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ON A THEOREM OF PITTIE
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§1. INTRODUCTION
Harsu V. Prrmie[3] has proved the following result:

TueoreM 1.1. Let G be a connected compact Lie group with mG free and G' a (closed)
connected subgroup of maximal rank. Then R(G') is free (as a module) over R(G) (by
restriction).

Here R(G) denotes the complex representation ring of G. For the bearing of (1.1) on the
K-theory of G the reader may consult {3]. Pittie’s proof actually omits a few cases, which can
however be checked out by hand. Here we present an elementary proof which yields an explicit
basis for R(G') over R(G) (see (2.2) and (2.3(a)) below) and then a converse after suitably
weakening the assumption on 7,G.

THEOREM 1.2. Let G be a connected compact Lie group and S its semisimple component. Then
the following conditions are equivalent.

(a) R(G’) is free over R(G) for every connected subgroup G' of maximal rank.

(b) R(T) is free over R(G) for some maximal torus T.

(c) R(G) is the tensor product of a polynomial algebra and a Laurent algebra.

(d) R(S) is a polynomial algebra.

(e) S is a direct product of simple groups, each simply connected or of type 50,,...

Since 7, G is free if and only if S is simply connected, because G is the product of S and a
central torus, the equivalence of (a) and (e) provides the just-mentioned extension and converse
of (1.1).

As a result of our development we also obtain:

THEOREM 1.3, Theorems 1.1 and 1.2 are true for linear algebraic groups over algebraically
closed fields (instead of compact Lie groups) and their rational representations.

§2. PROOF OF (1.1

We may, and shall, assume that G is semisimple, hence simply connected since 7, G is free,
as is indicated in [3]. Let T be a maximal torus of G’, hence also of G, and W’ and W the
corresponding Weyl groups, and X the character group (lattice) of T. As is known (see [1]), R(G)
may be identified with Z[X]" via restriction to T, even if G is not semisimple, and similarly for
R(G"). To prove (1.1), therefore, we need only produce a free basis for Z[ X1 over Z[X]". This
puts us in the realm of weights, roots and reflection groups, for which we use [2] as a general
reference. Let £ C X be the root system of G relative to T, £ the set of positive roots and IT the
corresponding basis of simple roots relative to some, fixed, ordering. The condition that G be
simply connected is:

2.1. The fundamental weights {A.}, defined by (A, b*) = 6. (a, b € II) with b* =2b/(b, b),
form a basis for X.

We generalize our problem slightly by allowing W’ to be any refiection subgroup of W. Let X’
be the corresponding root system, consisting of the roots orthogonal to the reflecting hyperplanes
for W', and W” the subset of W keeping X' positive. Finally, for v € W” let A, denote the
product in X of those A, for whicha € ITand v™'a <0, and ¢, =2x 'v7'A, € Z[X], the sum
over x € W'(v)\W' with W'(v) denoting the stabilizer of v™’A, in W',

THEOREM 2.2. Assume G simply connected and the other notations as above. Then Z[ X1%' is free
over Z[X1" with {e.lv € W"} as a basis.

Remarks 2.3. (a) Observe that each »~'A, is dominant for 3'. For (v 7'\, a) = (A, va)=0
since va >0foralla € 3'". It follows from (2.2) and the above discussion that (1.1) holds with a
basis consisting of those irreducible representations of G’ for which the highest weights are
{v7'A, |v € W' It also follows that the rank is |W|/|W’|, in (1.1) or in (2.2), either by Galois

173
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theory or by (2.5(a)) below. (b) In the principal case in which W’ = {1}, in which G’ is a torus in
(1.1), we get Z[X] free over Z[X]™ with {w ™ 'A.|w € W} as a basis.

MaN LEMMA 2.4. Let {e,} be as above and {f,} (v € W") any collection of elements of
ZIX1™'. Set D =det ue,, E =det uf, (u,v € W").

(a) D#0.

(b) D divides E and the ratio is in Z[X]%.

Granted this lemma, we may prove (2.2) as follows. If f € Z[X]", then the system
Sa,ue, = uf has a unique solution for a, € Z[X1%, hence the equation 2a.e, = f does also,
whence (2.2).

It remains to prove (2.4).

LemMa 2.5. Let everything be as above.

(a) W" is a system of representatives for W/W'.

(b) If X' has a basis consisting of a subset of 11, then ¢(ux)= ¢(u)+ €(x) foru € W",
xeWwW.

Here ¢(w) denotes the number of positive roots made negative by w. Fix w € W. Then
w™'2* N 3’ and 3" are two positive systems for 3', hence (*) they are congruent under a unique
x € W.Thenu=wx"' € Wand w=ux € W"- W'. Conversely, if w has this form, we may
work backwards to conclude that x satisfies (*), hence is uniquely determined. This proves (a).
The number of roots in 2'" made negative by ux as in (b) is #(x) since x fixes 2’ and u fixes the
signs of the roots in Z', while the number in 3% - 2'" is #(u) since x fixes this set, whence (b).

LEMMA 2.6. Assume as before and that w € W keeps 3™ —X'" positive. Thenw € W', in fact
w is in the subgroup generated by the simple reflections that W' contains.

Assume w as given, w# 1. Then wa <0 for some simple root a, so that £(ww,) < ¢(w). By
our assumption a € X'", so that w, preserves 3" —2'" and hence ww, keeps it positive. By
induction on ¢(w) we conclude that ww, is in the above subgroup, whence w is also.

LeMMa 2.7. For v € W' we have vW(v) C W"W'(v).

Recall that W(v), for example, denotes the stabilizer of v™'A, in W. As is known, this is a
reflection group. Let 3(v) be the corresponding system of roots, thosé orthogonal to v. We have
v3’'(v) =03 N v3(v). Hence v (T ~2'"(v)) is disjoint from (vZ(v))", and it is positive since
v € W". Nowif w € W(v), then vwo ™' € "W(v), the group corresponding to the root system
vZ(v), which is the subset of £ orthogonal to A, and hence is like 2’ in (2.5(b)) since A, is dominant.
By the above disjointness, vwo ™' . v(2'" — 3" (v)) > 0. If we write vw = ux as in (2.5(b)), this yields
x(Z =3 (v))>0since u fixes signson¥’. Thus x € W'(v) by (2.6) with %, 3’ there replaced by
2, 3'(v) here, whence (2.7).

LemMa 2.8. For each root a let n, denote the number of pairs in W|W' interchanged by left
multiplication by w,. ‘

(a) n. is constant on W-conjugacy classes of roots.

() If a is simple then n, is the number of v's in W" such that v™'a <0.

If a and b are conjugate, then so are w, and ws, hence also their left multiplications on
W/W’, whence (a). In (b) let w, fix vW'. Then v "'w.v € W', whence v ™'a € ¥ and v™'a>0
since v € W". Now assume w, does not fix vW’, i.e. v™'a € 3. Then v3'" is disjoint from a
and positive, whence w,v3'" is also positive and w,o € W”". Now just one of v™'a, (w.v)'a is
negative. Thus v ~'a <0 for exactly n. choices of v € W,

LEmMA 2.9. If Dis as in (2.4) and na as in (2.8) then D has IIA.™ (a € II) as its unique highest
term and +I1A."" as its unique lowest term.

This is relative to the usual partial order in which A > u denotes that Ap ™" is a product of
positive roots. Let A denote the matrix (ue.). Recall that ue, =Zux"'v™'A,, summed over
x € W' (v)\W’. Consider the vth column of A. We have A, = ux~'v7'A, for all terms there. We
claim that equality can hold on or above the diagonal only for the term with u =v and
x € W'(v), if we order the rows so that u is above u’ whenever €(u) < £(u’). Assume equality.
Then v 'ux™' € W(v) by definition, so that ux™' € W"W’'(v) by (2.7), and x € W'(v) by
(2.5(a)), so that uv ™A, = A.. Thus uv™', hence also vu™', is in the group generated by the
reflections for the simple roots orthogonal to A,, which are those kept positive by v™' by the
definitions. Applying (2.5(b)) to this situation we get £(u~") = £(v™")+ £(vu~"). On or above the
diagonal where ¢(u)< ¢(v) this can hold only if ¢(vu~')=0, whence u = v and our claim. It
follows that D = det A has ITA, as its unique highest term. Now A, (¢ &€ II) makes a contribution
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to A, just when »'a <0. Thus by (2.8(b)) the highest term is as in (2.9). Now each w € W
permutes the rows of A by (2.5(a)) and the invariance of e. under W’, hence fixes D up to sign. It
follows that there is a unique lowest term, =wollA.", with w, the element of W that makes all
positive roots negative. Now if b = — woa then n. = n, by (2.8(a)). Thus the lowest term is as in
(2.9), as required.

Consider now (2.4). We show that D, =Tl(a"*— a™'?) (a € ") divides E and that D, = D.
Assume g € Y*. As noted earlier there are n. pairs of rows of (uf,) which are interchanged by
w.. If we subtract row w.u from row u for such a pair then all entries of the result are divisible by
a—1since w.h =Aa", n=—(A, a*),for A € X Thus (a—1)" divides E, and since Z[X]isau.f.d.,
so do II(a — )" and D,. In particular D, divides D. To prove D, = D we need only show that the
highest and lowest terms match up, i.e. by (2.9), that En.a (a >0)=2n.A. (a € II), with the
operation of X now written as addition. If s denotes the left side and b a simple root then w;
maps b on —b and permutes the other positive roots. Thus (1~ w,)s = 2n,b, and (s, b*) = 2n, by
the formula for a reflection, so that s equals the right side by (2.1). Finally, each w € W acts on
the rows of (ue,) and (uf,) just as it does on W/W’, hence fixes E/D. This proves (2.4), hence also
(2.2) and (1.1).

§3. PROOF OF (1.2) AND (1.3)

In this section G is a simply connected group, T is a maximal torus, and the other notations of
§2 are used. Further 7, (¢ € TI) denotes the irreducible representation of G with highest weight
Aa, 50 that R(G) is a polynomial algebra in the r.’s. If z is in the center of G, then 7.(2) = Aa(2).
id. Thus there is a natural action of z on R(G) and Z[X] with their scalars extended from Z to C
such that zr, = A.(z)r. and zA, = A,(z)A, for all a. Observe that z fixes roots and commutes with
W. We call z a pseudoreflection if it is one on Z C r. or 2 C A,, i.e. if A.(z) =1 for every a but
one.

Mamv LemMa 3.1. Let G be simply connected and Z a subgroup of the center of G. Then the
following conditions are equivalent.

(@) R(G")? is free over R(G)” for every connected subgroup G' of maximal rank.

(b) R(T)? is free over R(G)? for some maximal torus T.

(c) R(G)? is a polynomial algebra over Z.

(d) Z is a direct product of the centers of a number of the simple components of G of type
Spinz, 4.

(e) Z is generated by pseudoreflections.

(f) R(G)? has a generating set of the form {r.,"|a € II}.

(8) XZ has a basis of the form {m.A.}.

(h) (X% W,3,) is the data for a simply connected group for some choice of an abstract root
system 3, C X2 .

Consider now (1.2) in which, as noted earlier, G may be assumed semisimple. Since every
semisimple group may be written G/Z with G and Z as in (3.1), and since R(G)?, R(T)?, .. . have
the same significance for G/Z as R(G), R(T),... have for G, Theorem 1.2 follows from the
equivalence of (a), (b), (c) and (d) of (3.1).

We first prove the equivalence of the last four parts of (3.1), which have been added mainly
for convenience. If () holds and Z acts as a product of cyclic groups, the one on r, being of order
m,, say, then R(G)? = Z[r,’s]* = Z[r."=’s], whence (f). Conversely, if this equation holds then Z
is a subgroup of the above product, is the whole product in fact since otherwise some nontrivial
character [IA.* (0=<d, < m,) would vanish on Z and IIr,"= would contradict the last equation,
whence (e). Since ITr,% is in R(G)? if and only if 3 d.A. € XZ (additive notation here), (f) and
(g) are equivalent. Observe that in (h) the elements of X, are multiples of those of = since their
directions are determined by the reflections of W. If (g) holds then m.a = (1 - wa)mak, € X?
and (maa, (myb)*) is always integral since {(m,b)*} is a basis for the dual of XZ. It readily follows
that {m.ala € I} is a basis for a root system 3, for which (h) holds. Conversely, if (h) holds and
{maa} is a basis for 3,, then {m.A.} is the corresponding basis of XZ (see 2.1), whence (g).

Next we prove that (e) = (a) = (b) > (c¢) > (e). If (e) holds, so does (h) and then also (a) by
(1.1) which in (2.2) has been reduced to a theorem about (X, W, Z). Clearly (a) implies (b). Assume
(b). Then A = CR(T)? is free, hence also integral, over B = CR(G)®. Localize B at the point g
of Spec B where all r.’s are 0 and A at a point p of Spec A above g. The first condition makes
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sense since each 7. has some power in B. We now invoke a result of
Auslander-Buchsbaum-Serre.

3.2 A (commutative, Noetherian) local ring R is regular if and only if its cohomological
dimension d(R) is finite.

Now let {xi, Xa,..., x,} with r = |II|, the rank of G, be a basis for X?, imbedded in A in the
natural way, and x;(p)=c. Then A, is the tensor product of r algebras, the ith equal to
Clxi, x,"'] localized at x; = ¢, hence is regular, whence (d(A,) <« by (3.2). Since A, is free over
B, (with basis any basis for R(T)? over R(G)?), d(B,) = d(A,), so that B, is regular by (3.2).
Thus dimem /m*=r, if m denotes the maximal ideal of B,. The monomials IIr,% that lie in m
form a multiplicative semigroup. Let C be its minimal generating set, consisting of those
elements that are not products of others. Clearly B is a basis for m/m? over C so that [B|=r.
However for each a € II some r,™ lies in B. Thus B consists of the r.™’s, and R(G)* is a
polynomial algebra on the r.,™’s, whence (f) and also (c). Now assume (c). The free generating set
for R(G)? may be taken in the ideal m just considered. Then the proof just given shows that (f)
holds, hence also (e).

It remains only to prove the equivalence of (d) and (e). For this we may assume that G is
simple since if z € Z is a pseudoreflection it acts nontrivially on just one r,, hence belongs to
some simple component of G. Let V be the universal covering space for T, a real Euclidean
space, and for convenience take the character values A(v) to be in R/Z rather than in the complex
numbers of norm 1. Then there is the famous fundamental simplex S:{v € V|a(v)=0(a € 1),
h(v)=1}. Here h = X h.a is the highest root. This sum is to be taken over II and similarly for the
sums on a, b, ... that follow. The center of G is represented in S by 0 and the vertices z, of §
corresponding to a’s for which h, = 1. For any such we have

b(22) = b (b € 1. 3.3)
For a again arbitrary write
Aa = 2 n.,.,b (flab e Q). (34)

We claim that for the dual root system %*, in which a is replaced by 2a/(a, a) and similarly for A,,
the corresponding equation reads

A% =73 mab*. 3.5

For substituting the definitions into (3.4) we get (3.5) with the coefficient of b* equal to
na (b, b)(a, a). But (A, Ac)=n.(c, ¢)/2 by (3.4) and (2.1), whence n..(c, ¢) = n..(a, a) by
symmetry. The coefficient of b* thus becomes n.., whence (3.5). Now assume that z, € Z acts
as a pseudoreflection on CR(G) = C[r,'s]. Then A.(z,) is integral with just one exception, say for
¢ = b. But A.(z.) = n.. by (3.4). Thus (by (3.5)) ns.b*, hence also some submultiple of b*, is a
weight. This implies that 3* is of type C, and b * is the unique long simple root, as is well known
and proved thus: in any other case there is a simple root ¢ * such that (b*, c**)= —1, so that b*
is primitive as a weight. Then X is of type B, (and G = Spin,,..,), and a is the long root at the end
of the Dynkin diagram and {1, z.} is the center of G since this a is the only simple root for which
h. = 1. Conversely, if £ and a are as just mentioned it can be verified that A % in (3.5) has exactly
one nonintegral coefficient so that z, is a pseudoreflection. Thus (d) and (e) are equivalent, and
(3.1) is completely proved.

Remarks 3.6. (a) For a proof of the equivalence of (b), (¢) and (e) in a more general setting see
[4], from which our proof that (b) implies (c) is taken. We could avoid the other heavy
commutative algebra used there because of the simple action of Z in our case. (b) The geometric
essence of the equivalence of (¢) and (e) in its general form is that, in an algebraic or analytic
variety acted on by a finite group Z of order not divisible by the characteristic a nonsingular point
p remains nonsingular in the quotient space if and only if Z” acting on the tangent space at p is
generated by pseudoreflections.

Finally, we consider (1.3). Since every irreducible representation of G is trivial on the
unipotent radical of G, we may assume G reductive. Then we may reduce (1.3) to properties of
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abstract root systems and reflection groups, as we reduce (1.1) to (2.2), properties which have
been proved above.
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GROUPES FINIS D'AUTOMORPHISMES D*ANNEAUX LOCAUX REGULIERS
par Jean-Pierre SERRE

Exposé rédigé par Marie-José BERTIN

1. Introduction.

I1 s'agit de regarder 1taction de certalns groupes finis d'sutomorphismes sur des
anneaux locaux réguliers ou sur des algtbres graduées de polynbmes sur un corps

(1. e, sur k[X Qv 3 X.n] ), G agissant 1inéairement.

l ?
On a souvent, en effet, une correspondance entre les théorémes sur les anneaux

locaux réguliers et ceux sur jes anneaux gradués de type fini sur un COTPS. Le pas—

PR

sage "local —-> grédué“ ost généralement aisé ; quant a1 passage tgradué —> local',

moins aisé, il se fait au moyen du "gradué associé'.

Situation : On se donne un anneau jocal régulier 3 , et un groupe fini d'auto~-
morphismes G , agissant sur S . On désigne par R = SG 1e gsous—anneau de 3

formé des éléments invariants par ¢ . Le probldme est de savoir sous quelles hypo-

thdses 1l'anneau R est régulier.

— Dans le cas ou S = k[Xl y @ g Xn] , il s'sgit donc de savoir dans quels cas
R = k[Xl g see 3 Xn]G est une algdbre de polynbmes.
— En langage des schémas, le probléme se formule ainsi : Btant donnés un schéma

affine Spec S , régulier sur Spec k (s étant un annean local de corps résiduel

k ), et G wun groupe fini d'automorphismes opérant sur Spec S , dans quels cas

Speo(S)/G est-il un schéma régulier ?

Le passage d'une traduction 3 1'autre est donné par le lemme suivent

LEMME. — Soit R une algébre graduée de type fini sur un corps k . Les trois

assertions suiventes sont équivalentes :

1°© Spec R est régulier (en tant que schéma sur Spec k) ;

2° Ry est régulier ( M désignant 11idéal maximal formé par les é1éments homo-

genes de degré positif) ;3

30 R est une algébre graduée de polyndmes.
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2. Enoncé et principe de démonstration des théorémes dans le cas adué (cas histo_ 4
riquement le premier résolu). LT

"Cag gradué" signifie : 5, algdbre gradude de polynSmes sur un corps k j i
S=k[x1 g e+ 3 Kn] .

Définition. — Soit G wun groupe fini, G < ee(n, k) . G opere sur (k)" .
Supposons (card ¢ , p) =1, ot P désigne 1'exposant caractéristique de k . On
dit qu'un élément g de ¢ est une pseudo-réflexion, si In(1 -~ g) est de rang

inférieur ou égal a 1 (1. 8. ai glx) = x + AMx)e , ¥ x € (k)n , ou e désigne

un vecteur fixe et A une forme linéaire sur 5 s

Exemple de pseudo-réflexion 3

(1) g = ‘s .

si (card G, p) = 1 , alors toute pseudo-réflexion g € G se met sous la forme

(1) ob p est une racine de 1'unité.

T‘HIE:ORJEME 1. — Soient S = k[Xl g cae 3 Xn] , et G un groupe fini 4'sutomorphis-
mes de S tel que (card G , p) =1, ou P désigne 1'exposant caractéristique de

k . Les assertions suivantes sont équivalentes :

(a) R= s® algibre de polyndmes ;

(b) G est engendré par des pseudo-réflexions.

Co théordme a été démontré par SHEPHARD-TODD, en [6], dans le cas k =C .
Dens le sens (a) => (b) , leur démonstration est applicable & un corps quel-
conque de caractéristique p £

Dans le sens (b) = (a) y leur démonstration est la guivante : ils font la
1iste de tous les groupes ayant cette propriété, et ils vérifient que R est bien
une algdbre de polyndmes.

En 1955, CHEVALLEY a donné une démonstration a priori de ce théoreme.

F 4 b
THEOREME 2. — Soient 8§ = k[Xl g meew y xn] , et G un groupe fini d ! eutomorphis—

mes de S ; &alors i

(R = SG algébre de polynbmes) implique (¢ -est engendré par des pseud o=

réflexions). .
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La réciproque est fausse a partir du cas n =4 , pour k = Eq , et G groupe

orthogonal pour la forme quadratique 2X, X2 + 2X3 X4 .

Principe de démonstration de SHEPHARD-TODD. - Les théorétmes de Shephard-Todd sur

C passent a la caractéristique O , sinon & la caractéristique p telle que

(card G , p) =1 .

Donc, soit G < Gg(n , C) .

ler cas : Il existe ung structure réelle sur Q? , invariante par G (i. e. G

se plonge dans @&(n , g) , et les éléments de G peuvent s'écrire par des matri-

ces 3 coefficients réels).

On avait vu que, si G 6était une pseudo-réflexion, dans le cas (card G , p) =1

(or ici p =0, c'est donc toujours le cas), g se mettait sous la forme

ot @ 6était une racine de l'unité. Comme G < G4(n , R) , on a donc ici forcément

w=+1.

Donc les éléments de (G sont dans ce cas des réflexions (une réflexion est une

pseudo—réflexion d'ordre 2 1s

Ces groupes sont les groupes étudiés dans les travaux d'Elie CARTAN, et ce sont,

3 quelques exceptions prés, les groupes de Weyl des groupes de Lie semi-simples.

Lorsque G est irrdductible, il se représente par un schéma de Coxeter j; or la

liste des schémas possibles est bien connue.

%e cas : G est vraiment un groupe "complexe'.

SHEPHARD et TODD dressent alors la liste des divers groupes G possibles.

Pour cela, ils envoient G4(n , G) dans PGL(n , €) . Dans PGL(n , c) , ces

transformations correspondent aux "homologies'.

Or MITCHELL, en 1914, avait fait la liste des groupes finis engendrés par les ho-
mologlies. Pour obtenir les groupes finis de ¢4 (n § g) , engendrés par des pseudo-

réflexions, il suffit donc de relever ces groupes dans et(n , Q) .

Parmi les groupes G irréductibles, on en trouve de deux gortes :
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10 Les imprimitifs : Ce sont les groupes Gm , D, n) , oi n = dimension de

1'espace vectoriel, et m est un entier tel que p divise m . Ces groupes sont

-

des variantes du groupe symétrique Sn . En effet, ils agissent ainsi :

v
i
olx.) = x! = x < c B
( i) i 8 o(i) ? @ : n ‘?

8 est une racine primitive m—iéme de 1'unité, et 2 v; = o (p) .

20 Les primitifs :

(a) En dimension 2 , il y en a un grand nombre, 12 environ.
(b) En dimension n > 2 , on en trouve seulement un nombre fini.

- En dimension 3 , on trouve :
Gugg * (£ 1} 5 o Gpgp = se4(E,) 3
Deux groupes d'ordre 648 et 1296 qui correspondent au méme groupe projectif ;

Un groupe d'ordre 2160 (qui revét 6 fois son groupe projectif qui, lui, est
isomorphe & GL6 ). oo
— Fn dimension n = 4 , on trouve deux groupes d'ordres 46080 et 7680 , et un .

groupe d'ordre 25920 . _ :Taé

— En dimension n =5 , on trouve un groupe d'ordre 72 x 6 ! LA

— En dimension n = 6 , un groupe d'ordre 108 x 9 !

3. Enoncé et démonstration des théorémes dans le cas local régulier.

Dans toute 1a suite, on fait les hypothéses suivantes :

S est un anmeau local, régulier, d'idéal maximal 3%3 s G un sous—groupe fini
de Mut(S) . R désigne le sous—annean SG des invariants de S par G {on sait

que R est local), et on suppose en outre :

(1) R noethérien ;

(2) S de type fini sur R ;

(3) R et S5 de méme corps résiduel k de caractéxistique p (cas totalement
ramifié). i

On désigne par V = ngs/mg 1'espace tengent de Zariski relativement & § . Alors ﬁ
G opére linéairement sur V , et on désigne par € 1 'application € G-n9'AutCV}

1
|

THEORMME 1'. — Si (caxd G , p) = 1 , alors :

(r régulier) <=> (e(G) est engendré par des pseudo—réflexions) .
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THEOREME 2'. — (R régulier) implique (e(c) engendré par des pseudo-réflexions

Démonstration du théordme 2'. — Soit H le sous—groupe de G , engendré par les

éldments g € G tels que e(g) soit une pseudo-réflexion. Soit R' = Sﬂ s on a

donc les inclusions suivantes :
S=2R'"SsR .

On va démontrer que R' = R , ce qui entrainera, par la théorie de Galois, que

G =H , et par suite le théordme 2'.

LEMME., — R' est non ramifié sur R en codimension 1 (i. e. divisoriellement

non ramifié).

Antrement dit : Aprds localisation par des idéaux premiers de hauteur 1 , 1l'ex-

tension est non ramifiée.

Autrement dit encore : Le lieu de ramification du rev8tement est de codimension

>2.

On montre que le groupe d'inertie IQﬁ{ de tout idéal premier q' de hauteur

1 de R!' est nul ( ¢/H est le groupe de Galois de 1l'extemsion R' sur R ¥
Pour cela, on démontre que, pour tout @ , idéal premier de hauteur 1 de 3 , tel
que q' =f n R’ ( g' est un idéal premier de hauteur 1 de R' , car S est
intégre, entier sur R' , et R' intégralement clos), on a I, =TI, , ce qui en-

tratnera bien le résultat voulu.
Or - I, , groupe d'inertie de ® dans G , est formé des éléments g € G tels
que z(®) = ® et que g opere trivialement sur S/@ (m@me définition pour IH ).

On a évidemment 1'inclusion IH = IG .

I1 nous reste donc & montrer 1l'inclusion inverse. Donc, soit g € IG , alors

glx) =x (f) , Vvxes, et g opere trivialement sur S/€ .
Soit x €T ,

(2) glx) =x+y, o yeMgnP=F .

Or 1'image de @ dans ms/ﬂg (i. e« (P + mg)/mg ) est un k-espace vectoriel de

; . . ; 2 . ; -

dimension O ou 1 . Car si dlmk((@ + Hé)/ms) #0 , il existe X #0 , |
—'E ( 1112)/11‘[2 3 - . éarQ T.dr s ;‘i‘t
x @ + dg)/¥g 5 ou encore, il existe x €6, X s s tel que l'ideal X S0
premier.

(Bn effet, S étant de type fini sur R noethérien, est lui-m&me noethérien ;
S étant local, noethérien, régulier, et x 0, x€ ms et x £ Wg , alors S/xs

eat régulier, donc intégre, et xS est un idéal premier.)
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Or Sx © @ . Conme @ est un idéal premier de hauteur 1, cela entraine @ = Sx.

D'ot kx = (@ + mg)/mg (en prenant les images dans wg/mg ), et par suite

dimk((@ + Ng)/ﬂg) = 1 . Bn rédulsant la relation (2) modulo mg , on obtient

g(® ~ 5 e (P + R/, v‘felﬂylﬂg )

Done Im(a(g) - 1) est de dimension < 1, et e(g) est une pSeudo—réflexion. Par

suite g € IH ¥
C. Q. F. D.

Co lemme &étant démontré, d'aprés le théoréme de pureté de "Nagata—Auslander"

((1]), comnme R' est normal (car c'est un annesu d'invariants), et R régulier
par hypothése, la non-ramification de R' sur R en codimension 1 entrafne la.
non-ramification de R' sur R . Comme R et R' sont deux anneaux locaux ayant
mdme corps résiduel (car par hypothése S et R avaient méme corps résiduel), ce-

la entratne que R = R' . Par suite G =H , et e(@) est bien engendré par des

pseudo-réflexions.

Démonstration du théoréme 1'.

Remarque : Le probléme se pose également quand on considére le quotient d'un do-
maine borné D par un sous-groupe discret I' . Si l'on désigne par x un point de
D, et par I, son stabilisateur (c'est un groupe fini), alors :

(p/T , variété analytique complexe sans singularités) <=> (Les Fx sont en—

gondrés par des pseudo—réflexions) .

Exemple de cas singulier : Soit le point (=, y) « Si T est engendré par les

symétries {k b = x} , T n'est pas engendré par des pseudo-réflexions, et
¥ == =y
1'espace quotient est un céne quadratique, qui a donc une singularité & l'origine.

I1 s'agit donc de démontrer que, si (card G Y =1, ot si e(G) est engendré
que, s P

par des pseudo-réflexions, alors R est régulier (1'autre implication étant donnée

par le théoréme 2%},

LEMME., — Soient R et S deux anneaux locaux tels que R soit contenu dans S

S soit de type fini sur R et entier sur R, R soit noethérien et S régulie

alors les assertions suivantes sont équivalentes 3

(a) R régulier ;
(b) S est un R-module libre.




g0

(a) => (b) . Comme R est un anneam local régulier, et S un R-module de

type fini, on a :

(3) profy S + dim projy S = dim R = din S

R

(car S est entier sur R ). Or, 1'on est dans la situation suivante :+ RS S,
R et S 1locaux noethériens, S entier sur R , 1'homomorphisme injection R —>1

est un homomorphisme local ; donc, comme S est un R-module de type fini, on a

prof, 3 = prof, S .

R S

De plus, S étant local régulier, est un anneau de Macaulay, d'ou

(4) profy 8 =dim § .

En comparant les relations (3) et (4), on trouve

aa

dim projy 8 =0 .

Par suite, S est un R-module projectif ; comme, par hypothése, S est un R-
module de type fini et que R est un anneau local noethérien, cela entrafne que

S est un BR-module libre.

(b) => (a) . Supposons S un R-module libre. On va montrer que R est régu
lier, et pour cela que dim coh R est finie. Or, S étant libre sur R , est pla
sur R , d'ou )

dim coh(R).s dim coh(S) .

S , étant régulier, a une dimension cohomologique finie, d'ol R également.

I1 reste donc & démontrer que S est un R-module libre, et le théoréme 1' sera

démontré.

Pour cela, il suffit de montrer que T = Tor?(s v k) est nul (car S est de ty
pe fini sur R ). Or T est un S-module. Donc G opere dessus. De plus, T est
un S-module de type fini (car c'est un espace vectoriel de dimension finie sur
k ). Donc, si 1'on montre que T' = T/(ms T) =0 , d'aprds le lemme de Nakayama,
cela entrainera que T =0 ., Mais si : '

(a) Tout é1ément de T' invariant par G est nul, et

(b) G opére trivialement sur T! (i. e. toute pseudo-réflexion de G opdre

trivialement sur T' , puisque G est engendré par des pseudo-réflexions),
alors, on aura bien T' =20,

(a) Puisque (card G , p) =1, card G est inversible dens R . Ceci rend alox
le foncteur Minvariants" exact, c'est-a-dire que la suite exacte de G-homomorphis

mes 3
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(5) 0—93FST——-)»T£—>T'—->O

donne naissance a la suite exacte :

G )G e

(6) 0 — (M, N — ¥ s ()" — o .
(En effet, le seul point 2 montrer est la surjectivité de u . Donc, soit .
vy € (T’)G . Puisque y € T' , il existe x € T tel que wu(x) =y (suite exacte

(5)). Si 1'on considére alors

1 —
*1 T Card G séG s(x)
x, € A u(xl) =y,car s(y) =y, VseG.)
C. Q« F, D.
D'ol

¥ = (t0rl(s 1)) = Tori(s” , k) = Torj(R , ) = 0

(car R est libre sur lui-méme). Par suite, ¢ = 0 , et grice & la suite exacte
(6), (r1)%=0.

(b) On peut se ramener au cas ou R et S sont complets. (En effet, pour un an-

’ . r4 L. , » A r .
nean local noethérien S , on a l'équivalence : S noethérien <=> S noethérien .

Alors, si un élément g de G est une pseudo-réflexion, 3 Ei § R g grll élé~
ments de Jlls/mg tels que

g(5]) = €]
85 ;) = 51
e(gl) =we,

ou W est une racine de 1'unité de k . Et ces n éléments forment une base du

k-espace vectoriel ms/:né (voir la définition d'une pseudo-réflexion).
On peut relever les (E;i) en des Sléments (gi) de Ills/mg , puis de proche en

proche, en des éléments (gi—l) de ms/ﬂé vérifiant

g(ei™)

e(e2™)

gﬁ"l, f1gig<n-1,

1]
=
~~
:?'TI
f —

et ceci, quel que soit £ entier positif > 3 .
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-

En effet, par exemple, montrons comment s'effectue le reldvement de ng/:e a

Wsﬁm .
Considérons le diagramme suivant ot N est le noyau de l'application g - 1

suivante ¢

ny/2 &L mn/m) —s0 .

0 0 0

| J |

0 —— N = (Em) v —— xYn} £, (/7). ——s 0

¥
e N --—-;-ms/ms-ﬁ—-ex(ﬂ’i/ms)weo

¥ v
0 > N"—N/((Jré/ms) NAN) — ;ms/mS e 008 Im(ms/:ré) — 0
v y v

0 0 0

f}

Ce diagramme est formé de lignes et de colonnes exactes, car

(g - V(YD) = (N/W)/IN + (R/M) T
et c'est ainsi le mdme diagramme que dans Cartan-Eilenberg ([ 3], exercice 1, chap.

1), ou A=W/, Alnﬂfg/mg,et 8, =

Par suite, les éléments (g%) s L S j<n-1, qui appartiennent en fait & N",
peuvent se relever en des éléments (g ) (1£jgn-1) de N, donc de ﬂb/ﬂg
vérifiant

2 2
g(gj) =E5 -

On peut effectuer la méme opération pour 1'élément 5; , en remplacant g - 1 par

l'application g = w,Id , et en écrivant un diagramme analogue. o

Finalement, comme S est complet, ceci nous prouve qu'il existe des éléments

X g ee s ﬁplen% tels que

glx;) = x,

) =x s

g(x s

n—1

Comme, de plus, S/ms==R/mR==k , on peut relever w , racine de l'unité de k , en
un €lément w de R . I1 existe donc x € My et weR tels que
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g(xn) = ijn N

On voit alors que S = R[xl 5 EEE G xn] . Bn effet, soit xe 8 . Si xé'ﬂ% ,

soit ¥ sa classe dans S/J‘.TS =k R/(JFS NR) . X# 0, donc il existe y € R © {

]

tel que ¥ = X . Par suite x -y €Jy , et x=y + = o % €y . On est donc

amené 34 étudier le cas ou x € Iﬁs .

Le cas x & Mg , X £ Jrlg , peut se traiter ainsi : Comme S est complet :

- T +1
x:(xl,§2, ...,En, aw) 5 B gnzclx (rrmd:ﬂ'crs1 ) . Posons

y=(i—‘si—1“°) ]

1 2
ot ¥, est la classe de x dans Jﬂg (par suite X = 2 g% o, , 00 o, €k .
1 145 793 3
et 2_2" le relévement de 3{'1 , obtenu en relevant les (gé) s ete.

Ceci nous montre, d'aprés la complétion de S5 et le fait que S5 et R ont mém
]

corps résiduel, que

n
y:Zr.x, oﬁrjeR.

Or y~-xE€ Jré s ceci nous améne donc & étudier le cas X € Jﬂg . Or, de toutes fa-
gons, si x€ I, , on a

; 3 i [§%
K= 2 FY eee Yray s ou les yY,. N

Par suite, pour tout j , x se met sous la forme

j+1
cee 5 X ] et tjem% .

x:yj+tj, ol yjeR[x e

1 b

En passant & la limite, comme S est complet, on voit donc que x s'exprime comm
une série formelle en X, , «ev 5 X, 3 coefficients dans R . Mais R étant com—
plet et les x

i
Par suite, on a bien S = R[x1 g war s xn] .

entiers sur R, x appartient donc en fait a R[xl g eus gy xn]

Considérons maintenant 8' = S/(xlrl S) . g opere trivialement sur 8! (d'aprds
1a construction des x; ). Autrement dit : Im{g ~ 1) € x, 5, et 1'application

g=-1: 5 ->358 se factorise :
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ou (xh) désigne la multiplication par X, dans S . Or ces applications, g 1

© (xn) sont des applications R-linéaires qui opérent sur T = Tor?(s , k) , et

l'on a également le diagramme suivant :

i ——i21~—@> T

N, Ao

D'olt les inclusicus (g-1)(T) ©x T S W T . Comme T' = T/(ﬂ% T) , 1'image de
g — 1 opérant sur T' est nulle, c'est-a-dire, g opére trivialement sur T' .
(b) est ainsi prouvé, ce qui permet de conclure & la nullité de T' , puisde T,

et achéve la démonstration.
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INVARIANTS OF FINITE GROUPS GENERATED BY
REFLECTIONS.*

By Craupe CHEVALLEY.

1. An invertible linear transformation of a finite dimensional vector
space V over a fleld K will be called a reflection if it is of order two and
leaves a hyperplane pointwise fixed. A group G of linear transformations
of V is a finite reflection group if it is a finite group generated by reflections.
The operations of @ extend to automorphisms of the symmetric algebra §
of V by the rule g(P)(z) =P (g (z)), (PeS,zeV), and an element Pe S
such that g(P) =P for all ge G is said to be an invariant of G. Our main
purpose in this note is to prove the theorem:

(A) Let G be a finite reflection group in a n-dimensional vector-space
V over a field K of characteristic zero. Then the K-algebra J of invariants
of G 1is generated by n algebraically independent homogencous elements (and
the unit).

A vector space 4 is graded by subspaces A%, (¢ positive integer), if it is
the direct sum of the 4% The degree d°P of Pe A is the smallest integer §

such that Pe X A%; the elements of 4¢ are the homogeneous elements of
(=

degree i. When the A¢ are finite dimensional, the Poincaré series of 4 in
the indeterminate ¢ is defined as
Pi(A) =X dim. A¢- (1.
=0

In particular § is graded in the obvious way and P,;(S)==(1-—1¢)" Let
F be the ideal generated by the homogeneous elements of strictly positive
degrees in J. Then the grading of § induces a grading of the quotient
space S/F. Since F is invariant under @, the operations of ¢ in § induce
automorphisms of S/F. We shall also prove:

(B) Let I,,- - -,1, be a minimal system of homogencous generators
of J and let m; be the degree of I, (1==i=n). Then

Pi(S/F) — (1_t)—n-ﬁ (1— gmo).

* Received June 9, 1955.

noReEy
LS
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The product of the m; is equal to the order of G and to the dimension of
S/F. The natural representation of G in S/F 1is equivalent to the regular
representation.

2. Two lemmas. In this paragraph, the characteristic p of the infinite
groundfield K is allowed to be 5= 0 and G denotes a finite reflection group in V
whose order N is prime to p.t To any element Pe S we can then associate
its average over G:

M(P)=1/NZ2g(P).
geG
TieMma 1. Let U,,- - -, Uy be tnvariants of G such that U, does not
belong to the ideal generated in J by Us- - -, Uy Let Py, (151 m),

be homogeneous elements of 8 satisfying a relation 3 P;-U;—0. Then P,cF.
1

If d°P,==0, then it follows from the assumption and from the relation
M(P1)‘U1+' ’ '+M(Pm)'Um=0
that P, =M (P,) =0. Assume now d°P, > 0 and the lemma to be true for

all relations %Qy U;==0 with homogeneous @; and d°Q, < d°P,. Let s be
1

a reflection of G leaving pointwise fixed a hyperplane with equation L =0.
Then s(P;)) —Pi=L-0Q;, (@;c8, 1=1,- - -.m), and

Ql.Ul_j[_. . +QmUm=O

whence, by induction, Q, ¢ F' or, otherwise said, s(P,) == P, mod. F; the group
@ being generated by reflections, we have then g(P,;) =P, mod.F for any
g G, whence Py ==M (P;) mod. F'; since P, is homogeneous of strictly positive
degree, the same is true for M (P,); therefore M(P;)eF and P,eF.

Lemma 2. Assume K to be a perfect field. Let I, (1=i=m), be
homogeneous invariants which form an ideal basis of F,2 with m;==d°I;
prime to p for i=<r. Then I,,- - - I, are algebraically independent.

Let us suppose the lemma to be false and let H(I.,- - -,I,) —0 be a
non trivial relation of minimal degree between I.,- - -, I, where H (4, - -, ¥,)

*In this paper, we are primarily interested in the case p = 0, but Lemma 2 will
be used in a forthcoming paper of A. Borel, to appear in Jour. Math. Pur. Appl.

* This always exists since by the classical theorem for invariants of a finite group,
J is a finitely generated K-algebra.
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is a polynomial in 7 letters y;. We may assume that there exists an integer A
such that for any monomial g/ - - - -y of H we have

kyomy -+ o A Ekeomo=h.

The partial derivatives 8H/dy, are not all zero, because otherwise (for
p %0, the only case for which it is not obvious), K being perfect, H would
be the p-th power of a polynomial H*, and H*(Iy,- - -,1,) =0 would be
a non trivial relation of strictly smaller degree. Set

Hi—0H/dy; (I, - -, 1), (1=i=r);

then Hy,- - -,H, are in J and not all zero; after a possible permutation of
indices, we may assume that they belong to the ideal generated in J by the
first s of them, bhut that none of Hy,- - -, H, belongs o the ideal generated
by the other ones in J. Set

=8
Hey=2V;:H,.
j=1
Let 2, (1=k=n), be coordinates in V. Since
S H,- (1 /0w) =0, 1=k=n),
=1

we have by Lemma 1
j=r-8
0[,,/611370 —‘— 2 V;,i(ﬁls”»/(%k) E.F, (1 é’&é 8,1 é k é n)
j=1

(the left hand sides are homogeneous in the 2 by the above remark on the
monomials of H). Multiplying this relation by 2, and adding the relations
thus obtained, we get

j=r-8 l=m .
mid; 4 > Vj,'ims+jls+j=2Ai,lIl; 1=v1=5).
j=1 I=1
where the A;, are forms belonging to the ideal generated by =, : -, 2.

For reasons of homogeneity, we have A;;=0 if I, is not of strictly lower
degree than I;; m; being prime to p for ¢ =r, we see that I; belongs to the
ideal generated by the other I; which is a contradiction. Thus I,,- - -, I,
are algebraically independent.

‘8. Proofs of Theorems (A) and (B). We assume again the ground-
field to be of characteristic zero and denote as in Lemma 2 by I,,- - -, I,
homogeneous invariants of G forming an ideal basis of F. By Lemma 2
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they are algebraically independent, whence also m = n. Using averages over
@, it is readily seen by induction on the degree that the unit and the I
generate J and thus, to finish the proof of (A), there remains to show
that m = n.

Let z,, - -, x, be coordinates in V and let K (x) be the field of rational
functions in the ;. It is acted upon in a natural way by G and we denote
by L the subfield of elements invariant under ¢. Then K (zx) is a Galois
extension of L, with Galois group G and L has also transcendence degree n
over K. On the other hand, G being finite, every invariant in K(z) is
classically the quotient of two invariant polynomials; thus L=K(J) is
generated by the I;, and m = n.

LemMMA 3. Let P.,- - -, Ps be homogeneous elements of S whose residue
classes mod F are linearly independent over K in S/F. Then P,,- - -, P, are
linearly independent over K(J).

Tet V- P+ - -+ Vs Py=0 be a relation with Ve K(J), (1 =i=3s).
We have to prove that V; =0 for all 4 and it is enough to consider the case
where the V, are homogeneous elements of J such that d°V,; -} d°P; is equal
to a constant & independent of .

By the degree of the monomial I.7s-- - -« I/« we mean its degree as
element of S, i.e. kymy - - -4 Fkom, Let S, (=1,2,- - -), be the
different monomials in the I, arranged by increasing degrees, with §, =1.
We have

V,,; = 2 kij;S’,-, (k” 1 I(, ]C,-j =0 for dOV,,;# dOSj, (1 é ) é ’I’I/) ),
=0
and our relation may be written

SW;-8;=0, (W= 1P,
j=o il

where W, is homogeneous, of degree equal to h—d®8;. Assume that ky;—0
for 1=4=s and j<{. Since by Theorem A the monomial §; does not
belong to the ideal generated in J by the S; with j > ¢{, we have by Lemma 1
Wie F' and the hypothesis gives then k=0 for i=1,- - -,5  This proves
by induction on 7 that k;;=0 for all ¢,j, and the lemma.

We now come to the proof of (B). The field K (x) being a normal
extension of K(J) with Galois group ¢, has degree N over K (), heuce
the dimension of S/F over K is finite. luict 4,,- - -,.1, be homogeneous
polynomials whose residue classes mod /' form a basis of §/F. By induction
on the degree we see that every Pe S may be expressed as linear combination

11
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of the 4, with coefficients in J, and this expression is unique in view of
Lemma 3. Hence
Py(8) =Pi(8/F) - FPi(J);

but P,(8) = (1 —t)-» and Theorem A gives P;(J) ==f[ (1 —1tm)-%, whence
1

the first assertion of (B). We may also write

Pt(S/F)———in(l—f—t—f—tz_{.- oo gmee1)

and, setting { =1, we get dim.S/F=m, - - - m,. Since every element
of K(z) may be written as the quotient of a polynomial by an invariant
polynomial, it also follows from the above and Lemma 3 that the 4; form a
basis of X (¢) over K(J), whence N = dim. S/F.

We have for ge G

g(4) ~—~"§aﬁ<g>Aj, (i=1, -, N),

where the a;;(g) are homogeneous elements of J and where a;(g) e K by
homogeneity. The matrices (a;(g)) describe the natural representation of
G in K (2), considered as vector space over K (J). If we reduce the coeffi-
cients mod #/ we get the natural representation of @ in S/F, considered as
vector space over K ; this reduction does not affect the diagonal coefficients,
hence both representations have the same character and are equivalent. But
( is the Galois group of the normal extension K (z) of K(J), so that the
former representation is equivalent to the regular representation, which proves
the last statement of (B).

CoroMBIA UNIVERSITY.
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Elliptic Functions sn, cn, dn, as Trigonometry
W. Schwalm, Physics, Univ. N. Dakota

Background:  Jacobi discovered that rather than studying elliptic integrals
themselves, it is simpler to think of them as inverses for some functions like
trig functions. For instance, recall that

sin™

1 T dx
@ = [ ==
0 V1—2a2
but that it is easier to study sin(z) than the inverse sine. The resulting
elliptic functions satisfy non-linear DEs that arise in many applications.

Here we develop the Jacobi elliptic functions as a form of trigonometric func-
tions, but using an ellipse rather than a circle. These notes evolved from a
lecture by William M. Kinnersley, circa 1975. The approach ought to be in
some classic text, but I have not found it.

_________________ /Q
]1 ( ,/r/éw P X

Figure 1: ellipse featured in construction.

Trigonometry of the ellipse:  The ellipse equation is

G+

but we normalize the ellipse by choosing b = 1 so that,

<f)2+y2 . (1)

a

1



Also of course,

22 +y* =t (2)
The eccentricity of an ellipse with general a, b is
b? b?
gzl—ez, or €= 1—?,

so that e = 0 for a circle, ¢ = 1 for a parabola. Since b = 1, the eccentricity

1s
1

o
0/2

e=k =/1-

which is the modulus of the corresponding elliptic functions. Thus 0 < k < 1,
and k£ = 1 should give ordinary trigonometry.

The next and very important thing to define is the argument u of the elliptic
functions. The wu is the thing the elliptic functions are functions of. In the
case of trig functions, the argument would be the angle 8, but here u is a bit
more complicated.

u = /PQrdH, (3)

where P and @) are as shown in Fig. 1. Notice that u is not an angle. It is
not arc length and it is not area either. However, u becomes the angle 6 or
arc length in the limit @ — 1, or £ — 0 when the ellipse becomes a circle.

With the argument and modulus of the elliptic functions defined, the func-
tions themselves are just ratios, just as in the case of trigonometry.

sn(u, k) = vy, (4)
en(u, k) = z/a, (5)
dn(u, k) = r/a. (6)

The first two generalize the sine and cosine, and the third comes about
because the radius is not constant on an ellipse. When k£ — 0, so that a =1,
these become just y, x, and +1, since r — 1 also. This connects the elliptic
functions to sinf, cos# and +1.

There are several notational points to mention here. First, one often omits
the modulus k in writing the elliptic functions and just writes

snu = sn(u, k), and so on.

2



Corresponding to a given modulus k there is a complementary modulus k'

such that
K =+v1—k2

There are also other notations. For example, a modern invention is to use
m = k? so that fewer square roots appear. Then one defines

sn(ulm) = sn(u, k), where m = k*

In fact there are twelve Jacobi elliptic functions, defined using a simple con-
vention

_ 1 _ 1 1
nSU = gpy NCU = oo ndu = Tua
_ Shu _ dnu _ Chu
scu = gu decu = chL. CSuU = g
dsu = SE% sdu = 4 cdu = SBu
Sl w dnu dnu

and these all satisfy certain nonlinear differential equations, as we shall see.

From Eq.(1) we have
en®u + snfu = 1, (7)

which generalizes cos? § +sin?6 = 1. An then from Eq.(2),

dn®u + k*sn’u = 1. (8)

The differential relations now follow essentially from Eqs(1) and (2), just as
the differentials of the sine and cosine follow from the Pytagorean formula.

From
6 = tan~! (y) ,
x
one has 1
do = ﬁ(xdy — ydz).
But

1
du = rdf = —(zdy —ydz).
T

Also, from Eq.(1),

rdx
— tydy =0,
a



so one can replace either
dy = — ——dx,

or
de = -2 Y qy.
The corresponding substitutions for du are therefore
1 2
du:—<—€—— )d:p,
r a’y

or

With these substitutions we get the following formulas for differentiating
elliptic functions (with respect to the argument u, not k),

diusnu = cnudnu, 9)
Soonu = —snudnu, (10)
idnu = —k’snucnu (11)
du B '

Equations (9) and (10) relate in obvious ways to the trigonometric limit,
while Eq.(11) is new. It reduces to an identity when k£ — 0.

The elliptic functions satisfy differential equations that we find by starting
with a solution and working backward. Apparently the modulus k should
enter the DE as a parameter.

gy S = cnudnu = V1 —sn2uv1 — k2sn?u,
u

so if y(u) = snu, then

<;i_z> = (1-9")(1 - k9. (12)
If T solve for u(y),

u—c+/ dy
B VI=2VT =Ry
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which I recognize as an elliptic integral of the first kind, F'(y, k). Thus, as
I mentioned earlier, the elliptic functions are the inverse functions for the
elliptic integrals. On the other hand, If T differentiate Eq.(12) again with
respect to u I get

v+ (1+k)y — 2K*y® = 0. (13)

This relates to a nonlinear duffing-type oscillator. In fact, all twelve of the
Jacobi elliptic functions satisfy nonlinear first order DEs like Eq.(12), and
also nonlinear second order DEs like Eq.(13). Moreover, you will find that
the squares of the elliptic functions satisfy equations of the form

() +ay®+By° =0,

and of the form
y'+yy+oyt =0

One can thus solve all such equations exactly, in closed form, in terms of
elliptic functions. Different functions cover different parameter ranges.

Elliptic functions open up a window of solvable nonlinear (polynomial)
DEs, all of which relate to physical problems and physical phenomena. I
do not know of other types of solutions of this quality for any nonlinear
dynamical problems.

Homework: Perform the same construction starting from a hyperbola,

IL‘2

2 _
Y= 1
rather than from the ellipse in Fig.(1). Thus define the “Jacobi hyperbolic
functions,” sn(u, k), = y, ch(u,k) = z/a and dh(u,k) = r/a and derive
their properties. You should find that,

ch?u — sh?u = 1

and

ishu = chudhu
du

and then compute all the other properties, including the first and second
order DEs these functions satisfy. (By the way, these functions are not dis-
cussed in the literature, since they are related to elliptic functions with com-
plex arguments, just as hyperbolic sines and cosines relate to sines and cosines
of complex argument. Using the DEs, can you show this relationship?)
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