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1. Symmetric functions

Let €1,...,&, be the Z-basis of Z™ = {(A1,...,A\n) | A\s € Z} given by £; = (0,...,0,1,0,...,0),
with the 1 in the ith entry, so that

7" = Z-span{ei,...,en}t,
andlet PP ={A=XNe1+-+Xen €Z" | A\ > -+ > A}, (1.1)
and PP ={A=Me1+ +Aen €Z" | Ay > -+ > A}

Then PT is a set of representatives of the orbits of the action of the symmetric group S,, on Z"
given by permuting the coordinates,

WE; = (i) forweS,, 1<i<n. (1.2)

There is a bijection

P+ — p+e

Ao A where p=(n—1)e1+(n—2)ea + -+ +ep_1. (1.3)
Let
Z[X| = Z-span{z* | A € Z"} with 2tz = 2 MF for A\, pu € Z". (1.4)
For 1 <14 <n write
T; = x° so that = mi‘l . -xﬁ" for A = Aieq + -+ Anen,
and Z[X] = Z[zE', ..., '], The action of S,, on Z" induces an action of S,, on Z[X] given by
wa = 2, forw € S, A € Z". (1.5)
The ring of symmetric functions is
ZIX)5 ={f € Z[X] | wf = f for all w € S, }, (1.6)
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Define the orbit sums, or monomial symmetric functions, by

my = Z z7, for A € P,
YESnA

where S, A is the orbit of A under the action of S,,. Then

{myx | A€ Pt}  is a Z-basis of Z[X]". (1.7)

Partitions

A partition is a collection u of boxes in a corner where the convention is that gravity goes up
and to the left. As for matrices, the rows and columns of p are indexed from top to bottom and
left to right, respectively.

The parts of p are  p; = (the number of boxes in row i of p),
the length of pis  £(u) = (the number of rows of u), (1.8)
the size of p is || = p1 + -+ + pguy = (the number of boxes of u).

Then p is determined by (and identified with) the sequence p = (1, ..., u¢) of positive integers
such that g3 > pg > -+ > pg > 0, where £ = £(u). For example,

(5,5,3,3,1,1) =

A partition of k is a partition A with k£ boxes. Make the convention that A\; = 0 if i > £(A).
The dominance order is the partial order on the set of partitions of k,

PT (k) = {partitions of k} = {\ = (A1,..., A¢) [ A1 > - > X >0, A\ +...+ )\ =k},
given by

A>pu if Mt A+ o+ N >p+ps+ -+ p forall 1 <i <max{l(\),4(u)}.
PUT THE PICTURE OF THE HASSE DIAGRAM FOR k = 6 HERE.

Tableauz

Let A\ be a partition and let = (u1,...,4n) € Z%y be a sequence of nonnegative integers. A
column strict tableau of shape A and weight p is a filling of the boxes of A with uy 1s, pus 2s, ...,
n nS, such that

(a) the rows are weakly increasing from left to right,
(b) the columns are strictly increasing from top to bottom.
If T is a column strict tableau write shp(7T') and wt(7T') for the shape and the weight of T so that

shp(T) = (A1,..., An), where \; = number of boxes in row ¢ of 7', and
wt(T') = (1, -y fn), where p; = number of isin 7.
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For example,

1111 ]1]2]2]
T= |2(2|2]2|3]3
313134445 has shp(T) =1(9,7,7,4,2,1,0) and
415|516 wt(T) = (7,6,5,5,3,2,2).
6|7
7]
For a partition A and a sequence p = (i1, ..., i) € Z>o of nonnegative integers write

B(A) = {column strict tableaux T' | shp(T') = A},
B(\), = {column strict tableaux T" | shp(T') = X and wt(T") = p},

2. Symmetric functions: Take 2

A lattice is a free Z-module. Let P be a lattice with a (Z-linear) action of a finite group W so
that P is a module for the group algebra ZW. Extending coefficients, define

b =R®z P and h* = C ®r by,

so that hp and h* are vector spaces which are modules for the group algebras RW and CW,
respectively.
Assume that the action of W on bhj has fundamental regions???, and fix a fundamental region
C in bg. Define
Pt=PnC and Ptt=PncC

so that PT is a set of representatives of the orbits of the action of W on P. Assume???? that PT
is a cone in P (a module for the monoid Zx). A set of fundamental weights is a set of w1, ..., wy,
generators of (the Zsg-module) PT which also form a Z-basis of P. There is a bijection

where p=wi +... 4+ wy. (2.1)

Let (,):bi x b — R be a W-invariant symmetric bilinear form on b (such that the restriction to
P is a perfect pairing??? with values in Z??77). The simple coroots are oy, ..., the dual basis

to the fundamental weights,

(wi,aﬁ = 51] (22)

Define . .
oV = ZRS(]()(;/ and CY = ZR@aiv. (2.3)
i=1 =1
The dominance order is the partial order on by given by
A>p if peX+COV. (2.4)
The group algebra of the abelian group P is

Z[P] = Z-span{X* | A€ P}  with X*X* =X for \,u € P. (2.5)
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The action of W on P induces an action of W on Z[P] given by
wX* = XA, forwe W, X e P. (2.6)
The ring of symmetric functions is
Z[P)W = {f € Z|P] | wf = f for all w € W}, (2.7)
Define the orbit sums, or monomial symmetric functions, by

my = Z X7, for A € P,
YEW X

where W\ is the orbit of X\ under the action of W. Then

{my| A€ PT} is a Z-basis of Z[P]V. (2.8)

3. Type Sp2,(C)

Let W = W, be the group of n X n matrices with
(a) exactly one nonzero entry in each row and each column,
(b) the nonzero entries are +1.

Then W = WC,, = O,(Z), the group of orthogonal matrices with entries in Z. Let &1,...,&, be
the Z-basis of Z" = {(A\1,...,\n) | A\i € Z} given by ¢; = (0,...,0,1,0,...,0), with the 1 in the
ith entry, so that

P =7" =Z-span{eq,...,en},
andlet Pt ={A= e+ +Anen €Z" | A1 >--- > A, > 0}, (3.1)
and PTr={A=Xe1+ +Men €Z" | A\ > --- >\, >0}

Then P71 is a set of representatives of the orbits of the action of the natural action of W on P.
There is a bijection

p+ N P-H—

Ao A where p=ne;+(n—1)ea+ -+ 2,1 + €p. (3.2)

Let
Z[P) = Z-span{X* | A € P}  with X X* = X" for A\, € P. (3.3)

For 1 <17 < n write

z; = X% so that X’\:xi‘l-'-x/\” for A = A\eq1 + -+ A\pep,

n

and Z[P] = Z[zE',... 2. The action of W on P induces an action of W on Z[P] given by

n

wX = X, forwe W, e P. (3.4)
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The ring of symmetric functions is
Z[P)W = {f € Z|P] | wf = f for all w € W}, (3.5)
Define the orbit sums, or monomial symmetric functions, by

my = Z X7, for A € P,
YEW X

where W\ is the orbit of A\ under the action of W. Then

{mx | Ae PT} is a Z-basis of Z[P]. (3.6)

4. Type SL,(C)

Letey,...,e, bethe R-basis of R” = {(A1,...,A,) | \i € R} givenby e; = (0,...,0,1,0,...,0),
with the 1 in the ith entry. The symmetric group S, acts on R™ by permuting the coordinates
and, by restriction, S,, acts on

h]l*{:{’)/:’)/1€1+"'+'}’n6n"inRy'Yl_F..._i_,Yn:()}.

Let
Wp =61+ +en.

Then S, acts also on the Z-submodule of by given by

P:{A:)\lﬁl—f--"—f-)\n{:‘n—%‘wn|)\Z‘€ZZ()}.
Let  PT={AP |\ > >0, (41)
and PP ={AeP|X > >\ ]}

Then PT is a set of representatives of the orbits of the action of the natural action of S,, on P.
There is a bijection

p+t — ptt e
A A where p=(n—1)e;+ (n—2)ea+ - +en1 — (250) wy. (4.2)

Let
Z|P) = Z-span{X* | A € P}  with X X* = X**  for \,u € P. (4.3)

For 1 <17 < n write

2 = XS wen so that XA =) for)\:A151+---+)\n5n—|%|

w, € P.

Then Z[P] is the quotient of the Laurent polynomial ring Z[zE!, ..., z:¥!] by the ideal generated

by the element z1 ---x, — 1,

ZzE, .. aE

ZIP] =

<x1...xn_1> ’
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The action of S,, on P induces an action of S,, on Z[X] given by
WT; = Toy(i), forw e S, and 1 <i < n,
and the ring of symmetric functions is
Z[P)% = {f € Z|P] | wf = f for all w € S, },
Define the orbit sums, or monomial symmetric functions, by

my = Z X7, for \ € P,
YESHA

where S, A is the orbit of A under the action of S,,. Then

{my | A€ Pt} is a Z-basis of Z[P]%.

3. The path model
The path model of highest weight ) is

the set of paths obtained by applying root operators to the highest weight path bj in all possible

ways.

There is an action of W on B(\) given by flipping the i-strings in B(A).

Define

S\ = Z th(p)‘

beB(N)

Proposition 3.1. Let A € P*. Then

> X ezpV.
beB(X)

Proof. If p € B(\) and w € W then wp € B(\) and wt(wp) = wwt(p). 1

Theorem 3.2. Let A\ € PT. Then

B <)

beB(N)

Proof.



SYMMETRIC FUNCTIONS 7

Another proof: The Demazure operator is

~ — S
Then 3 }
T?=T;, and TTT;-- =TT .
Furthermore
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