Inverse functions and their derivatives

Arun Ram Department of Mathematics University of Wisconsin, Madison Madison, WI 53706 USA

ram@math.wisc.edu

Version: May 20, 2004

√ x is the function that undoes x^2. This means that √ x^2 = x and ( √ x)^2 = x.

ln x is the function that undoes e^x. This means that ln(e^x) = x and e^{ln x} = x.

sin^{−1} x is the function that undoes sin x. This means that sin^{−1}(sin x) = x and sin(sin^{−1} x) = x.

cos^{−1} x is the function that undoes cos x. This means that cos^{−1}(cos x) = x and cos(cos^{−1} x) = x.

tan^{−1} x is the function that undoes tan x. This means that tan^{−1}(tan x) = x and tan(tan^{−1} x) = x.

cot^{−1} x is the function that undoes cot x. This means that cot^{−1}(cot x) = x and cot(cot^{−1} x) = x.

sec^{−1} x is the function that undoes sec x. This means that sec^{−1}(sec x) = x and sec(sec^{−1} x) = x.

csc^{−1} x is the function that undoes csc x. This means that csc^{−1}(csc x) = x and csc(csc^{−1} x) = x.

log_a x is the function that undoes a^x. This means that log_a(a^{√7πi sin 32}) = √ 7πi sin 32 and a^{loga(√7πi sin 32)} = √ 7πi sin 32.

2 a. ram

WARNING: sin^{−1} x is VERY DIFFERENT from (sin x)^{−1}. For example,

sin^{−1} 0 = sin^{−1}(sin 0) = 0, BUT (sin 0)^{−1} = 1 sin 0 = 1 0 = UNDEFINED.

Example: Explain why ln 1 = 0. ln 1 = ln(e^0) = 0.

Example: Explain why ln(ab) = ln a + ln b.

ln(ab) = ln(e^{ln a} · e^{ln b}) = ln(e^{ln a+ln b}) = ln a + ln b.

Example: Explain why ln ( 1 a ) = − ln a.

ln ( 1 a ) = ln ( 1 e^{ln a} ) = ln ( e^{− ln a} ) = − ln a.

Example: Explain why ln ( a^b ) = b ln a.

ln(a^b) = ln (( e^{ln a}

)_b)

= ln ( e^{b ln a} ) = b ln a.

Thus e^0 = 1 turns into ln 1 = 0,

e^xe^y = e^{x+y} turns into ln(ab) = ln a + ln b,

e^{−x} = 1 e^x turns into ln ( 1 a ) = − ln a, and

(e^x)^y = e^{yx} turns into ln(a^b) = b ln a.

Example: Explain why d ln x dx = 1 x .

Since e^{ln x} = x, de^{ln x} dx = dx dx . So e^{ln x} d ln x dx = 1. So x d ln x dx = 1. So d ln x dx = 1 x .

Example: Find d sin^{−1} x dx .

Since sin(sin^{−1} x) = x, d sin(sin^{−1} x) dx = dx dx .

inverse functions 3

So cos(sin^{−1} x) d sin^{−1} x dx = 1. So d sin^{−1} x dx = 1 cos(sin^{−1} x) . So we would like to “simplify” cos(sin^{−1} x). Since 1 − cos^2(sin^{−1} x) = sin^2(sin^{−1} x), 1 − ( cos(sin^{−1} x)

)_2 = ( sin(sin^{−1} x)

)_2 . So 1 − ( cos(sin^{−1} x)

)_2

= x^2. So 1 − x^2 = ( cos(sin^{−1} x)

)_2 . So cos(sin^{−1} x) = √ 1 − x^2. So d sin^{−1} x dx = 1 cos(sin^{−1} x) = 1 √ 1 − x^2 .

Example: Find d cos^{−1} x dx .

Since cos(cos^{−1} x) = x, d cos(cos^{−1} x) dx = dx dx . So − sin(cos^{−1} x) d cos^{−1} x dx = 1. So d cos^{−1} x dx = −1 sin(cos^{−1} x) . So we would like to “simplify” sin(cos^{−1} x). Since 1 − sin^2(cos^{−1} x) = cos^2(cos^{−1} x), 1 − ( sin(cos^{−1} x)

)_2 = ( cos(cos^{−1} x)

)_2 . So 1 − ( sin(cos^{−1} x)

)_2

= x^2. So 1 − x^2 = ( sin(cos^{−1} x)

)_2 . So sin(cos^{−1} x) = √ 1 − x^2. So d cos^{−1} x dx = −1 sin(cos^{−1} x) = −1 √ 1 − x^2 .

Example: Find d tan^{−1} x dx .

Since tan(tan^{−1} x) = x, d tan(tan^{−1} x) dx = dx dx . So sec^2(tan^{−1} x) d tan^{−1} x dx = 1. So d tan^{−1} x dx = 1 sec^2(tan^{−1} x) . So we would like to “simplify” sec^2(tan^{−1} x). Since sin^2 x + cos^2 x = 1,

sin^2 x cos^2 x + cos^2 x cos^2 x = 1 cos^2 x . So tan^2 x + 1 = sec^2 x.

So sec^2(tan^{−1} x) = tan^2(tan^{−1} x) + 1 = ( tan(tan^{−1} x)

)_2

+ 1 = x^2 + 1. So d tan^{−1} x dx = 1 x^2 + 1 .

Example: Find d cot^{−1} x dx .

Since cot(cot^{−1} x) = x, d cot(cot^{−1} x) dx = dx dx . So − csc^2(cot^{−1} x) d cot^{−1} x dx = 1. So d cot^{−1} x dx = −1 csc^2(cot^{−1} x) .

4 a. ram

So we would like to “simplify” csc^2(cot^{−1} x). Since sin^2 x + cos^2 x = 1,

sin^2 x sin^2 x + cos^2 x sin^2 x = 1 sin^2 x . So 1 + cot^2 x = csc^2 x.

So csc^2(cot^{−1} x) = 1 + cot^2(cot^{−1} x) = 1 + ( cot(cot^{−1} x)

)_2 = 1 + x^2. So d cot^{−1} x dx = −1 1 + x^2 .

Example: Find d sec^{−1} x dx .

Since sec(sec^{−1} x) = x, d sec(sec^{−1} x) dx = dx dx . So tan(sec^{−1} x) sec(sec^{−1} x) d sec^{−1} x dx = 1. So tan(sec^{−1} x) · x · d sec^{−1} x dx = 1. So d sec^{−1} x dx = 1 x tan(sec^{−1} x) . So we would like to “simplify” tan(sec^{−1} x). Since sin^2 x + cos^2 x = 1,

sin^2 x cos^2 x + cos^2 x cos^2 x = 1 cos^2 x . So tan^2 x + 1 = sec^2 x.

So tan^2(sec^{−1} x) + 1 = sec^2(sec^{−1} x). So ( tan(sec^{−1} x)

)_2 + 1 = ( sec(sec^{−1} x)

)_2 . So ( tan(sec^{−1} x)

)_2

+ 1 = x^2. So tan(sec^{−1} x) = √ x^2 − 1. So d sec^{−1} x dx = 1 x √ x^2 − 1 .

Example: Find d csc^{−1} x dx .

Since csc(csc^{−1} x) = x, d csc(csc^{−1} x) dx = dx dx . So − csc(csc^{−1} x) cot(csc^{−1} x) d csc^{−1} x dx = 1. So −x cot(csc^{−1} x) d csc^{−1} x dx = 1. So d csc^{−1} x dx = −1 x cot(csc^{−1} x) . So we would like to “simplify” cot(csc^{−1} x). Since sin^2 x + cos^2 x = 1,

sin^2 x sin^2 x + cos^2 x sin^2 x = 1 sin^2 x . So 1 + cot^2 x = csc^2 x.

So 1 + cot^2(csc^{−1} x) = csc^2(csc^{−1} x). So 1 + ( cot(csc^{−1} x)

)_2 = ( csc(csc^{−1} x)

)_2 .

inverse functions 5

So 1 + ( cot(csc^{−1} x)

)_2

= x^2. So cot(csc^{−1} x) = √ x^2 − 1. So d csc^{−1} x dx = −1 x √ x^2 − 1 .

Example: Find dy dx when y = log_x 10.

x^y = x^{logx 10} = 10. Take the derivative: d x^y dx = d (e^{ln x})^y dx = d e^y ln x dx = e^{y ln x} ( y · 1 x + dy dx ln x )

= d10 dx = 0.

So e^{y ln x} ( y · 1 x + dy dx ln x ) = 0.

Solve for dy dx . e^{y ln x} dy dx ln x =

−e^{y ln x}y x . So dy dx = −e^{y ln x}y xe^{y ln x} ln x = −y x ln x = log_x 10 x ln x .

Example: Find the third derivative of 2^x with respect to x.

y = 2^x. dy dx = d2^x dx = 2(e^{ln 2})^x dx = de^{x ln 2} dx = e^{x ln 2}(ln 2) = (e^{ln 2})^x ln 2 = 2^x ln 2.

d^2y dx^2 = d dx ( dy dx ) = d2^x ln 2 dx = ln 2 · 2^x ln 2 = (ln 2)^22^x.

d^3y dx^3 = d dx ( d^2y dx^2 ) = d dx ( ln 2)^22^x ) = (ln 2)^22^x ln 2 = (ln 2)^32^x.

Example: If y = a cos(ln x) + b sin(ln x) show that x^2 d^2y dx^2 + x dy dx + y = 0. dy dx = a(− sin(ln x)) 1 x + b cos(ln x) 1 x = −a sin(ln x)x^{−1} + b cos(ln x)x^{−1},

d^2y dx^2

= −a cos(ln x) 1 x x^{−1} + −a sin(ln x)(−1)x^{−2} + −b sin(ln x) 1 x x^{−1} + b cos(ln x)(−1)x^{−2} = −a cos(ln x) + a sin(ln x) − b sin(ln x) − b cos(ln x) x^2 = 1 x^2 ( (a − b) sin(ln x) − (a + b) cos(ln x) ) .

6 a. ram So LHS = x^2 d^2y dx^2 + x dy dx + y = x^2 1 x^2 ( (a − b) sin(ln x) − (a + b) cos(ln x) ) + x ( − a sin(ln x)x^{−1} + b cos(ln x)x^{−1} ) + a cos(ln x) + b sin(ln x) = (a − b) sin(ln x) − (a + b) cos(ln x) − a sin(ln x) + b cos(ln x) + b sin(ln x) + a cos(ln x) = 0.

Example: Find dy dx when a sin(xy) + b cos

(_x y ) = 0.

Take the derivative:

0 = a cos(xy) ( x dy dx + 1 · y ) + −b sin ( x y ) ( x(−1)y^{−2} dy dx + 1 · y^{−1} )

= a cos(xy)x dy dx + a cos(xy)y + b sin ( x y ) x y^2 dy dx − b sin ( x y ) y^{−1}.

Solve for dy dx .

a cos(xy)x dy dx + b sin ( x y ) x y^2 dy dx = a cos(xy)y − b sin ( x y ) y^{−1}.

So dy dx = a cos(xy)y − b sin ( x y ) y^{−1}

a cos(xy)x + b sin ( x y ) x y^2

= a cos(xy)y^3 − b sin ( x y ) y a cos(xy)xy^2 + b sin ( x y ) x

Example: Find dy dx when y = tan^{−1} ( a x ) · cot^{−1} ( x a ) .

inverse functions 7 dy dx = tan^{−1} ( a x ) ( −1 1 + ( x a )_2 ) 1 a + 1 1 + ( x a )_2 (−1)ax^{−2} cot^{−1} ( x a )

= − tan^{−1} ( a x )

a + x^2 a + − cot^{−1} ( x a ) a x^2 + a^2

= − tan^{−1} ( a x ) a a^2 + x^2 + − cot^{−1} ( x a ) a x^2 + a^2

= ( −a a^2 + x^2 ) ( tan^{−1} ( a x ) + cot^{−1} ( x a )) . If a x = tan z then x a = cot z and z = tan^{−1} ( a x ) = cot^{−1} ( x a ) . So dy dx = ( −a a^2 + x^2 ) ( tan^{−1} ( a x ) + tan^{−1} ( a x )) = −2a tan^{−1} ( a x ) a^2 + x^2 .