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1. Skew polynomials
The polynomial ring

ZIX,] = 2]z, ..., x4 has basis {a" | p ez}, where ot =ai"xh?. . zhn,

for = (p1,..., pun) € Z%,. The vector space of skew polynomials is
A, ={9€Zxy,...,x,] | wg = det(w)g for all w € S, }.

If f € Z[X,]5 and g € A, then fg € A, and so A, is a Z[X,,]*"-module.
The symmetric group S5, acts on Z%, by permuting the coordinates. If

Z" ={(7,---,7) | vi € Z},
Pt ={(y1,....") €Z" | >y > >7},  and
P ={(y,...,n) €L |1 > > >}

then PT is a set of representatives of the orbits of the S,, action on Z" and the map defined by

pt — ptet

Ao A4p where p=Mm-1,n—-2,---,2,1,0),

is a bijection.
Let
PTT:{(’)/l?"'?,}/) ez | Al 272 Z 2’771 ZO}

For each p = (u1,...,un) € Z%, such that p, >0,

a, = Z det(w)wz#

is a skew polynomial. Since a, = det(w)a,, and a, = 0 unless p1 > p10 > -+ > piy,

{axt, | A€ P} is a basis of A4,,

(1.1)
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and thus
A, =¢-Z[X,], where €= E det(w)w.
wES,
The skew element
mA1+n—1 $A2+n—2 - xkn
}\14’7’171 &24’*7’1,72 }\n
L2 L2 B e
axt, = det ) . is divisible by H (x5 — x5),
Ar+n—1 AJ:r 2 . : n2j>izl
n— n— n
! 5?2 Ty,

since the factors (z; — «;) in the product on the right hand side are coprime in Z[x, .

(1.2)

.., &y and

setting x; = z; makes the determinant vanish so that a4, must be divisible by x; — ;. When
A = 0, comparing coefficients of the maximal terms on each side shows that the Vandermonde

determinant L )
x?_ x?_ e m(l)
a,=det | . = I @ == (1.3)
: A n>j>i>1
R B )
Since {axy, | A € P} is a basis of 4, (?7?) shows that the inverse of the map
Zfor,. ol — A (1.4
f — apf
is well defined, and thus the map in (???) is an isomorphism of Z[X,,]5»-modules.
The Schur polynomials are
a
sy = TP for A € P,
ap
and since {axy+, | A € P} is a basis of A,, and the map in (???) is an isomorphism,
{sx| A€ P} is a basis of Z[xy,...,2,]%".
2. Schur functions
Tableauz
Let A be a partition and let g = (p1,...,pn) € Z%, be a sequence of nonnegative integers. A

column strict tableau of shape A and weight p is a filling of the boxes of A with uy 1s, us 2s, ...,

Wn ms, such that
(a) the rows are weakly increasing from left to right,

(b) the columns are strictly increasing from top to bottom.

If p is a column strict tableau write shp(p) and wt(p) for the shape and the weight of p so that

shp(p) = (A1, ..., A\n), where \; = number of boxes in row i of p, and

wt(p) = (11, -+, fn)s where p; = number of is in p.
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For example,

i1 ]1]2]2]
p= 21212(12(3]3
3131344145 has shp(p) =(9,7,7,4,2,1,0) and
415|516 wt(p) = (7,6,5,5,3,2,2).
6|7
L7
For a partition A and a sequence p = (u1, ..., in) € Z>o of nonnegative integers write

|3

B(A) = {column strict tableaux p | shp(p) = A
B(\), = {column strict tableaux p | shp(p) = A and wt(p) = u},

(2.1)

Words
Define B,, = {b1,...,b,} and let

BOF = {b;, --b;, | 1 <iy,...,ip, <n}
be the set of words of length k in the alphabet B. For each 1 <1¢ < n define root operators
é:B% — B® — {0}  and  fi: B®* — B® = {0}
by the following process. If b = b;, - - - b;, in B€* place the value

+1 over each b;,
—1 over each b;41,
0 over each bj, j # 1,7+ 1.

Ignoring Os read this sequence of +1 from left to right and successively remove adjacent (+1,—1)
pairs until the sequence is of the form

cogood  good

Ll
+1 +1...+41 -1 —-1...-1

conormal nodes normal nodes

The —1s in this sequence are the normal nodes and the +1s are the conormal nodes. The good
node is the leftmost normal node and the cogood node is the right most conormal node. Then

é;(b) = same as b except with the cogood node path step changed to b;,

fi(b) = same as b except with the good node path step changed to b;,
For example, if n =5, k = 30,

b = bybsb3b1bababsbabibabzbzbabibibabsbsbabibybsbsbibibibibababy,
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and ¢ = 1, then the parentheses in the table

() -1 C ) - C ) )+l
00 0 41 -1 -1 0 0 41 -1 0 0 -1 +1 +1 -1 0 0 -1 +1
b by by b bo bo by by b b by by by by b1 by by by by by

+1 41 ( ( ) ) 0
o o o0 +1 +41 +1 +1 -1 -1 O
by bs bs b1 by b1 b1 b2 by by

indicate the (+1,—1) pairings and the numbers in the top row indicate the resulting sequence of
—1s and +1s. Then

€1(b) = babgb3b1bababsbsbibabsbsbabibibabsbzbabababsbsbibybibibababy, and
fi(b) = b4b3b3b1b2b2bsbab1b2b3b3b1b1b1b2b3b3b2b1babsbsb1b1b1D1b2b2D,.
If A is a partition of k£ define an imbedding

B(A) — Bk
p o bibi, by

where the entries 714z - - - ix are the entries of p read in Arabic reading order. The action of €; and
fi preserves the image of B()\) in B®* and so the set B()\) can be viewed as a subcrystal.
If B is a normal crystal and b € B the i-string of b is the set

Foy S 2 i b b s B2 s iy

and the extra condition for B to be a normal crystal is equivalent to <Wt(é§i(b)b), af) = —(wt(ff(b)b), a))

(2
so that every i string in a normal crystal B is a model for a finite dimensional sla-module.

If B is a normal crystal define a bijection s;: B — B by

F(wt(b),0)") : v
sib = { fi b, if (wt(b),ey') 20, so that wt(s;b) = s;wt(b), for all b € B.

&7 MOy it t(b), aY)
The map s; flips each i-string in B.

Proposition 2.2. [Kashiwara, Duke 73 (1994), 383-413] Let B be a normal crystal. The maps
si:B — B i € 1, define an action of W on B.

Proof. 1
Corollary 2.3. Let B be a crystal. Then, for all p € P and w € W, Card(B,,) = Card(By,).

Theorem 2.4. Let B be a subcrystal of B such that B,, is finite for all p € P. Then

D=3 s,

B beB
pe bCC—p
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where sy denotes the Weyl character corresponding to A\ € PT.

Proof. Let x® be the sum on the left hand side. Then x® € Z[P]" since the action of W on B
defined in (77?) satisfies wt(wp) = wwt(p) for w € W, p € B. Thus

1 1 1
> e = —xFa, = *XBﬁ( P) = —e(x"e)
veB Qp Qp

= Z elef | = Z Ot (p)+p = Z Swt(p)+p-

pEB P peB pEB

Define a bijection

‘B— B such that Swt(p) = ~Swt(p)>

for all p € B that are not highest weight.
Let p € B. If p is not highest weight then there is an ¢, 1 < ¢ < n, such that the last time p
leaves the region C — p it leaves it by crossing the wall H,,. We want

s; owt(p) = wt(p).

Since

si o wt(p) = si(wt(p) + p) — p = wt(p) — (Wt(p), o) )i + p — i — p = wt(p) — ((wt(p) + p, @;)) i,

defining
ﬁ — fi(wt(p)—i—p,ai >p’

should do what we want. 777777 |

Corollary 2.5. Let A € PT. Then

sy = Z ewt(zo)7

pEB(N)

so that sy = Z Ky,my,, where Ky, = Card(B(\),).
o

Cauchy kernels
For a partition A = (1™12™2...) of k define

n!
zx = 1"'mq12M2mg! - - - so that — = Card({w € Sk | w has cycle type A}) (2.6)
ZX
is the size of the conjugacy class indexed by A in the symmetric group Si.

Proposition 2.7. Let 27 = z]* --

R I (2)ma(y pa(z)paly) awx vy =N sy (x
L1 — 2y,
0]

A

-z for a sequence for a sequence y = (y1,...,Vn) € VA
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where a,., is the set of matrices with entries in Z>y with row sums v and column sums 7.

Proof. (a)

ki,ka, A
(b) Recalling that
In(1 — ‘)—foyf ince m(l—t)= [ ——dt= [(1+t+2+-)dt
l‘zyj — ]{j since n = 1 3 — ,

we have

1 xhyk
Hm—expln = exp Zlnl—mzy] = exp Zk:; zk;]

i 1 B
pr(z pr(z (y) B P (2)p™ ()
= exp (Z ) Hexp > = E[mgo (M)
) ml%:m... (pl imlj;nl!27"2mj)pQ o ) B ; Z?)\(xz)f)\(y)

(c) Let A be the set of matrices with rows and columns indexed by Zs and with entries from Zx.
Then

Hl_lxlyj = D (@) > (g™ = @) = Zaww Yy
i

a11€Z>q a12€Z>q a€A i,j

(d) Let B =[], B(\) be the set of column strict tableaux.

Zs,\(x)s,\(y) = Z Z Z gV P) Q) = Z ZVHP) uwt(Q).
B\

A PeB(\) QeB()) sh<1;’)(iff<g)
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