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1 The Weyl dimension formula and its g-analogue

This material is taken from notes for a joint paper with Zajj Daugherty and Rahbar Virk.

Everything here is ”"well known”.

Proposition 1.1. Let g be a finite dimensional complex semisimple Lie algebra etc.etc. ... 27297

Let v be a dominant integral weight so that the irreducible module L(v) of highest weight v is

finite dimensional. Let k1 = (v,v + 2p).

(v+p,a)
(p, )

9

(a) (1d @ try,) (31 +7)°) = dim(L() = evols) = []

a€Rt
(b) (id® trr))((zR1 +7)") = ghidim(L(v)).

I1 (v + p, )]

(¢) (id ® qtrpg,))(R21R)°) = dimg(L(v)) = evay(s,) = [(p, )]

aERT
(d) [TW, Lemma 3.5.1] (id ® qtrL(,,))((RglR)l) acts on L(j1) by evo(,yp)(su)idp (-
Proof. (a) and (c) Let M be a U-module. On M ® L(v),
(id ® qtry ) (RaR)°) = (id ® qtry ) (idyere)) = idydimg(L(v)),
giving the first identity in (c). By (??) and the second identity in (??), v = e " u, and

dimg(L())idar = (id ® qtrp, ) (idygre)) = (d @ trre) (1 @ uv™")
= (id ® trL(l/))(]' ® ehp) = ev2p(su)idM7



since ¢ = e//2. This establishes the second identity in (c) and the last equality in (c) is

Z det(w)q(w(wp),?m Z det(w (2 (v+p);wp)

[SA%) (S ) = €V Qvtp = wew = wew
PR r a, Z det(w)q<wﬂ’2p> Z det(w)q@p’wm
weW weWw
_eva(ip) (@) Ve (X - X K (vpa) _ g=(v+pa)
evap(ap) R+ evo,(X /2 — X—a/2) ot g~ ()
_p sl
U )
The last equality in (a) is
. v+ p, o
evo(sy) = (}1_}11% evap(sy) = H <(pa>>'

a€Rt

WHERE WAS THE g-analogue of k, [k] = (¢* — ¢ %)(¢ — ¢7'), defined?

(b) Since mo((id ® trz,))(7)) is a degree 1 element of S(h), and there are no Wy-invariants of
degree 1 in S(h), then mo((id®try(,))(y)) = 0. Thus mo((id @ trr,)) (541 +7)) = FR1dim(L(v)).
SO SINCE PI 0 OF THIS ELEMENT IS THAT CONSTANT, THIS ELEMENT ITSELF IS
THAT CONSTANT

(d) Let hq, ..., h, be an orthonormal basis of h. By [?, §4] (see [LR], (2.13)]) there is an expression

T
R=e" 3" 0F @by,  where =Y he®hy,
(=1
and b;r € UT and b; € U~ are homogeneous elements of degree greater than 0. Let vy,...,v,
be a basis of weight vectors of L(v) and let v',...,v" the dual basis in L(v)*. Let vl be a

highest weight vector in L(u). Since ij;r =0 and ¢ = "2, RyyR ® 1 acts on v @u v e
L(p) ® L(v) @ L(v)* by

(R21R ® id)(v: ®v; @ V')

— (qVO +Z ®b+ )(q'YO +Z<bj—®bj_)>(v:®vi) ® v
J

— (qVOqWO +q" Z(b; ® bj)) (vf ®@v) | @0*
j

— (q2 Y or—1 m(he)wt(vy) (he) + qZZ:1 p(he)wt(vi)(he) Z(b; ® b;r)) ® (U: ® Uz’) ® vt
J

= q2<“’“’t(”i)>(v:[ ® v; @ v') + gt Z(bj_v:[ ® b;-“vi @ v%).

J



Since (id ® qtry(,))(R21R) is central in U, it acts on v, by a scalar. Therefore, since b; is a

. _ — \/ _ \/
lowering operator, and uv=! = u(e " )1 = #
M )

(id® qtrL(l,))(RglR)v: = Z(vi, uv_lvi>q2<“’Wt(Ui)>U: + Z qw’Wt(vi»(vi, uv_lijﬁbj_v:[
i,j

_ Z@i, ehpvi>q2<u,wt(vi))v;r +0= Z q<2p7Wt(Ui)>q2(N7Wt(Uz’)>U;‘

_ Z q2<‘u+p,wt(vi)>v: = ev2(u+p)(sy)1}:

ZwGWo det(w)q2<u+p,w(u+p)>
C Duew, det(w)gltowe)

2 Some ¢-dimension examples

Type B,. The crystal for L(ey) is

f frf 1 ~7‘ ~7‘ f'r‘fl
LR U SV S SO S S N N

which indicates that
Q] =¢€1 —€2, Q2=¢&2—€3, ..., QOp_1=¢& 1 —&p, Qp=E¢&,
so that

DYNKIN DIAGRAM WITH double bond connecting «,—1 and «, with «; short,

and
Rt={eg+ej|1<i<j<riu{e|1<i<rh

Then
1 L 1 .
p:§ZaeR =3 ZEH‘ Z (ei — &) + (&5 +€5) 252(27“—224-1)51-
i=1 1<i<j<r i=1

satisfies (p, o)) = (p,e; —€ip1) =1, for i =1,2,...,r — 1 and

(P, a>/> = (p,2e,) = 1.
Then the quantum dimension of L(eq) is

q<2p161>_|_ cee 4 q<2915r> + q(2p70> + q<2py—5r> + .4 q<2P7_51)
_ q2r—2+1 + q27“—4+1 4t q2r—2r+1 + qO + q—(27"—27"+1) 4ot q—(2r—2+1)

:q27‘71_’_q27‘*3+__._'_q+1+q71_i_..._'_qi(zril):[27"]"‘1.



If A = &7 then

[)‘+p7 >\+P751 [<)‘+p7€i_€j>] [<)‘+p7€i+€j>]
QLL [(p; @) 1;[1 [(p; &i)] 1<g<r [(piei—en]  [pei+e5)]
i +7—i+3)] M= Nj+g—i] [N+ A +2r —i—j+1]
1_[1 [r—1i+ )] 1<g<r [j — 1] [2r —i—j+1]
+ 2] ] [2r=1]2r —2]---[r+ 1]
[r— ;jl_[ r—1] [2r—2][2r —3]--[r]
sl -] e gl2r -1 (¢ - g ) (g - g D)
S F-4n i [r = 3]01] (72— ¢ ) (g—q)

1l 1 1 _ _
(¢ +q ) (g ) P hg—g g

q—qt

Type C,. The crystal for L(e1) is

fl fQ fr f'r f'rfl f2

= [2r] + 1.

Ve, v, L2 - 0, L0 T —>v,€2—>v o

which indicates that

ap =¢€1 —€&2, Q2=¢€2—€3, ..., Op_1=E¢&—

so that

1—&r, O = 2&;,

DYNKIN DIAGRAM WITH double bond connecting «,_; and «, with a,. long,

and

t={gte |1<i<j<riu{2e|1<i<r}

Then

r

=5 acR =3 Z2€z+ S ime)teite) | =5 D(er—2i+2)

1<i<j<r
satisfies (p, o)) = (p,e; —€ip1) =1, for i =1,2,...,r — 1 and
(p,aY) = (p,er) = 1.
Then the quantum dimension of L(eq) is

q<20751>+ cee 4 q<2075r> + q<2f77—fr> + -+ q<2pa—€1>

i=1

_ q27"—2+2 + q2r—4+2 4t q27’—27’+2 + q—(2r—27‘+2) 4ot q—(27’—2+2)

:q27'_|_q2r—2+‘_._|_q2_|_q—2+“_+q—2r:[2T+1]_



If A = &7 then

r

11 [<>\+P7a>]_H[<)\+P725i>] I1 [(Atpei =] [(A+p,ei +¢5)]

wenr  Up )] S e 2e)] <idiey Wpgi—enl o [peitgj)]
_ﬁ[Q()\i+r—i+1)] M= N+i—i [N+ Nj+2r—i—j+2]
S 20 —i+ 1) \<ii<r [ — 1] [2r —i—j+2]

_ [2+27«—2+2]H 28] [r]  [2r)2r — 1] [r + 2]
1]

2r—2+2] AR -2 —12r -2 +1]

2r+2][r] [2] _ [2r+2)F] (@ - )" —q7)

2] [Wr+1 F+UA] (¢t =g CtD) (g —gq )
@+ =g P gt gt =Y

_ — =|2r+1|—1.
q—q! q—q! | ]
Type D,. The crystal for L(ey) is
Ve,
Ve, Lﬂ@ﬂ e fr—”ﬂ)&_l/f fr-1 fr*lvgr_lgv_ar_j—fg e £>v_52 Lﬂ)_al
Fr ™\ b
V_g,
which indicates that
Q] =€1 —€2, Q2=¢€2—E€3, ..., OQp_2=Ep-2— &1, Qp_1=E—1—E&r, Op=C~E—17FEp,
so that
DYNKIN DIAGRAM WITH multiple bond at «,_1 and «, end,
and
Rt={e+ej|1<i<j<r}h
Then

T

1 1 1
— + ) . : . —— — 9\ e
,0—55 a€eR =5 E (ei —&5) + (&5 + &) —25 (2r — 2i)g;

1<i<j<r i=1
satisfies (p, o) = (p,e; —eip1) =1, for i =1,2,...,r — 1 and
(p,a)) = (p,er_1+ &) = 1.
Then the quantum dimension of L(eq) is
q2re) 4 g2ren) 4 gRpmer) L g (2eme)

_ q27”—2 + q2r—4 44 q27"—27" + q—(2r—2r) 4ot q—(27‘—2)
:q2r—2+q2r—4+.__+q2+1+1+q—2+___+q—(2r—2) — [2r_1]+1



If A = &7 then
11 [(A+p.a)] 11 [(A+p,ei — )] [(A+p,&i + £5)]

X S SR (VAT N (PEE)
_ X=X+ —d [N+ Aj+2r —i—j]
—KEQ i —1] [2r =i =]

23] [2r—2)2r = 3] [r
2] [r—1][2r—3]2r—4] - [r —1]

j=2
_MRr-2 (@ —a )Y
A =1 (=g —q )
r_ ,—r\(,r—1 _ —(r—1) 2r—1 _ 1 _ —(2r-1)
_ (" —q L(fiqlq ) _ 4 +qq_qq1q 1]t

We’d also like to match up with [BBl Prop. 7.6] where

r

dimg(L(V) = []

[r+X—i+3) I 2r+Xi—it A —j+1Ni—i— A+

o r-atsl g, [2r —i—j+1] [j — ]
2r 242X\ —2j 2r+ 2+ XN —i+ N =gl hi—i— A+
dim,(L(Y) = (- [ BLE2E Ay B 2 A i A S e A ]
o re2e2l ot 2r+2—i—j] [ —1]
, 2r+ XN —i+ XN —jl[Ni—i— N+ 7]
dim, (L(\)) = 200 . [ ) S , for g = so9,,
) I === =i :

1<i<j<r

As John Enyang has explained the relation between the central element generating functions
Z*(u) and the g-dimension formulas is given by

(Zk—1)rT = ZM (2.1)

)
hu— (Yi—1)ss

where (a)gsr denotes the (S, T)-matrix entry of a in the seminormal representation (this formula
is another way of stating Nazarov’s residue formula). The conversion to the [BB, Prop. 7.6]
formula should be determined by the identity (2.1).
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