Quasitrangular Hopf algebras and the quantum double

1. Quasitriangular Hopf algebras

1.1 Let A be a Hopf algebra with coproduct A and antipode S. Let 0: A® A — A® A be the map given by
ola®b) =b®a for all a,b € A. Define A’ to be the opposite coproduct given by

A =cgoA.

Then A with coproduct A’ and antipode S~! is also a Hopf algebra. This follows by applying S~! to the
defining relation for the antipode

> amSlae) =Y Slag))ae) =<(a),

for all @ € A and using the fact that S (and therefore S~1) is an antihomomorphism.
1.2 A pair (A, R) consisting of a Hopf algebra A and an invertible element R € A® A is called quasitriangular
if
a) A'(a) = RA(a)R™1, for all a € A,
b) (A ®id)(R) = R*¥R?,
¢) (id® A)(R) = R¥®R",
where, if R =", a; ® b; then

R?=3"aohol, R*=)>aeleb, R®*=>106¢bol, et
(1.3) Theorem. ([D1] Prop. 3.1) If (A, R) is a quasitriangular Hopf algebra then
a) R12R13R23 — R23R13R12.
b) RizRosRiz = RogRizRos,
where R;j; = 0 o Lri; € End(A® A), and 0, Lr € End(A ® A) are given by 6(a®b) =b® a and
left multiplication by R respectively.

¢) (e®id)(R)=1=(id®e)(R).
d) (S®id)(R)=(id® S™1)(R) =R
e) (S®S)(R)=R.
Proof. a)
R¥RYMR* = R®¥(A®id)(R) by (1.2b)
= (A’ ®id)(R)R'? by (1.2a)
— R23R13R12.

R12R23R12 = 0‘12LRl2 0’23L323 0’12LR12

— 0_120,230_12 0,120,23LR120_230_12 0,12LR230_12 LR12
—_———

= 0’13LR23LR13LR12,

and » » » 2 12 2
R23R12R23 =0 3LR230' LR120' BLRza

= g23512523 023012L323012023 023LR12 a3 Lges
————

= UlSLR12LR13LR23,
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¢) By (1.2b)

R = (id ®id)(R) = (¢ ® id ® id)(A ®id)(R) = (¢ ® id ® id) R"*R* = (¢ ® id)(R) - R.
Thus (¢ ® id)(R) = 1. Similarly, by (1.2¢),

R = (id®id)(R) = (id ® id ® €)(id ® A)(R) = (id ® id ® )R> R* = (id ® ¢)(R) - R.

Thus (id®¢)(R) = 1.
d)
R-(S®id)(R) = (m®id)(id ® S ® id)(R*>*R*®)

=(m®id)(id® S ®id)(A ®id)(R)

= (e®id)(R) = 1.
So (S ®@id)(R) = R™'. Let A°PP be the Hopf algebra which is the same as A except with the opposite
comultiplication and with antipode S~!. It is clear from the defining relations of a quasitriangular Hopf
algebra that (A°PP, R?!) is also a quasitriangular Hopf algebra. Thus, it follows by applying the identity
already proved to (A°PP, R?!) that

(STt ®id)(R*) = (R™H*!

which is equivalent to (id ® S™1)(R) = R™1.
e) This follows by letting (id ® S) act on both sides of the equation (id® S™1)(R) = (S ®id)(R) from d). O



2. The Quantum double

(2.1) Theorem. ([D1] §13) Let A be a finite dimensional Hopf algebra and let A*°PP denote the Hopf
algebra A* except with the opposite comultiplication. Then there exists a unique quasitriangular Hopf algebra
(D(A), R) such that
1) D(A) contains A and A*°PP as Hopf subalgebras.
2) R is the image of the canonical element of A ® A*°PP ynder A ® A*PP — D(A) ® D(A), i.e. if e;
is a basis of A and €' is the dual basis in A*°PP then

R=) e;@e € D(A)® D(A).

3) The linear map
A® A*PP —  D(A)
a®b —  ab

is bijective.
2.2 Remark. If A is infinite dimensional then one may be able to apply the theorem if there is a suitable way

of completing the tensor product D(A) @ D(A) so that the element R =Y e; ® €’ is a well defined element
of the completion D(A)®D(A).

Proof of Theorem 2.1.
2.3 Let the algebra A be the Hopf algebra with basis {e,} and multiplication, comultiplication, and skew

antipode given by
eres = Y mier,
t
A(et) = Z/-L:fﬂser X es,
T8

oler) = Zo{er.
T

The unit and counit will be given by 1 = Y, E'e;, and €(e,) = &, respectively. Recall that the skew antipode
is the inverse S~! of the antipode of A and is the the antipode for the Hopf algebra A°PP which is the same
as the algebra A except with the opposite comultiplication.

2.4 The algebra A*°PP has basis {e"} which is dual to the basis {e,} of A and has multiplication and
comultiplication given by
eed = Zu;‘seh
t

Ale') = me,ses ®e".
Then the algebra A ® A*°PP has basis {€"e,} and has multiplication given by
(e"es @ ePey)(efe; @ e™ey) = (e"esefe; @ ePege™ey,), (%)
and comultiplication given by

Ae"es) = A(e")Aley)
(Z mi,e’ @ ) (Z ible, @ )

_ T rq v u
= g Myulls € €p Qe eq.
u,0,p,q



Alternatively, we could have chosen to use the basis {e.e®} instead of the basis {e"es}. It is clear from
(¥) that we need to describe a product ese* in terms of the basis ePe, in order to completely describe the
multiplication in A ® A*°PP.

2.5 We shall use the condition RA’(a)R~! = A(a) to determine the formula for a product ese* in terms of
the basis ePe,. The relation is

Z AP olmy s, e,
a,B,7,6,p

This relation is derived as follows.

(e”ep, eje el) = (e¥ey, moo(e l®ej)>

= (oo A(e’ 6b) '®ej)

= (A'(evep), ¢! @ e;)

= (RA(e"e) R, el @ ¢;)

= (RA(e’e)((id ® STY)(R),e' @ e;) by (1.3e)
= (R® Aeey) @ ((id © S™1)(R), (A%)?(e' @ ¢5))

Let us expand the left hand factor of this inner product.
R A(e’e) @ (id@ STY(R) = er @b @ Ale’e,) @ (id® S™')(e, @ €”)
k.p

. (2.5a)
Z er @ ek @ Mg,y e ey, ®e’er @ep ®obel

k,p,q
r,s,t,u

The right hand factor of the inner product expands in the form
(A9 (e @ 5) = (A7 @ id®) 0 A%( © ¢;)

= (A°times @ jd®) ( > omby e @e, @ @ ez>

T,y W,z

cd wz , n T
= E mgnn:u‘w "cy.uj e Qe ® e™ ® eq e e,

Z,Y,w,z
m,n,c,d

= Z mzmn,u;dze” e, Re" Ve e’ e,

m,n,r
cid, =

Now let us evaluate the inner product. The inner product picks out only the terms when
k=nk=cv=m,b=d,p=1x,q =z,

and this term appears with coefficient

It follows that

The multiplication rule follows.



2.6 We shall need the following calculation in our proof that D(A) is quasitriangular. We shall need the

identities in §4 of the notes on co-Poisson Hopf algebras.

yBas 1P
Z Ha " Oq 51)57
v,a,p,s

2.7 Now we prove that A ® A*°PP satisfies the first condition (1.2a) for a quasitriangular Hopf algebra.

((c 0o A)(e"ep))R =

v-a,n,k,s,p

Bn k. v
§ po "en B M5y
v,0,m,k

>k

v,0,m,k
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> s,

- Z pams,
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yBn, as __p
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by 4.1 and 4.4

by 4.11

by 4.2

by 4.4

by 4.5
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A similar calculation on the right hand side gives

RA(e"ep) Z m? i (em @ ™) (e, ® e®ey)

r,8,t,u,m
v ,ut T m s

= E my. gy (eme’ e, ®ee’er)

r,8,t,u,m
_ v ut , ms r a
- E Mgrty Mg (eme ey ®e et)

r,8,t,u,m,a
_ v ut, ms, yBa _p, T § a
- E Mgrty Hg  Hm Uozmpév(e €gey Q€ et)

rys,t,u,m,a

o,B,7,8,p

_ v ut, ms, yBa _p, T A 5 a
- E : Mgry Hg Hm O—ampéfymﬂu(e ex®e 6t)
r,s,t,u,m,a
a,B,7,8,p,A

_ ut , yBas _p, v A 4 a
= E Wy ot ahmg s mp, (e%ex @ eer)
s,tu,a
«,8.7,8,p,7

— v B, ut, A 5 a
= Y mp P utml,(fen © cver)
8,7,u.t,B,a,A

2.8 It remains to prove the identities (id ® A)(R) = R¥R' and (A ® id)(R) = R13R?3.
(id® A)(R) =) e @ A(eF)
k

= E mF.er ®e* ®e"

k,r,s

= E eres e’ Qe
8

— Z(@T Rlee)(es®e’® ®1)

T,

— R13R12 .

Similarly, we have that

(A®id)(R) = ZA(ek) ® ek
k

- Zuzser(@es@ek

k,r,s

:Zer®es®eres

]

=Y el (i o)

_ R13R23.
This completes the proof of Theorem 2.1.
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