(jiir, ... i), where
j=1

-1, if ij < ij+1,
¢(j;7:1,...,7:7«):{0, ifijzij+1<ij+2 and j+ 1 #r.
q, otherwise. ]

The following corollary follows from the last one by setting ¢ = 1.

Corollary 1.7.

Py = Tiy o Ty, WE (1, - ey k)
where the sum is over all 1 < iy,...,ix < n, and wt{' is as given in Corollary 1.6 except
with ¢ = 1.
2. INSERTION
Let us assume that the variables z,...,x, are ordered so that x; < x5 < --- < x,,.

A column strict tableau of shape X is a filling of the boxes of the Ferrers diagram of A with
entries from {z1,...,2,} such that
(1) The entries in the rows are weakly increasing, left to right, and

(2) The entries in the columns are increasing, top to bottom.

If P is a column strict tableau let ¥ be the product of the entries in P. One has
S\ = pr , where the sum is over all column strict tableaux P of shape A.

T

The Robinson-Schensted-Knuth (RSK) insertion scheme gives a bijection between
sequences (x;,,...,x; ) and pairs (P,()) where P is a column strict tableau and @ is
a standard tableau and P and @ are the same shape. (The original references for the
RSK insertion scheme are [Sz], [Sch] and [Kn], for an expository treatment see [Sag]).
The pair of tableaux obtained by RSK insertion of the sequence xz;,,...,z;, is the pair
(P,Q) = (Px, Q) determined recursively by setting

Py = @, Pj = (Pj—l < CEij), and

the box of @ containing k is the box created upon the insertion of z;; into P;_;.

k

Here P;j_1 < x;, denotes the column strict tableau obtained by column insertion of the
letter x;; into the column strict tableau P;_;. The following proposition is a well known
fact about RSK-insertion.

Proposition 2.1. Let Pj_; be a column strict tableau and consider the insertions
(Pj_l — ZL'IJ) — Tijyy-
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(1) If z;; < x;,,, then the box created upon insertion of z;, , into P; = (Pj_1 < x;;)
appears southwest of the box created upon insertion of x;, into Pj_;.

(2) If z;; > x;,, then the box created upon insertion of z;, , into P; = (Pj_1 < x;)
appears northeast of the box created upon insertion of x;, into Pj_;.

Our goal now is to prove Roichman’s formula. For each pair of partitions A\, u - k
define a polynomial n) () € Zlg] by (the g-version of) the right hand side of Roichman’s
formula (0.2), i.e. define

() =Y Twh(Q), (2.2)

Q

where the sum is over all standard tableaux @ of shape A and the u-weight of a standard
tableau is as given in (0.3).

Theorem 2.3. If ut k, then q, = Zn(’l\(u)s)\.
ARk

Proof. RSK-insertion of a sequence z;,,...,z; produces a pair (P, () consisting of a
column-strict tableau P and a standard tableau () where the shape A of the tableau P is
a partition with £ boxes. Thus RSK-insertion combined with Proposition 2.1 implies the
following identity

qu = Z T, ..-xikwtg(il,...,ik) — Z :UPrwg(Q)

’il 3 Uk (PvQ)

=>_ (2@ (Zf”P):ZnQ(u)SA- 1

) P

In view of the previous theorem we have that (1.3) is equivalent to Roichman’s theorem
where Roichman’s theorem is the statement that

Xy (1) = 13 ().
We get the following corollary of Theorem 2.3 by setting ¢ = 1.

Corollary 2.4.
(a) If p+ k then p, = Zni‘(u)sx.
AFE
(b) For A\, u F k the character of the symmetric group Sy associated to the partition
A evaluated at an element of cycle type u is given by

) = 3wk (Q),

Q
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where the sum is over all standard tableaux @) of shape A and rwi'(Q) is as given
in (0.3) except with ¢ = 1.
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