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/7 is the function that undoes 2. This means that
Va2 =z and (Vz)? = .
In z is the function that undoes e®. This means that
In(e”) =z and e =z,
sin™! z is the function that undoes sin 2. This means that
sin~!(sinz) = and sin(sin™! z) = .

cos~ !z is the function that undoes cosz. This means that

cos (cosz) = x and cos(cos ™! z) = .
tan~! z is the function that undoes tan z. This means that

tan"!(tanz) = x and tan(tan"'2) = 2.
cot~! x is the function that undoes cot . This means that

cot ™ (cotx) = x and cot(cot™ ) = .
sec™! z is the function that undoes sec . This means that

sec !(secr) = x and sec(sec™! ) = .
csc !z is the function that undoes cscz. This means that

csc (escx) = and csc(esc™ ) = .

log, = is the function that undoes a®. This means that

loga(aﬁ’” sind2)y — /7 sin 32 and l08a(VTmisin32) _ \/Trisin 32.



2 A. RAM

WARNING: sin! z is VERY DIFFERENT from (sinz)~'. For example,

1 1
sin™! 0 = sin~!(sin0) = 0, BUT (mmr%:_ozazUmmﬂmm.

Sin

Example: Explain why In1 = 0.
In1 = In(e’) = 0.

Example: Explain why In(ab) =Ina + Inb.

In(ab) = In(e™? - &™) = In(e™*™™%) = Inga + Inb.

1
Example: Explain why In <> = —Ina.
a

In <clz> =In <€1111a> =In (e_l““) = —Ina.

Example: Explain why In (ab) =blna.
In(a’) =In ((elna)b> =1In (ebln“) =blna.

Thus

el =1 turns into Inl1 =0,
ete¥ = e* Tty turns into In(ab) =Ina+Inb,
_ 1 . 1
et =— turns into In{-)=-1Ina, and
er a
(e*)¥ = e¥® turns into In(a’) = blna.
dl 1
Example: Explain why nr_ 2
dx x
d Inz d
Since e"* =gz, ilx = £
dlnx dlnx dlnx 1
So e =1 S = 1. S =
°© € dx o ® dx © dx x
1

dsin™ " x

Example: Find
dr

dsin(sin™! d
Since sin(sin~!z) = =, dsin(sin”_ z) e

dzx dzx
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1 1

dsin” " x dsin” " x 1
So cos(sin"'z) ——= = 1. So = .
( ) dx dx cos(sin~* z)
So we would like to “simplify” cos(sin~* z).
Since 1 — cos?(sin™! ) = sin®(sin ! ), 1 — (cos(sin™" 1‘))2 = (sin(sin™! m))2
So 11— (cos(sin™" :r))2 =22 So 1—2z%= (cos(sin™" :r))2
dsin™'x 1 1
So  cos(sin"'z) = /1 — 2. So = = .
( ) dx cos(sin"tx)  1—a?
d -1
Example: Find acos T
x

d -1 d
Since cos(cos™!x) =z, dcos(cos™ x) =

dx dx
dcos™!z dcos™ !z -1

So —si ) — = =1 S = :

© sin(cos™ ) dx © dx sin(cos™! x)
So we would like to “simplify” sin(cos™! x).
Since 1 — sin?(cos ™! z) = cos?(cos ™! z), 1 — (sin(cos™! :1:))2 = (cos(cos™? :c))2
So 1— (sin(cos™* a:))2 = 22 So 1—2%= (sin(cos™? x))2

dcos™tz -1 -1

So i “la)=v1—2a2 S = = .

o sin(cos™ 2) v © dx sin(cos™lz) /1 — 22

dtan™!
Example: Find M.
x

dtan(tan™! d
Since tan(tan~!z) =z, dtan(tan” ) e

dx dx
dtan™!z dtan™!z 1
0 sec’(tan”" z) dx ¢ dx sec?(tan™! z)
So we would like to “simplify” sec?(tan™! x).

2

Since sin’z + cos?z =1
b

sin’ z cos? x 1

cos2x  cos?x coslzx’

So tan?z + 1 =sec?zx.

So  sec*(tan~'x) = tan?(tan~' z) + 1 = (tan(tan™! x))2 +1=2%+1.

g dtan—!x 1
0 = .
dx 22 +1

decot™ 1z

Example: Find
dx

dcot(cot™tx)  dx
i t(cot™ ' z) = S S A ity
Since cot(cot™' z) =, . 7

dcot™tx dcot™tx -1
So —csc?(cot™tr) ——= =1. S = :
© cse”(cot ™" ) dx © dx csc2(cot ™1 )
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So we would like to “simplify” csc?(cot ! z).

Since sin?z +cos?z =1,
sinz  cos?x 1
sinfz  sin®z  sin’z’
So 1+cot?x = csc? .
So  csc?(cot™ta) =1+ cot?(cot ™' z) =1+ (cot(cot ™ x))2 =1+2%
dcot™ 1z -1
So = .
dx 1+ 22
d -1
Example: Find asee &
dz
dsec(sec™lx) dx
S. -1 =z, _— = —,
ince sec(sec™'x) == I I
dsec !z dsec™tx
S t -1 ) ——— =1. S t ). —— =1
o tan(sec” " x)sec(sec” " x) I o tan(sec” x)-x T
dseclx 1
So = .
dz x tan(sec—! x)

So we would like to “simplify” tan(sec™' z).

Since sin?z +cos?x =1,
sinz  cos’z 1
cos?2x  cos?x cosix
So tan®z + 1 =sec?z.
So tan®(sec™!z) + 1 = sec?(sec™! z). So  (tan(sec™? :v))2 +1 = (sec(sec™! :r:))2
So (tan(sec! x))2 +1 =22 So tan(sec !'z) = +z?2 - 1.
dsec™! 1
So sec” & _ ‘
dx V2 —1
d —1
Example: Find M.
dx
desc(cse ) dx
Since csc(csc™!x) =z, _— = —
( ) dx dx
desc 'z desc '
So —ecsc(ese ) cot(ese ™) ——— = 1. So —zcot(csc™t ) ——=
(ese! ) cotese ) S (e ) S5
desc -1
So = .
dx x cot(csc™ 1 x)
So we would like to “simplify” cot(csc™! z).
Since  sin®x + cos?z = 1,
sin®z  cos?x 1
sinz  sin’z  sinz’
So 1+ cot?x =csc?z.
So 1+ cot?(csc™!z) = csc?(csc™! ). So 14 (cot(csc™? 1:))2 = (csc(ese™! x))2

=1



INVERSE FUNCTIONS

So 1+ (cot(csc™! :C))2 = 22, So cot(csc™lz) =22 —1.
96 desc o B -1 '
dx xvr? —1

d
Example: Find d—y when y = log, 10.
x

z¥ = '8 10 = 10.

Take the derivative:

Inx
dz¥ d(e )y_deylnx:eyln"”(y-1+dylnx>
T dx

1 d
So eyn® <y-+yln:r> =0.

dy
Solve for —2.
olve I0or d

X

d
eyl‘”"—ylnaz:i. So — = =

dy —eyInzy -y log, 10

dx T dr zeymelnz zlhhz zlnx

Example: Find the third derivative of 2* with respect to x.

y = 2%.

@ B d2x B 2(€1n2)z dezln2

dr ~ dr
?y _ d
dx? dx
Py _ d
dx3 dx

@ _ d2¥In2
de ] T

= =e""2(In2) = (™% In2 = 2% In 2.

dx dx

y =1In2-2°1n2 = (In2)%2".

d2y d xT €T x
<dx2> = —(In2)*2") = (In2)?2"In2 = (In2)*2".

dx

2 dy

d
Example: If y = acos(Inz) + bsin(lnz) show that 2229 5 y=0.

dy
dr

1 1
a(—sin(lnz))— + beos(Inx)—
T

dx? dx

T
—1

= —asin(lnz)z™" + beos(Inz)z ',

d?y

—2 = —acos(lnx)
x

dx?

1 1
—z '+ —asin(lnz)(=1)z"2 + —b sim(lnac);urf1 + beos(lnx)(—1)z 2

—acos(Inzx) 4+ asin(lnz) — bsin(lnz) — bcos(In x)

x

2

xr2

L ((a = b)sin(lnz) — (a + b) cos(in ).
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So

Py | dy
2
LHS ==z T2 —l—x—dx +y

=22 % ((a — b)sin(Inz) — (a + b) cos(Inz))
+z(—asin(lnz)z~" + beos(lnz)z ")
+ acos(lnz) + bsin(ln z)
= (a —b)sin(Inx) — (a + b) cos(In x)
—asin(Inz) + beos(Inx)
+ bsin(lnz) + a cos(Iln x)
=0.

d
Example: Find d—y when asin(zy) + bcos (%) = 0.
x

Take the derivative:

dy (T o dy —1
- Y. - z e AT
0 = acos(xy) <:de + y) + —bsin (y) <x( )y Ty +1-y
dy . (z\ z dy [T\ 4
= acos(zy)r—— +acos(xy)y + bsin | — | === —bsin | — |y .
dx y) y?

Solve for @ .
dx

d d
acos(a:y)xé + bsin <§> %ﬁ = acos(zy)y — bsin <z> y~ 1L

So

T
acos(x —bsin [ =)yt
dy (zy)y (y) Y

dx

X
y2

acos(xy)z + bsin (x)
Y

acos(zy)y> — bsin (a:) Y
Y

acos(zy)zy? + bsin <$> x
)

Example: Find Z—y when y = tan™? (E) -cot ™1 (E)
x



If
So

a
— =tanz
T

INVERSE FUNCTIONS

dy L, /a -1 1 1
df = tan (7) P D) E + T
T 77 \1 4 (—) 1+ (—)
a
—tan~! (—) —cot™! (E) a
T a
2 + $2 +CL2
a—+ —
a
—tan~! (—) a —cot™! <§> a
_ T a
a? + x2 22 + a?
= e (tan_1 (E) + cot ™! (E)) .
a2+ 2 T a
then r_ cotz and z=tan"! (ﬁ)
a T

@_ —a
de

e ) (van () o~ (%)
a“+x x T

T
= cot™! (—)
a




